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ABSTRACT A discrete time model of a financial market is developed, in which heterogeneous
interacting groups of agents allocate their wealth between two risky assets and a riskless asset. In
each period each group formulates its demand for the risky assets and the risk-free asset
according to myopic mean-variance maximizazion. The market consists of two types of agents:
fundamentalists, who hold an estimate of the fundamental values of the risky assets and whose
demand for each asset is a function of the deviation of the current price from the fundamental, and
chartists, a group basing their trading decisions on an analysis of past returns. The time evolution
of the prices is modelled by assuming the existence of a market maker, who sets excess demand of
each asset to zero at the end of each trading period by taking an offsetting long or short position,
and who announces the next period prices as functions of the excess demand for each asset and
with a view to long-run market stability. The model is reduced to a seven-dimensional nonlinear
discrete-time dynamical system, that describes the time evolution of prices and agents’ beliefs
about expected returns, variances and correlation. The unique steady state of the model is
determined and the local asymptotic stability of the equilibrium is analysed, as a function of the
key parameters that characterize agents’ behaviour. In particular it is shown that when chartists
update their expectations sufficiently fast, then the stability of the equilibrium is lost through a
supercritical Neimark—Hopf bifurcation, and self-sustained price fluctuations along an attracting
limit cycle appear in one or both markets. Global analysis is also performed, by using numerical
techniques, in order to understand the role played by the chartists’ behaviour in the transition to a
regime characterized by irregular oscillatory motion and coexistence of attractors. It is also
shown how changes occurring in one market may affect the price dynamics of the alternative risky
asset, as a consequence of the dynamic updating of agents’ portfolios.

Introduction

One of the key ideas in modern finance is that of diversification among a choice of
risky assets. The standard framework is that of one-period mean-variance
optimization. A key assumption in this framework is that of rational, homogeneous
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agents who have complete knowledge of the distribution of asset returns in the next
period. Studies involving surveys of market participants indicate that investors may
not be homogeneous and that at least two groups (or two groups of strategies)
coexist in the market (Taylor and Allen, 1992; Lui and Mole, 1998). The rationality
assumption, particularly with regard to perfect knowledge of the future distribution
of returns, has started to look tenuous as some economists have come to accept that
extreme versions of rationality give agents more ability to learn that may be possible
in real markets (Gallegati and Kirman, 2000). Thus interest has grown in recent
years in models in which agent heterogeneity is allowed and the different groups of
agents seek to learn about the future return distribution using different information
sets. We cite in particular the models of asset price dynamics based on the interaction
of heterogeneous agents that have been proposed by Caginalp and Ermentrout (1990,
1991), Day and Huang (1990), Brock and Hommes (1998), Lux (1998), Chen and
Yeh (1997), Gaunersdorfer (2000), Chiarella and He (2001, 2002, 2003), Chiarella,
Dieci and Gardini (2001, 2002), and Fernandez-Rodriguez et al., (2002). These
models in general consider a financial market with one risky asset and one risk-free
asset and focus on the effect of agents’ heterogeneous beliefs about expected return
and volatility of the risky asset and different risk attitudes on the dynamics of asset
prices and wealth.! They show how the interaction of these factors with the
heterogeneity of the agents and the market trading mechanism can, even in the
absence of external random events, cause sustained deviations in prices away from
their equilibrium. Such sustained deviations in the underlying deterministic driving
dynamics constitute one possible source of the fat tails and volatility clustering that
are a key feature of asset returns in financial markets. The heterogeneous agents
paradigm of asset price fluctuations views the financial market as being the result of
the interaction between nonlinear deterministic elements and stochastic elements.

In the development of portfolio theory the one risky/one risk-free asset model is
merely a first step to understanding how investors will spread their investment dollar
among several risky assets. Once several risky assets are available to the investor then
correlation (or rather the beliefs about correlation) also becomes a factor in the
investors’ decision process. A natural question that arises in this context is whether
diversification tends to dampen or to amplify the price fluctuations that arise due to the
interaction of heterogeneous agents, and whether agents’ beliefs about correlation of
returns may generate comovements in the prices of the risky assets. Another question
is to what extent markets may become interdependent (i.e. price dynamics in one
market may be affected by changes in agents’ behaviour and beliefs in the alternative
market), as a result of agents’ portfolio diversification.

