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Abstract Corporate demand for cash is related to a number of firm-specific
characteristics, like the presence of transaction costs, information asymmetry
in credit markets, uncertainty and risk aversion. The purpose of this paper is
to build a dynamic model that describes the potential chaotic effects of the
accumulation of cash by firms over a prolonged period of time. By exploring
the theoretical connections between firm financial policies and investment de-
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cisions, we show that too much liquidity might generate economic instability.
When firm increases the share of cash devoted to risky investment, and reduces
the share of cash distributed to shareholders as dividends, the fixed point of
the system changes from being stable to being unstable. Moreover, the impact
of such a policy on the stability of the system is larger the greater the invest-
ment risk. The chaotic behavior is mainly observable in the dynamics of cash,
which in turn may affect all investment decisions.

Keywords corporate finance · firm liquidity · volatility · instability · chaos

1 Introduction

The purpose of this paper is to build a dynamic model that describes the
potential chaotic effects of the accumulation of cash by firms over a prolonged
period of time. While firms loaded with relatively more liquid assets may
attract, from time to time, more investors’ and lenders’ attention than firms
with low levels of cash, the former - by holding cash - may miss investment
opportunities and - prospectively - be less profitable than the latter. Indeed,
investors may take the excessive amount of cash as a sign that opportunities
for significant growth no longer exist or that, in an imperfect information
environment, agency problems do exist, and the stock price may be poised to
decline (Gilchrist and Himmelber, 1995; Gilchrist et al., 2009; Gilchrist and
Zakrajsek, 2013, Adler et al., 2019).

Therefore, traditional analyses of firms’ yearly balance sheet are only par-
tially informative of their ability to generate wealth/income for their share-
holders, while a dynamic model provides a better setup to study the complex
structure of relationships and equilibria that characterize firms over time.

Companies’ holdings of liquid assets, mostly in the form of cash, have
become a very timely issue. Both European and U.S. companies have accumu-
lated substantial cash reserves on their balance sheets. Corporate cash holdings
corrected for inflation increased almost six times from 1980 to 2017, from 140
to 811 bn dollars (see Adao and Silva, 2019).1 Most recent data show that, for
the main European countries (i.e. France, Germany, Italy and Spain) between
2007 and 2018, the aggregate nominal GDP and the stock of deposits held by
non-financial firms increased by 16% and 90%, respectively.2 Further, during
the same period, U.S. non-financial companies increased their cash stockpiles
from U.S.$ 0.72 tn in 2007 to $ 1.69 tn in 2018, that is more than 230%, while
nominal GDP increased by 142%.3

1 For instance, in aggregate terms, by the end of 2013, European non-financial firms held
nearly 500 bn., while the same for U.S.non-financial companies amounted to approximately
$1.4 tn (Gatti and Chiarella, 2014; Sanchez and Yurdagul, 2013).

2 Our calculations on data from the E.U. https://data.europa.eu/euodp/it/data.
3 Our calculations on data from The Wall Street Journal https://www.wsj.com/articles/u-

s-corporate-cash-piles-drop-to-three-year-low-11560164400 and the World Bank
https://data.worldbank.org/indicator/NY.GDP.MKTP.CD?locations=US.
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Several explanations have been put forward to explain the accumulation
of firm liquidity. Indeed, excessive cash is often just as bad as holding exces-
sive debt. Money sitting unused creates opportunity costs, so boards typically
want to use it to clear high interest debt, buy back shares, make acquisitions,
or to increase dividends. At times of low interest rates, such as the one we are
now experiencing, finance departments try hard to find short-term investments
to park their excess cash and stock markets. The latter, because of their high
volatility, are not always the best investment option and, as long as this volatil-
ity is driven by general and business uncertainty, they become riskier (Picard,
2011).4 Therefore, high levels of available liquidity require renewed investment
decisions and balance-sheet optimization strategies. Otherwise, firms will lose
the benefits and opportunities, and take on excessive risks, that having too
much cash poses (Gatti and Chiarella, 2014).

From a theoretical point of view, the demand for money by firms has been
brought to our attention by the work of Miller and Orr (1966, 1968), following
the pioneering work of Baumol (1952) and Tobin (1956). While Miller and
Orr recognized the similarity of the determinants of the demand for money
of households and firms, they also noted that the typical pattern of firm cash
management shows higher volatility than that of households. Indeed, firm
managers decide to invest firms’ cash balance (for instance, into temporary
projects or to loan retirement) only beyond particular thresholds, which are
typically larger than households’. As long as cash is somewhat related to sales,
uncertainty about future economic prospects gives rise to a precautionary mo-
tive for firms for holding cash beyond the transactions demand for money.
The former, stimulated by the recent financial crisis, may indeed be one of the
main reasons behind the observed increase in firm holdings of liquid assets,
which are thought to provide financial resilience and flexibility. Finally, the
rise of a precautionary demand for money may also be related to the presence
of market imperfections and financial constraints: firms have excessive hold-
ings of cash to avoid the cost associated with the external-fundraising or the
liquidation of existing assets to finance their growth opportunities (Almeida
et al. 2004; Acharya et al. 2007; Campello et al., 2011).