In this paper we develop a discrete time model of financial market dynamics,
which combines the essential elements of the interacting heterogeneous agents
paradigm with the classical model of diversification between two risky assets and a
risk-free asset. In common with the earlier cited literature, we assume that the
market consists of two types of traders: fundamentalists, who hold an estimate of the
fundamental value of the risky assets and whose demand for each asset is a function
of the deviation of the current price from the fundamental, and chartists, a group
basing their trading decisions on an analysis of past returns. Each group forms
expectations about asset returns and their variance—covariance structure and
allocates its wealth between two risky assets and a riskless asset. The time evolution
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of the prices of the risky assets is modelled by assuming the existence of a market
maker, who sets excess demand to zero at the end of each trading period by taking an
offsetting long or short position, and who announces the next period prices on the
basis of the excess demand. The model is reduced to a seven-dimensional nonlinear
discrete-time dynamical system that describes the time evolution of prices and
agents’ beliefs about expected returns, variances and correlation. The local
asymptotic stability conditions of the unique equilibrium are investigated using
both analytical and numerical techniques: in particular we clarify how the local
stability is affected by the key parameters, namely the strength of fundamentalist and
chartist demands at the steady state (inversely related to agents’ risk aversion and
beliefs about volatility), the speed of reaction of market prices, the chartist
extrapolation parameter, and the long-run variance—covariance structure. The local
stability analysis, together with the global analysis performed through numerical
experiments, also help us to understand how chartists’ beliefs and behavior may
cause price fluctuations to become more and more irregular and to be transmitted
from one market to the other.

The structure of the paper is as follows. Section2 derives the asset demand
functions for each asset by each investor type. Section 3 describes the schemes used
by each group to revise expectations. Section4 describes how demands are
aggregated by the market maker via a price adjustment rule in the market for each
asset. Section 5 describes the resulting dynamical system for the dynamic evolution
of prices, expected returns, variances and correlation. Section6 considers the
particular case of ‘zero long-run correlation’ between returns, outlines the main
analytical results about the conditions of local asymptotic stability of the unique
steady state of the model and their dependence on the key parameters, and explores
the dynamic behaviour of the model when the parameters are such that the steady
state is unstable. Section7 considers the general case of ‘nonzero long-run
correlation’ between returns and gives numerical examples where this parameter
can cause the transmission of price fluctuations from one market to the other.
Section 8 considers, via numerical simulations, the effect of changes in agents’
perceptions about long-run risk and return. It turns out that such changes can have a
dramatic effect on the price dynamics. Section 9 contains some conclusions and final
remarks.

Asset Demand

Our starting point is the fundamentalist/chartist model studied in Chiarella, Dieci
and Gardini (2001, 2002) and Fernandez-Rodriguez et al. (2002), whose antecedents
are Zeeman (1974), Beja and Goldman (1980), Day and Huang (1990), and Chiarella
(1992). It should be stressed that the framework we use in this section to derive the
asset demands is in fact that of the standard one-period CAPM; the major difference
being that we allow agents to have heterogeneous beliefs about the distribution
of future returns and that these beliefs are updated dynamically as a function of
observed returns.

We denote by P;, the logarithm of the price of the ith risky asset at time ¢ (i=1, 2),
and use the subscript j € {f, ¢} to denote fundamentalists or chartists. In each time
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period each group of agents is assumed to invest some of i 1ts wealth 1n the risky assets
and some in the risk-free asset. Denote, respectively, by Q 7 and Z ; the wealth of
agent j at time ¢ and the fraction that agent j decides to 1nvest in the zth risky asset.
The evolution of the wealth of agent j can then be written

QE'QI=Q§'j)+QE'i)(1 Z( )g—l—Q [ /,)(Plz+1—P1t+G1t+1)+Z§)(Pz,r+1—P2,t+G2,t+1)}

where Z,gj l=z Y} +Z§{,> is the fraction invested in the risky assets, g is the (constant)
risk-free rate of return, Gy, (Pip1—P;) and (P;1—Pi+Gi), are the
dividend yield, the capital gain and the return of the ith asset in period (¢,#+1),
respectively.