As for the speculative motive, in modern corporations (especially among
those of bigger size) the piling up of cash and its use is correlated to the pres-
ence of agency problems between owners and managers (or between controlling
shareholders and outside investors). Indeed, equity holders would prefer that
cash above the optimal buffer level of reserves be paid out, while managers may
value the freedom from monitoring by external investors that this excessive
cash provides them. A primary use of cash, which is preferred by managers,
is acquisitions and other investments that may not be value increasing for the
shareholders (Jensen and Meckling, 1976; Jensen 1986; Harford, 1999). Fur-
ther, as already noted above, the quest for riskier investments is exacerbated

4 Most recent data show that global uncertainty has peaked, even in comparison with the
years of the financial crisis (Ahir et al., 2018; Becker et al., 2019). Therefore, investing cash
in M&As or in the acquisition of new equipments is particularly risky.
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during times of low yields from safe assets, such as Treasury bonds, which
traditionally have been used to park excessive firm liquidity.

From an empirical point of view, the different determinants of firm cash
holdings are analyzed by Kim et al. (1998), Opler et al. (1999), Ozkan and
Ozkan (2004), and Dottori and Micucci (2018), among others. Corporate de-
mand for cash is related to a number of firm-specific characteristics, like the
presence of transaction costs, information asymmetry in credit markets, un-
certainty and risk aversion (Bates et al., 2009; Calcagnini et al., 2009; Bover
and Watson, 2005). In the case of the U.S. economy, many commentators
have argued that companies have been hoarding cash while postponing invest-
ment projects because of a poor regulatory climate and excessive uncertainty.
Another frequently mentioned explanation for the high cash holdings of U.S.
firms is that repatriation of cash held abroad by multinational corporations
has adverse tax consequences, and, therefore, it is advantageous for them to
keep their profits abroad in the form of cash (Pinkowitz et al., 2015). In this
vein, Faulkender et al. (2019) show that cash holdings is not uniform across
firms but is concentrated in the foreign subsidiaries of multinational firms. As
foreign tax rates fell below U.S. rates, there has been an incentive not only to
delay the repatriation of foreign income, but also to shift income into lower
tax jurisdictions. Hence, the authors conclude that firms’ domestic cash is
mainly explained by precautionary savings variables, while taxes scheme ex-
plain firms’ foreign cash growing, especially for firms with intellectual property.
Across countries, firm cash holdings differ depending on firm characteristics,
among which R&D outlays (measured against sales) play an important role
(Opler et al., 1999). Further, firms in emerging countries and, more generally,
firms in countries with weaker financial development or with poorly investor
protection should hold more cash (Almeida et al., 2014; Pinkowitz et al., 2006).

Our study contributes to the literature on cash holdings by means of a
model the purpose of which is not to describe what actually caused the fi-
nancial crisis, but to show how the economy would react in the presence of
excess liquidity as observed during the years before the panic of 2008. As is
well documented (Taylor, 2009 and 2014; Mohan, 2009), the years preceding
the financial crisis, as well as more recent times, witnessed an accommodative
monetary policy carried out by the Fed, and the existence of very low interest
rates for an extended period. The latter encouraged the search for yield and
risk-taking, together with a sustained rise in asset prices (particularly house
prices) and the relaxation of lending standards. Therefore, the deviation of the
U.S. monetary policy from economic policies that had worked well for nearly
two decades brought the U.S. economy to the precipice.

Similarly, main central banks are currently engaged in a new round of
monetary expansion, with the aim to reduce interest rates to strengthen the
economic cycle and, in the case of the ECB, to achieve the inflation target.
Thus, the huge liquidity injection in the financial markets could be used in
the search for high returns to generate and feed speculative bubbles in some
assets (such as real estate, securities prices traded on the exchange) leading to
market instability.
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As far as we are aware, only very few theoretical papers provide insights
on the role of cash holdings during a period characterized by low interest rates
and high liquidity. This article builds upon the work of Shaffer (1991) that
explores a theoretical connection between firm behavior, chaotic time paths
and price volatility by means of a microeconomic partial equilibrium model. In
our model, the firm decides how to invest its cash by choosing among dividend
payout, safe bonds, and risky (fixed and financial) investment. Moreover, the
firm may take advantage of low interest rates and borrowing from the financial
markets to increase its investment opportunities. Our paper is also related to
Brunnermeier and Sannikov (2014), who study the full equilibrium dynamics
of an economy with financial frictions. Due to highly nonlinear amplification
effects, the economy is prone to instability and occasionally enters volatile crisis
episodes. The authors show that endogenous risk due to adverse feedback loops
is significantly larger away from the steady state, leading to nonlinearities:
small shocks keep the economy near the stable steady state, but large shocks
put the economy in the unstable crisis regime characterized by liquidity spirals.