We denote by E, , Varﬁ ), Cov, the ‘beliefs’ of investor type j, at time ¢, about
conditional expectation, variance, and covariance, respectively. We assume that
investor type ] has exponential utility of wealth function u(Q)=—exp(— O((])Q) where

a9 is agent j’s risk aversion coefficient. Agent j seeks the fractions Z,],, so as to
maximize expected utility of wealth at time #+1

E,(j) [— exp( ol )Qgﬂrl)}

As is well known, under the assumption of conditional normality of returns, this
problem is equivalent to
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The first order conditions of the foregoing optimisation problem lead to the demand
functions for the risky assets, given by
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where
m@ :Et(j) [Piit1—Pidl, gift’) EEf(j) [Gir1]
Vz(t) = Varg )[P,‘,;+1 —Pii+Gisp1]

and pgj ) is agent j’s ‘belief’, at time ¢, about the correlation between the risky returns
over the next trading period, i.e.

o) = Cov? [(Pris1—Pri+Gris1), (Porsi —Pryi+Goyi)]
t - K
v vy
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The demand functions (1) and (2) can be rewritten as

oo (whrel-g) a0\l (el o)
l,[ - n2 - r — > - . _
(1 — ) ) oy ) (1 _ W) ) vl vy
0 4 gl INELS () 4 o)

C(j) 1 (mzfx +g2{z —g) pﬁ” Vl(ft) (mlf, +g1f, —g)
207 ~2 ) - — - ' : i
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with a fairly standard interpretation as a direct demand (the first term) and a hedging
demand (the second term). The demand for each risky asset is a linear combination
of the expected risk adjusted excess return on each asset, with coefficients being
determined by the expected correlation coefficient.

In the next section we describe how agents update these ‘beliefs’ about future asset
returns and so generate different demand functions.

Expectation Formation

The two groups of agents differ in the way they update their expectations of the
means, variances and correlation between returns over successive time intervals. For
simplicity it is assumed that the dividend yields are i.i.d. and uncorrelated with price
changes in agents’ beliefs, and that agents share the same beliefs about the dividend
yields, with E[(Gi’t+1) =g Var,(G,-,,H) = O'?, i=1,2, Covt(Gl’t+1, G2’1+1) =0010,.
The common beliefs about variances (a7, i=1, 2) and correlation () of the dividend
yields determine the ‘long-run’ or ‘equilibrium’ variance/covariance structure of
returns in this model.

Agents’ heterogeneity is introduced by assuming that the different agent-types use
different ways to form expectations about the ‘price’ component of the return
(P;+1—Piy), 1.e. fundamentalists and chartists are assumed to have heterogeneous
beliefs about expected prices changes, as well as their volatility and correlation.

3.1. Fundamentalist Expectations

We assume that fundamental values of the risky assets grow at constant rates over
time, i.e. for each asset the log fundamental value evolves according to

Wiir1=Wii+y;

so that there is an underlying growth rate of 7, in each market (y; >0).”
Fundamentalists are assumed to know both the fundamental price W;, and the
fundamental growth rate ;. They believe that the expected return of asset i contains
a ‘long-run’ or ‘equilibrium’ component and a ‘short-run’ component, the latter
being proportional to the difference between the log asset price P;, and the log
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fundamental value WW;,. Hence they calculate expected change in log-price according
to

m) =EV [P 1 — P =n(Wii—Pi) +7;

II_

where 17,>0 represents the estimate of the speed of reversion to the fundamental
price. We also assume that fundamentalist beliefs about variances and correlation do
not vary over time, being given by the long-run variance/covariance structure that is
determined by that of the dividend yield process. Thus we set

V,({) 0',», pgf) =0 so that Covgf) =010,
The fundamentalist demand functions thus become
Cﬁf,) =a1 (Wi —Piy) —br(Woy—Pry)+ M

Cz‘,, =ay (W —Pry)—bi (Wi, —P1,)+

where
. m oy = b
o) (1-6%) a3 o) (1-6%) a3
ony o,
b= b=
! a(-/)(1—52)0'10'2 : oz<f)(1—52)0102
O’%Tll —50’10’272?2 0’%7132—50’10'27“

1= 2=

2 (1-6%) 0303 AN (1=06%) 022 3)

and the 7; = (y;+g,—g), represent the long-run expected excess returns (risk premia)
for each asset, determined by the growth of fundamentals and dividend yields.
Notice also that /; and /A, represent the long-run or equilibrium component of
fundamentalist demand for each asset.

These demand functions generalize in a straightforward way the corresponding
fundamentalist demand function derived in Chiarella, Dieci and Gardini (2002) for
the case of one risky and one riskless asset. In fact if we set =0, so that
fundamentalists expect no correlation between the risky assets, then the demand
function for each risky asset is merely the one obtained in Chiarella, Dieci and
Gardini (2002).

3.2. Chartist expectations

Chartists are assumed to compute expected returns by extrapolating past price
changes according to the weighted average (with exponentially decreasing weights) scheme

o0

lptt:mz(ft)EEEC)[ Lt+1— ch 1—(,’ lt S_Pi,thfl)
s=0
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which results in the well-known adaptive expectations scheme:
Vio= =i,y +ci(Piy—Piy—r) (4)

The chartist extrapolation parameter ¢; (0<c¢;<1) represents the weight given to the
most recent price change in the computation of the next period expected price
change: the higher is ¢;, the more sensitive are chartists to recent data in their
expectation formation.

The chartists’ beliefs about variances and correlation have two components. One
component is the long-run variance—covariance structure of the dividend yield
process, the second component is one that varies as a function of the evolution of
returns. In particular we assume that

Vi =vi+o? (5)
and
c K, +d010,
p)= : (6)

JOrtad) 2+

where a? and 000, are the long-run components of the conditional variances and
covariance, respectively. In this way, chartists’ estimates of the variances and covari-
ance include time-varying components that may change in each period according to
the observed volatility and the observed comovements in prices. We assume that the
time varying components, v;, and K, in Equations 5 and 6 are computed by chartists
by extrapolating past deviations from expected returns according to

o0

Vig= Z ci(l=¢)' (Piy—s— Pig—s—1— lpi,t)z (7)

s=0

K= Z CK(I _CK)S (Pl,tfs_Pl,rfsfl —‘PL;) (P2,tfs_P2,tfsfl _¢2,1> (8>
s=0

Equations 5 and 7 state that chartists increase their estimate of the variance of each
risky asset in proportion to the historical volatility; Equations 6 and 8 state that they
adjust their estimate of correlation between the two risky assets in proportion to the
historical correlation (calculated using geometrically declining weighting functions
with parameters ¢; and x>

Equations 7 and 8 (see the Appendix) result in the updating rules

2
Vit = (1 _Ci)vi,tfl +Ci(1 —Ci) (Pi,t—Pi,t—l _lpi,tfl)
Ki=(1—ck)Ki—1+cex(1—cr)(1—=c2) (Pri—Pri—1 —Y1,1) (Por—Poio1 — Vg, 1)
+(1_CK) {Cl (Pl,t_Pl,rfl_lpl,t—l) (lpz,z—l —Jz,z—l)

+erea(Pri—=Pri1 =) (Pa—Prio1 =¥, 1)

+ (P —Pry—1 =V, ) (‘pl,tfl _wl,tfl)}
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where the subsidiary quantities %,,(i: 1, 2) are defined recursively as

%,z =(1—cg) ¥,y +ex(Pis—Pis—1)

In terms of these updating rules the chartist demand functions for the risky assets
thus become

(v2,+02) (Y1, +21—g)—pl \/(vu +63) (v2u+03) (Yo, +22—8)

N2
ole) (1 _ (pﬁ”) ) (vl’t—l—a%) (V2,t+05)

£ =

o Dt ad) (ot g—g) =pi”y/ (n1+0) (20 +03) (U1t 21 —9)

2t W 2
o0 (1 _ <p§c>> ) (v +03) (v2i+03)
(c

where p, ) is given by Equation 6. As with the fundamentalist demand functions, the
chartist demand functions (9) and (10) also generalize to the case of two risky assets
the one derived for the one risky asset case by Chiarella, Dieci and Gardini (2002),

(10)

the difference being the time varying correlation pﬁf) that determines the hedging
demand components.