In this vein, we develop a dynamical model for firms’ decisions related to
their financial activities under excess liquidity.

In this scenario, our model is intended to describe the conditions leading to
the system stability and the parameters that are more destabilizing, and also
leading to chaotic behavior. Our main results show which dividend-investment
combinations might generate chaos. When firm increases the share of cash
devoted to risky investment, and reduces the share of cash distributed to
shareholders as dividends, the fixed point of the system changes from being
stable to being unstable, and an attracting 2-cycle appears, which also becomes
unstable leading to an attracting 4-cycle, and so on.

Moreover, we show that the impact of the combination of less dividends
and more risky investment on the stability of the system is larger the larger the
investment risk. The chaotic behavior is mainly observable in the dynamics of
cash, while changes in bond value are contained within a narrow interval.

Our findings suggest that while the firm should not necessary detain less
cash, firm’s decision in terms of risky investment allocation may induce to the
emergence of chaos. The search for riskier investment does not affect much risk-
safe bond demand, while unexpected earnings (losses) might rapidly generate
excess (shortfall) of cash. In turn, the unstable equilibrium, being characterized
by high volatility of the firm liquidity, may move in unpredictable ways the
firm from an unconstrained situation to a constrained one, with a consequent
reduction of all investment opportunities.

The rest of the paper is organized as follows. Section 2 describes our
discrete-time dynamic model, ultimately represented by a two-dimensional
map. The equilibria and related stability are investigated in Section 3, while
the proofs are reported in Appendix. In Section 3 we also show the transi-
tion to chaotic behaviors as a function of the relevant parameters. Section 4
concludes.
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2 The model

In each period a firm decides on dividend payment (D), risky investment (I)
and risk-safe bonds (B). The firm may finance its real and financial investment
decisions (I and B) by borrowing funds (L) from financial markets. Thus, we
define B̃t as net bonds, that is the difference between the stock of bought
bonds and borrowed loans from the financial markets, B̃t = Bt − Lt, so that
∆B̃t = ∆Bt − ∆Lt. As corporate managers tend to upload the concept of
a stable long-term payout ratio, we assume that the firm pays dividend at
current period t, Dt as a fixed proportion of its previous period cash holdings,
Πt−1, i.e.

Dt = α1Πt−1 (1)

where 0 < α1 < 1 is a constant. Moreover, what remains from previous period
firms’ cash holdings may be reinvested either in It or used to buy bonds Bt,
i.e.

It = α2Πt−1 (2)

∆B̃t = α3Πt−1 (3)

where the positive constant α2 ∈ (0, 1) and α3 is such that α1 + α2 + α3 =
1. ∆B̃t has a net rate of return equal to i (which can be either positive,
negative, or null) that is the spread between the interest rate on bonds minus
the interest rate on loans (hence, monetary policy is summarized by the interest
rate path since a change in i affects firm’s cash holdings (Lucas and Stokey,
1987; Woodford, 2003)). We assume that following a decrease in interest rates,
the firm is more willing to invest in real assets than to buy bonds.

Therefore we define the following identity (4) that relates firms’ cash hold-
ings Πt−1 to D, I, B and L as follows:

Dt + It +∆B̃t = Πt−1. (4)

We assume that, at t, firm’s cash holdings depends on the previous cash
Πt−1, the total earnings from new investment projects Rt, the net bond yields
Yt, and the portion (1 − ρ) of the previous-period net securities that expired
and has not been renewed. Thus, firm’s cash holdings evolve according to the
following equation:

Πt = Πt−1 +Rt + Yt + (1− ρ)B̃t−1 (5)

We model a marginal efficiency of investment (MEI) curve that declines
linearly, as the reliance on external finance for some portion of investment
could lead to a downward sloping net MEI curve, if external financing is more
costly and used for successively greater levels of investments (Shaffer, 1991). To
this purpose, we define the total return on investment as a nonlinear function
of I, as follows:

Rt = aIt − b
I2t
2

(6)
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Thus, investment earns a marginal return according to the MEI

dRt
dIt

= a− bIt (7)

where a and b are positive parameters, so that a > 1, b << 1. The parameter
a represents the position of the MEI line in the space (I, MEI) and, by assum-
ing that investment riskiness is proportional to its yield, increasing a values
are associated with increasing yield and riskiness (Williamson, 1962). This pa-
rameter may increase over time when the firm invests in R&D or in a growing
economy. By contrast, a may decrease over time when a firm fails earning
above the market returns, or in the presence of a slowdown of the economy
(Shaffer, 1991). The parameter b is related to investment adjustment costs
and higher parameter values mean larger costs. Graphically, the b parameter
represents the slope of the MEI curve, and larger values mean a steeper line.
This parameter may increase or decrease over time in relation to a change in
institutions or market regulations. Indeed, b quantifies the impact of frictions
caused by changes in investment, and how these changes shape the adjustment
costs in each period (Calcagnini et al., 2019).

As we have already mentioned, net bonds have an exogenous rate of return
equal to i, so that earnings from net bonds are

Yt = iB̃t, (8)

and moreover, the stock of net securities is equal to the portion ρ ∈ (0, 1) of
net bonds of the previous period that have not been expired (or have been
renewed) plus new net bonds, i.e.

B̃t = ρB̃t−1 +∆B̃t. (9)

Substituting equations (6) and (8) into equation (5), we obtain the follow-
ing dynamics of Πt

Πt = Πt−1 + aα2Πt−1 −
b

2
(α2Πt−1)2 + iB̃t + (1− ρ)B̃t−1

and the model is closed by means of equation (9).
Therefore, the discrete-time model in the variables (Πt, B̃t) that we ana-

lyze is the two-dimensional map (Πt, B̃t) = T (Πt−1, B̃t−1) described by the
following system

T :

{
Πt = − b

2α
2
2Π

2
t−1 + (1 + aα2 + iα3)Πt−1 + (iρ+ 1− ρ)B̃t−1

B̃t = ρB̃t−1 + α3Πt−1
(10)

The system (10) depends on the main exogenous variables and parameters
of the model, namely: the interest rate i, the distribution of firms cash holdings
among payment of dividends α1, investment α2 and bonds α3 = 1−α1−α2, as
well as the portion, ρ, of previous-period net bonds. To simplify the notation
in the following we shall use B in place of B̃.
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3 Equilibria and dynamics

Let us consider the map (10). The following proposition is straightforward.

Proposition 1. The two-dimensional map T in (10) has two equilibria,
one at the origin (0, 0), and the other given by (Π∗, B∗) = (Π∗, α3

1−ρΠ
∗) where

Π∗ =
2

bα2
2

[
aα2 + iα3 + (iρ+ 1− ρ)

α3

1− ρ

]
. (11)

Proof. From the second equation in (10) we have that it must be

B∗ =
α3

1− ρ
Π∗

and then, from the first equation, Π∗ must be a solution of the following
equation

Π = − b
2
α2
2Π

2 + (1 + aα2 + iα3)Π + (iρ+ 1− ρ)
α3

1− ρ
Π

leading to Π = 0, and thus one equilibrium is in the origin (0, 0), and the
other solution is given explicitly in (11).

As expected, the equilibrium in the origin is unstable, as it represents a sit-
uation in which the firm has no liquidity to invest and to carry on its projects.
Therefore, (Π∗, B∗) = (Π∗, α3

1−ρΠ
∗) is the equilibrium we are interested in.

It is worth noting that at the equilibrium (Π∗, B∗) = (Π∗, α3

1−ρΠ
∗) for

α3 > 0 (that is, for α1 + α2 < 1) the firm is investing its liquidity mainly
in safe bonds. Indeed, in this situation we have that at the equilibrium both
the return on investment and the MEI are negative (independently on the
parameter b). That is, for α3 > 0, R∗ = aI∗− b

2I
∗2 < 0 and dR∗

dI∗ = a−bI∗ < 0.
For α3 < 0 the firm is borrowing from the market and investing its liquidity

in risky assets yielding high returns. In this case R∗ > 0.
In fact, R∗ = aI∗ − b

2I
∗2 = I∗(a∗ − b

2I
∗) > 0 for a∗ − b

2I
∗ > 0 and from

I∗ = α2Π
∗ (where Π∗ is given explicitly in (11)) we have

a− b
2α2Π

∗ = a− b
2α2

2
bα2

2
[aα2 + iα3 + (iρ+ 1− ρ) α3

1−ρ ] = −α3

α2
[1 + i

1−ρ ]

and
a− bI∗ = a− bα2Π

∗ = −a− 2α3

α2
[1 + i

1−ρ ]
Differently, for α3 < 0 it is R∗ > 0, and in this case it is always B∗ < 0.