Clearing the Market: The Role of the Market Maker

We assume that the market clearing function is performed by a market maker, who is
sufficiently rational to know the fundamental price, as well as the dividend growth
rate in each market. The market maker is also assumed to be able to estimate the
‘equilibrium’” demand for each asset.* The market maker adjusts the prices in each
market according to the price setting rules

Pi,l+1 = Pi,t + ﬁi [C,(O + C[(L[) - }d‘,t:|

which imply that he/she increases (decreases) the price of the ith asset, i=1, 2, when
the demand for the asset is higher (lower) than a certain threshold. The ‘thresholds’
J;; are chosen by the market maker in a way such that prices are equal to
fundamentals in the long run. In this way the market maker ensures long-run market
stability.

The market clearing mechanism that we have chosen here is of course highly
schematized. It captures the essence of stated role of the market-maker of ensuring
‘orderly market conditions’. In reality of course market makers would also be giving
consideration to their inventory positions. However, taking account of these aspects
of market maker behaviour would result in a far more complicated model and must
be left for future research. We also leave for future research consideration of other
market clearing mechanisms such as limit-order markets. One possible framework
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into which one could incorporate the ideas of this paper is provided by Chiarella and
Tori (2002).
It is convenient to define the new variables

qii=Pi— Wi,

the deviation of (log) price from (log) fundamental value, and

fi,r = ‘//i,z —Yi

&= l//i,; —Vi
the expected deviations from the growth trend, calculated using weights ¢; and ¢,
respectively. These latter two state variables cater for the fact that chartists use
different weights for each asset and for the correlation between them. In terms of
these new variables, the time evolution of prices and agents’ beliefs about expected

returns, variances and correlation is described by the nine-dimensional dynamical
system

qii+1=4q1,,—7y1+ P [—GIQI,t+b2qz,r+hl +C§f2 —/11,1] an
Sipi=—=ct)éi (g1 —q10)

Pi+1=q2—V2+ P> [—dzth,r +biqi i+ + Cé“f - iz,z} (12)

Suiri=1—=e)é (g1 —920)
vier=(1—evietea(l=—a)(qus —qr—é)’°
v =1—c)va+er(1—e2) (qrir1 —qoi— 52,1)2
Kii=(1—cx)Ki+cex(I—cr)(1—e2) (qris1 —qri— &) (g1 — 20— E)
+(L=cx)ler (g1 —q10—E1y) (fz,t —Ez,z)
+erea(qrier —que—&1) (g1 — g2 — o)

+c (612,t+1 — 42— éz,r) (fl,t _El,tﬂ

1= =)+ ex(qrivr —qiy)

1= =cx)ér i+ ex(gaie1—q24)

As far as the price adjustment rule is concerned, we assume that the market maker
chooses i, A, so that prices, in equilibrium, are equal to the (growing)
fundamental values, i.e. the equilibrium values of ¢; and ¢, are overbarg;=over-
barg,=0. With c§“>(i=1,2) denoting the chartist demand for the ith asset in
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equilibrium, this latter assumption implies that the price setting rules 4;, and 4,
must satisfy

lMy=l=h+ Z(f) —11/B
loi=lo=hy+ Z(zc) —72/ B2

Clearly we are assuming that the market maker has sufficient knowledge of the
market fundamentals and behaviour of the two groups to undertake all the requisite
calculations. Some economists might even use the term ‘rational’ to describe the
market maker in this framework. Under the foregoing assumptions the dynamic
Equations 11 and 12 may be rewritten

qLi1=q1,:+p {—alqhﬁ—bqurk (CY} — ch))} (13)
G21+1=G2:+ B> {_“2‘12,1 +bi1g1+ (ng - Zg))} (14)

These equations show the price deviations from fundamental of each asset in any
period as being determined by the price deviations of both assets in the previous
period and the deviation of asset demand from its own equilibrium level. The same
equations could also be derived by assuming that the market maker announces the
new price in the ith market according to

Piyr1=Pii+y+p; (gl(j/;) + Cfct) _Ni,t>

where N, represents the (nominal) supply of outside shares at time ¢ and therefore

CE’{)+C§S)—N,~J represents the excess demand. This means that the market
maker increases the price according to the fundamental trend in the case of
zero excess demand, while the price trend is higher (lower) than the
fundamental trend in the case of positive (negative) excess demand. By
assuming that the supply N;, is constant and equal to agents’ equilibrium demand,

N =N; =Z§f) +Z§C), where Z,m =h;, and by using the changes of variables described
before, one again obtains the price setting rules (13) and (14).

The Dynamical System

In order to reduce the dimension of the system and to obtain analytical results about
the dynamic behaviour of the model and its dependence on the key parameters, we
will focus on the particular case where chartists update their calculations of expected
returns, variances and covariance with the same weighting parameters, i.e.
c1=cy=cg=c, so that the dynamic equations for the state variables £;, and ¢;, turn
out to be the same. Numerical computations performed in the general case, where
chartist weighting parameters are different across markets, show that the dynamics
and the bifurcation structure of the system are very similar to the ones of the
simplified case ¢;=c,=cg=c.
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Under this assumption, the updating rule for the ‘time-varying portion’ of the
covariance becomes

Kii1=(1—c)K;+c(1—¢) (91,z+1 —41,1—51,1) (42,z+l —QZ,t—fz,z)

Denoting by the symbol ’ the unit time advancement operator,” the time evolution of
the model is thus given by the iteration of the seven-dimensional nonlinear map

T (q1, &5 g2, &, v1, Vo, K)o (g0, &) ¢, &5, V), vh, K') that may be written as
e ()

& =(1-0)¢ -|-c(q1 (11)

oo ()

B ERGOEREGRTS (15)
V)= (1—c)v1+c(l—c)( 611—51)2

Vi=(1—c)m+c(l —C)(612—612—52)2
K=(1-c)K+c(l=c)(di—a1—&)(dh—a2—&)

where the chartist demand functions { (lc), Cg) are given by

(@ = (v2+03) (& +m1) — (K+00102)(ér 4 m2) (16)
b @ [(vi+0?) (v2+03) — 8 a3a} — K> —2Ké003]

(o _ (n1+0}) (& +m) — (K +d0162) (&) + 1) 7
O

2 [(vi+07)(v2+03) — 8o} — K> —2Ké003]

and we recall that =, = (y,+ g;,—¢g) can be interpreted as the long-run expected excess
return on asset i. Notice that the chartist optimal demand for each asset at each time
t is a function of the 7; as well as the state variables &, &, vy, v,, and K. The map (15)
is nonlinear due to the variance—covariance updating rules and the functional form
of chartists demand functions.

Our dynamic analysis starts from the determination of the unique steady state of
the system that we denote by O. It is easy to see that the steady state is characterized
by the equilibrium levels of the state variables given by

G =&=7=0 (i=1,2)
K=0

The equilibrium values for ¢; and &; imply that, in equilibrium, prices are equal to
fundamentals, P;..=W,.., chartists’ expected price trends are equal to the rates of
growth of fundamentals, ;=7;, and chartists’ beliefs about variances and
covariance are determined by the long-run variance/covariance structure.

The chartist demand for each asset in equilibrium is thus given by

—(¢) O'%TE] —00102T2  —=(c) 0'%7[2 — 0010727

_ 1= e 18
o) (1—06%) 0?03 “ 1) (1—6%)a}03 (18)
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Notice from Equations 3 and 18 that the demands of agent-type j in equilibrium may
be written as

<)) 1 T 002/01 ™
= — g 19
zgj) 1 (%) 50’1/62 3 (20)

- (1—8)aia}  (1—8%)alla?

Equations 19 and 20 indicate that the agent j’s demand in equilibrium is a weighted
average of risk-adjusted equilibrium expected excess returns on each asset with
the weight determined by the long-run correlation. These demands may also be
interpreted as consisting of direct and hedging components.

The Case of Zero Long-Run Correlation Between Returns

In this section we investigate an important particular case where analytical
conditions can be derived for the local asymptotic stability of the equilibrium,
namely the case of zero ‘long-run’ correlation between returns (6=0). In this case the
dividend yields of the two risky assets are not correlated in agents’ beliefs, but agents
(chartists) may expect a nonzero correlation between returns when the system is out-
of-equilibrium, depending on the observed past comovements in prices.