The following proposition, on the local stability analysis of the equilibria,
is proved in the Appendix.

Proposition 2. Assuming ρ(1 + aα2 + α3) > 1 + α3 then the equilib-
rium point (0, 0) is a repelling node. The equilibrium (Π∗, B∗) = (Π∗, α3

1−ρΠ
∗)

where Π∗ is given in (11) is an attracting node for

α1 > α∗
1 (12)
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where

α∗
1 = α2

(1− ρ2)(i− a) + (iρ+ 1− ρ)(3 + ρ)

(1− ρ2)i+ (iρ+ 1− ρ)(3 + ρ)
+

(1− ρ2)(i− 2) + (iρ+ 1− ρ)(3 + ρ)

(1− ρ2)i+ (iρ+ 1− ρ)(3 + ρ)
(13)

does not depend on the parameter b. At α1 = α∗
1 the equilibrium undergoes a

flip bifurcation and it is unstable for α1 < α∗
1.

In our model, the assumption ρ(1 + aα2 + α3) > 1 + α3 in Proposition 2
is always satisfied as the parameter a takes values much larger than 1, while
ρ is close to 1.

In Figure 1 we show two examples of bifurcation diagrams in the parameter
plane (α1, α2) at two different values of the parameter a, keeping fixed all the
other parameters at values that resemble real world economies,

i = 0.02, b = 0.05, ρ = 0.96 (14)

Different values of these parameters do not change the qualitative behavior
described below.5

The bifurcation of the positive equilibrium occurs when the equality holds
in (12), i.e. α1 = α∗

1, which is a straight line in the parameter plane (α1, α2)
keeping fixed all the other parameters. Crossing that line the fixed point un-
dergoes a flip bifurcation, which may be supercritical of subcritical. In our
system, we have numerically verified that it is supercritical, so that soon after
the flip bifurcation the fixed point becomes a saddle, and an attracting cycle
of period 2 occurs.

It can be observed that increasing the parameter a of the MEI the stability
region of the fixed point is reduced, while the region associated with cycles
or chaotic dynamics increases, that is, a wider region of chaos occurs if firms’
net bonds are negative, i.e. firms borrow too much loans from the financial
markets.

In Figure 1, different colors represent regions in which the system has
attracting cycles of different periods, while white points denote the existence

5 Parameters in 14 refer to a situation characterized by a positive interest rate spread,
that is a situation in which the interest rates on borrowing are extremely low com-
pared to interest rates on (corporate) bonds. Looking at mean bank interest rates
on loans to non-financial corporation in the Euro Area, they have been well below
2% in the recent years, with a continuous decreasing trend. For example, in the last
months of 2019 the interest rate on loans to non financial corporations was about 1.55%
in the EA (data retrieved from https://www.euro-area-statistics.org/bank-interest-rates-
loans?cr=eurlg=enpage=2template=1). The return from corporate and treasury bonds
shows larger variability. For example, the average return from Italian 10-years treasury
bonds in 2019 was 1.94%, while the return from corporate bonds (rating BBB) was gener-
ally larger, about 150 basis points for the euro area over the period 2000-2019 (see Bank of
Italy (2019) p.8, Figure 1.2). In section 3.1 we explore the opposite situation, in which the
spread is negative. The parameter b is a positive function of the investment costs (Wijkman,
1965). As the latter are relatively small in the recent periods due to the low levels of interest
rates, in our simulations we assume a small value of b. However, as stated in Proposition
2 above, b does not affect the stability of the system. Finally, based also on Italian recent
data, we assume ρ close to 1 (Bank of Italy, 2020).
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Fig. 1 Two dimensional bifurcation diagrams in the parameter plane (α1, α2) at fixed
values given in (14) and a = 3.3 in (a), a = 5 in (b). The blue line is the bifurcation curve
of equation α1 = α∗

1 given in (13). Below the diagonal of equation α1 +α2 = 1 it is α3 > 0.
The points A1 and A2 will be considered in Figure 2.

of an attracting cycle of high period or chaotic dynamics. In yellow the stability
region of the fixed point with Π∗ > 0. The blue line is the flip bifurcation line
of equation α1 = α∗

1 where α∗
1 is given in (12), and bounds the stability region

of the fixed point, leading to the region with an attracting cycle of period 2
(region colored in pink). The colored regions show a standard transition to
chaos via a sequence of period doubling bifurcations, that is cycles of period 2,
4, ..., 2n.., which appear and become repelling, and lead to chaotic behavior,
as we shall describe below.

In Figure 1 the diagonal of equation α1 + α2 = 1 is also shown (red line),
so that for parameter values of (α1, α2) above that line α1 + α2 > 1 and
α3 = 1− α1 − α2 < 0 (so that R∗ = aI∗ − b

2I
∗2 > 0 and dR∗

dI∗ = a− bI∗ > 0),
that is, a firm is either borrowing from the markets or issuing bonds to invest
in risky assets, and distribute dividend. Below the red line α1 + α2 < 1 and
α3 = 1− α1 − α2 > 0. In the latter case, then, net bonds are positive, that is
the firm is also investing in safe assets. A change in the firm policy that lowers
α1 (less cash to pay dividends) and increases α2 (more cash invested in risky
assets) will make the system more chaotic. Furthermore, by comparing Figure
1 (a) with Figure 1 (b), we reach the conclusion that the impact of such a
policy change on the stability of the system is larger the larger the parameter
a.

As already remarked, since the parameter a captures the return of invest-
ment, larger a seems to determine investment in riskier-asset and potentially
over investment. Said differently, for larger a, meaning that investment earns
larger marginal returns, the system becomes more unstable and chaotic. The
underline mechanism is related to the cash holdings as follows. The return of
cash often triggers large market reactions because excess cash is a function of
earnings, and thus revealing the earnings information to investors. Kaplan and
Perez-Cavazos (2020) show that for firms with weak (strong) investment oppor-
tunities, unexpected earnings generate excess cash rapidly (slowly). Because
dividends compete with earnings announcements to supply earnings informa-
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tion, firms with weak (strong) investment opportunities are therefore more
(less) likely to inform the market of the earnings surprise. As long as a firm
holds too much cash, and a is sufficiently large, the firm tends to over invest
in riskier assets, generating instability.

The transition to chaos depends not only on the riskiness of investment
(as captured by the parameter a), but also on the firm policies concerning
the dividend payout, and the composition of firm assets portfolio (I and B),
as represented by the parameters α1, α2, and α3, respectively. In this vein,
two examples of trajectories in the phase space (Π,B) in the case a = 3.3,
α3 > 0 and the parameter values given in (14) are shown in the following
Figure 2. In Figure 2 (a) at (α1, α2) = (0.40, 0.55) (see point A1 in Figure 1
(a)) the fixed point (Π∗, B∗) = (249.92, 312.40) is attracting and in yellow is
illustrated its basin of attraction, showing that it is quite robust, since it is far
from the basin boundary. That is, a shock perturbing the state still keeps the
trajectory in the basin, leading to the equilibrium. Clearly, huge shocks may
also be dangerous, when bringing the system in the gray region, since the gray
region denotes points having a divergent trajectory.

Again, following a change in cash distribution, that is decreasing the pa-
rameter α1 and increasing α2, the fixed point becomes unstable and the system
becomes chaotic. This is shown in Figure 2 (b): at (α1, α2) = (0.1, 0.6) (see
point A2 of Figure1), the fixed point (Π∗, B∗) is unstable and we have a chaotic
attracting set whose basin is shown in white. The chaotic behavior is mainly
due to the Πt values, while changes in Bt are all contained in a very narrow
interval. In other words, in this case, although there is a wide chaotic range in
the values of Πt, the values of Bt are not changing so much, they stay inside
a small strip. However, since the values of Πt are closer to the boundary of
the basin of attraction (i.e. closer to the gray region), a shock occurring when
the state is in the high values may easily bring the system ”to explode” i.e., a
divergent trajectory may occur more likely.

Fig. 2 The phase space in the case of positive net bonds (α3 > 0). Phase space (Π,B)
represented at parameters as given in (14) and a = 3.3. The gray region denotes points
having a divergent trajectory. In (a) at (α1, α2) = (0.4, 0.55) (pointA1 in Figure 1) the fixed
point is attracting and its basin of attraction is in yellow. In (b) at (α1, α2) = (0.1, 0.6)
(point A2 in Figure 1), the fixed point is unstable and a chaotic attractor, and the white
points belong to its basin of attraction.
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Thus, from comparing Figure 2 (a) and 2 (b), results show that chaos occurs
in the presence of a smaller share of cash for dividend payout (α1 decreases)
and a larger one for risky investment (α2 increases). In fact, an increase in
the amount of cash devoted to risky investments, generates higher probability
of large fluctuations in investment returns, and, therefore, in firm’s liquidity.
Finally, Figure 2 also suggests that changes in investment policy do not affect
much firm financial decision related to net bonds, while unexpected earnings
(losses) rapidly generate excess (shortfall) of cash.