Since in this case b;=b,=0, the map T in eq. (15) becomes:

¢=q+p [—alql + (C(f) - ZP)]
&G=01-0)& +c(q)—q1)
=42+ {—azqﬂ- (Cg"j — Zé"’)]
&=(-c)&+c(dy—)
=(1—c)vi+c(l1—c)(q; — 51)

(1—c)va+c(l —c)(qz—qz—ﬁz)
K'=(1—c)K+c(1—c)(q) —q1—&1) (dh— 2 — &)

1
V.
&)

where

denote the strength of fundamentalist demand for asset 1 and 2, respectively.
Chartist optimal demands in Equations 16 and 17 reduce to

(o= (r2+03) (& +m) —K(&+m)
1 o) [(Vl —I—G%) (VZ +03 ]

2)—
C(C)= (v1 'H’%)(fz*'ﬂz) K(& +m)
2 a9 [(vi+07) (v2+03) —K?]
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with equilibrium levels:

=(c) . m =(c) . )
NS0T 2 S0

From an analytical point of view, the main feature of this particular case is the
existence of lower dimensional invariant subsets of the phase space, associated with
asset 1 and asset 2, respectively. Assume, for example, that the state variables
associated with asset 1 are at their equilibrium levels, i.e. ¢g;=¢;=v;=0, and assume,
in addition, K=0. It is immediate to see that the iteration of the map does not move
the system away from the three-dimensional subset of the phase-space defined by
q1=¢&1=vi=K=0, since

T(O, 0; q2, éZa 0, V2, O): (07 Oa q/2> élza 07 V/Zs 0)

This means that such a subset of the phase space (let us denote it by 1) is invariant,
and that along such an invariant manifold the dynamics of the system are obtained
by iteration of a three-dimensional map, say Ty : (q2, &, v2)|—>(q’2, &, v’z)
Similarly, along the invariant set /; defined by ¢,=¢&=v,=K=0 (i.e. with market 2
‘in equilibrium’) the dynamics are governed by the three-dimensional map
Ta) : (q1, &1, vi)—(dh, &1, v)). More precisely, the three-dimensional map T, (i=1, 2)
governing the dynamics along the invariant manifold associated with the ith risky
asset is given by

q:~=%‘+ﬁ, a;q;i+ ocf(v-’_i-:’zr) - (gta_
&=(1=c)é+c(di—qr),

2
vi=(I=c)vite(l—c)(g;—qi—&)

As one can verify, this invariancy property no longer holds in the general case of
nonzero long-run correlation, 0.

The economic story behind this case is that when agents expect no correlation
between the dividend yields, and one of the markets starts from an equilibrium
situation, then it will remain in equilibrium, no matter what is occuring in the other
market. Of course, as our numerical simulations will suggest, this does not mean that
this ‘partial’ equilibrium outcome will always be attained by the system when both
markets start out-of-equilibrium.

T(,') N (21)

6.1. Local Stability Conditions

As usual, the local stability analysis of a fixed point is performed through the
location, in the complex plane, of the eigenvalues of the Jacobian matrix evaluated at
the fixed point. The case of zero long-run correlation between the risky assets is
characterized by a very simple structure for the Jacobian matrix computed at the
steady state, which allows us to derive analytical conditions for the local asymptotic
stability of the steady state, and to study analgtlcally its dependence on the key
parameters of the model. Denoting by lel C C”l, C,"V)z, Cfl)(, i=1,2, the partial

.6
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derivatives (at the steady state) of the chartist optimal demands with respect to
the state variables, we can write the Jacobian matrix computed at the steady state
O as

[1—afpy  BL 0 0 B, 0 B

—cfia l—c—f—cﬂli(ﬁ%l 0 0 c[)’lﬁ(lilz,l 0 cﬁlg"(l(;}(

0 0 l—afy Pl 0 B B

bro=1 0 —char 1—ctehlsl 0 ehly) bk
0 0 0 0 1—c 0 0
0 0 0 0 0 1—c 0

Lo 0 0 0 0 0 l—c |

Calculation of the partial derivatives (at the steady state) yields

(@ _ 1 (@ _ 1
Cl-él ole) O'% ’ 4’2»52 OC(C)O'%

¢ — T (¢) —T72
G, = e RvaTe]
T R
C(¢'> __Tm é’(") __ ™

LK 00g3g3” 2K 9ldgla)

and (7, 0, G5 05, =0,

Since the Jacobian matrix is upper block triangular, its eigenvalues may be
computed as roots of the characteristic polynomials associated with each block on
the diagonal (Gantmacher, 1990). It follows that the first two eigenvalues, say 1 and
/o, are the roots of the two-dimensional block associated with the variables ¢; and &,
while the third and fourth eigenvalues, say 43 and A4, are the roots of the block
associated with the variables ¢» and ¢&,. The remaining eigenvalues are
As=A¢=27=(1—c), and thus they are smaller than one in modulus.