The transition from stability to chaos can be better appreciated by looking
at the one-dimensional bifurcation diagrams as a function of only one param-
eter, as shown in Figure 3. For a = 3.3 we fix the value of α3 = 0.03 and vary
α1 in the interval (0.1, 0.5) (while α2 = 1 − α1 − α3): decreasing the value
of α1 destabilizes the equilibrium. Again, increasing risky investment beyond
to some thresholds lead the system to instability and chaos. In other words,
the system is stable for relatively larger values of α1 and smaller values of α2,
while it moves to chaos when the firm decides to reduce the dividend payout
in search of more profitable and riskier investments.

Fig. 3 One dimensional bifurcation diagrams. In (a) and (b) are shown the states of Πt

and Bt respectively, as α1 varies in the interval (0.1, 0.5) at α3 = 0.03.

In Figure 3 (a), we see that, by decreasing α1, the fixed point from stable
becomes unstable and an attracting 2-cycle appears, which also becomes un-
stable leading to an attracting 4-cycle, and so on. The route to chaos is quite
similar to the one which is well known for one-dimensional unimodal maps
(see Medio and Lines 2001, Gandolfo 2009). Figure 3 (b) shows the dynamics
of Bt, which confirms that its oscillations always occur within a small interval
of values.

This can also be observed in the versus-time trajectory shown in Figure
4 according to which the chaotic regime is never periodic, and cash holdings
(Figure 4 (a)) fluctuates more than net bonds (Figure 4 (b)). Indeed, given α3,
i.e.: the amount of liquidity the firm invests in risk-safe bonds, the volatility of
B is uniquely influenced by the dynamics of cash, as shown by the equilibrium
value B∗ = α3

1−ρΠ
∗. Furthermore, we note that when the firm is investing a

large amount of cash in risky assets (α2=0.6), the chaos occurs regardless of
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Fig. 4 Versus time trajectories. The parameters are fixed as in point A2 in Figure 1 (a),
at α1 = 0.1 and α2 = 0.6, in a chaotic regime. Versus time trajectories of Πt (in (a)) and
Bt (in (b)) for 50 iterations.

whether the firm is borrowing from the market or investing in safe assets (α3

is positive in Figure 4).

3.1 The effects of changes in monetary policy

During financial crises credit conditions tighten, external finance becomes more
costly and cash flows decrease. Cash holdings can mitigate the impact of the
crisis by providing an internal and cheaper source of funds, by avoiding ineffi-
cient liquidation of its assets to meet its obligations and prevent bankruptcy,
or by serving as high-quality collateral that a firm can pledge when asset prices
decline. During the recovery phase, when demand returns and credit condi-
tions improve, cash-rich firms will have more capacity to meet this demand
and can subsequently reinvest their earnings, generating additional revenue
and, subsequently, investing more (Joseph et al., 2019).

An accommodating monetary policy followed by a sudden increase of the
short term interest rate often leads to a bubble burst and to an economic
slowdown. In this vein, Giri et al. ( 2019) show that sudden and sharp increases
of the policy rate can generate recessions, while keeping the short term interest
rate anchored to the zero lower bound in the short run can successfully avoid
a further slowdown.

In this section, we model a change in the monetary policy by assuming
an interest rate spread close to zero but negative, while keeping all the other
parameters fixed, as shown in Figure 5. Differently from the previous Figure
1 (a), which refers to a situation with a positive interest rate spread, Figure
5 (a) shows a larger stability region, suggesting that while borrowing frictions
might depress asset values, they actually lead to a more stable equilibrium.
This result occurs because in the presence of lower interest rates the amount
of cash available to firms decreases, and managers have less free cash to fund
risky investments.

However, as in the analyses of the previous section, as long as the firm
increases investment in risky assets (increasing values of α2) the system moves
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to chaos via a sequence of period doubling bifurcations. Again, Figure 5 (b)
suggest that the perturbations of the system are mainly related to fluctuations
of cash.

Fig. 5 In (a) Two-dimensional bifurcation diagram in the (α1,α2) parameter plane at
i = −0.001, ρ = 0.96, a = 3.3, b = 0.05. In (b) dynamics in the phase space at the same
parameters and α1 = 0.1, α2 = 0.6. The equilibrium is unstable and the attracting set
is a cycle of period 4, its basin of attraction is in yellow. Gray points denote divergent
trajectories.

4 Conclusion

As a response to the 2008 financial crisis, firms changed drastically their finan-
cial policies, reducing investment and indebtedness and accumulating cash to
face uncertainty and system risks. Further, many central banks started engag-
ing in deep monetary expansions to recover economies to growth. Non standard
monetary policy measures generated an improvement in the liquidity stance
of investment-grade and low-rated firms. While firms’ working conditions are
alleviated during recessions by having access to enough funds, we showed the
they might potentially generate economic instability.

We started by modeling firm cash holdings, and firm decisions related to
dividend, financial policies and risky investment decisions. We obtained equi-
libria characterized by chaotic time paths, showing that too much finance, by
providing wrong signals to the markets, might generate instability. Therefore,
holding excessive cash might be as bad as holding excessive debt.

Our research suggests that cash volatility and fluctuations are larger the
larger the share of cash invested in risky assets. The underlined mechanism is
related to the fact that the firm, searching for high returns, exposes itself to
the risk of cash shortfalls. The search for yield and risk-taking, together with
a relaxation of lending standards, and large injections of liquidity by central
banks, might be detrimental as cash fluctuations affect the future investment
opportunities of firms.
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Appendix.

Proof of Proposition 2. The Jacobian matrix of map T in (10) is given by

J(Π,B) =

[
−bα2

2Π + (1 + aα2 + iα3) (iρ+ 1− ρ)
α3 ρ

]
and we have to evaluate it at the equilibria, say J∗, and then the eigenvalues
of its characteristic polynomial

P(λ) = λ2 − TrJ∗λ+ detJ∗

Recall that sufficient conditions for the stability of a fixed point are given by
the three conditions (see Medio and Lines 2001, Gandolfo 2009) given by
(1) : P(1)=1-TrJ∗ + detJ∗ > 0
(2) : P(−1) = 1 + TrJ∗ + detJ∗ > 0
(3) : P(0) = detJ∗ < 1.

In the case of the origin, with Π = 0, it is TrJ∗ = 1 +aα2 + iα3 > 1 (since
a > 1) and detJ∗ = ρ(1 +aα2 +α3)−α3, so that the origin is a repelling node
when the parameters have significant values, which lead to detJ∗ > 1.

In the case of the fixed point (Π∗, B∗) = (Π∗, α3

1−ρΠ
∗) where Π∗ is given

in (11) we have

J∗(Π∗, B∗) =

[
−2[aα2 + iα3 + (iρ+ 1− ρ) α3

1−ρ ] + (1 + aα2 + iα3) (iρ+ 1− ρ)

α3 ρ

]
=

[
1− (aα2 + iα3)− 2α3

1−ρ (iρ+ 1− ρ) (iρ+ 1− ρ)

α3 ρ

]
which is independent on

the parameter b, and we have to consider

TrJ∗ = ρ+ 1− (aα2 + iα3)− 2α3

1− ρ
(iρ+ 1− ρ)

detJ∗ = ρ[1− (aα2 + iα3)− 2α3

1−ρ (iρ+ 1− ρ)]− α3(iρ+ 1− ρ)

= ρ[1− (aα2 + iα3)]− α3(iρ+ 1− ρ) 1+ρ
1−ρ leading to P(1) =1-TrJ∗ +DetJ∗

= (1− ρ)(aα2 + iα3) + α3(iρ+ 1− ρ)
P(-1) =1+TrJ∗ +DetJ∗

= 2(1 + ρ)− (1 + ρ)(aα2 + iα3)− α3(iρ+ 1− ρ) 3+ρ
1−ρ The condition detJ∗ < 1

leads to

−(1− ρ)− ρiα3 − α3(iρ+ 1− ρ)
1 + ρ

1− ρ
< ρaα2

which is always satisfied, so that this equilibrium cannot undergo a Neimark
Sacker bifurcation. Similarly, the condition P(1) > 0 is always satisfied.
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The third condition P(−1) > 0 may be satisfied or not, in fact it is P(−1) >
0 for

2(1 + ρ)− (1 + ρ)(aα2 + iα3)− α3(iρ+ 1− ρ)
3 + ρ

1− ρ
> 0

where α3 = 1− α1 − α2, thus for

2(1 + ρ)− (1 + ρ)aα2 > [(1 + ρ)i+ (iρ+ 1− ρ)
3 + ρ

1− ρ
](1− α1 − α2)

and, after some algebraic steps, the condition can be written as

α1 > α2
(1− ρ2)(i− a) + (iρ+ 1− ρ)(3 + ρ)

(1− ρ2)i+ (iρ+ 1− ρ)(3 + ρ)
+

(1− ρ2)(i− 2) + (iρ+ 1− ρ)(3 + ρ)

(1− ρ2)i+ (iρ+ 1− ρ)(3 + ρ)

leading to α∗
1 as given in (13). The condition P(−1) > 0 is satisfied for α1 > α∗

1.
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