In order to alleviate the notation, we denote by 0,-5(5’2 = ad”g the partial
derivative of the chartist demand for the ith risky asset, with respect to the expected
return of that asset, evaluated at the steady state. We shall see later that the
parameters 6, which we will refer to as strengths of chartist demand (at the steady
state) play a determining role in the dynamical outcomes of the financial market. We
also denote by A; the two-dimensional submatrices associated with the state
variables ¢; and &; (i=1, 2), i.e.

A= 1—a;p; ;0
"l —cBar 1—c+cpb;

Let Tr; and Det; be the trace and the determinant of 4,, and @,(4) =2 —Tri\+ Det;
the associated characteristic polynomial. A well known necessary and sufficient
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condition for all of the roots of ©,(4) to be smaller than 1 in absolute value consists
of the inequalities®

©;(1)=1—Tr;+Det; > 0
©,(=1)=1+Tri+Det; > 0 (22)
@i(O)ZDeli <1

Since the eigenvalues s, Ag, 47 are all equal to (1—c), 0<(1—c¢)<I1, it follows that
when the set of inequalities (22) holds for both the blocks A4; (i=1, 2) then the
equilibrium O is locally attracting. The conditions (22) may be rewritten,
respectively, as:

aifc>0
aifi(2—c) < 2(2—c)+2c¢p;0; (23)
aifi(1—c) > c[B;0;—1]

These conditions are very similar to the ones obtained for the simpler two-
dimensional, single asset model analyzed in Chiarella, Dieci and Gardini (2002).
Figure 1 represents, in the space of the parameters (¢, a;), 0<c<1, a¢;,>0, the region S;
where the system of inequalities (22) is satisfied for asset 7 (and thus the eigenvalues
of A; are less than one in modulus). Depending on the parameters f5; and 0,, the
region S; may have qualitatively different shapes, as shown by Fig. 1a (for the case
p0;<1) and Fig. 15 ($,0;:>1).

In the particular case of a single risky asset, where the dynamical system would be
described by the three-dimensional map (21), the system of inequalities (23) would
precisely define, in the space of the parameters, the region of local asymptotic
stability of the steady state. In the case of two risky assets, the local stability and
bifurcations of the steady state can be analysed by ‘combining’ the two regions S;
(i=1, 2) associated with the two markets.

Assume that for i=1, 2, i.e. for both assets, the parameters ¢, a; are inside the
region S;, and therefore the steady state O is locally asymptotically stable. Since
the first inequality of (23) is always satisfied for economically meaningful values of
the parameters, it follows that when one of the parameters ¢, a;, i=1, 2, is varied a
loss of stability may occur in one of two ways. The first is due to the crossing of the
‘flip’ curve whose equation is given by

2 2C0,‘

@ (—1)=14+Tri+Det;=0 ie. a;= E+ .

(24)

along which one of the eigenvalues of 4; is equal to —1. The second is due to the
crossing of the ‘Neimark—Hopf” curve whose equation is given by
. C[ﬁlﬁ,‘ — 1]

©;(0)=Det;=1 ie. a 31—0) (25)
along which a pair of complex eigenvalues of A; are equal to 1 in modulus. In this
second case a Neimark—Hopf bifurcation occurs, changing the equilibrium from an
attracting focus into a repelling focus, and we will find numerical evidence of the
supercritical nature of this bifurcation by showing the existence of an invariant
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Figure 1. Conditions of local stability and bifurcation curves in the space of the parameters, in
the case of zero ‘long-run’ correlation between returns (3=0). The parameters o) and «©
denote fundamentalist and chartist risk aversion, respectively; ¢ is the chartist extrapolation
parameter. For i=1,2, o? denotes agents’ belief about ‘long-run’ variance of asset i, ; is the

fundamentalist parameter and a; is the ‘strength’ of fundamentalist demand (a; =1,/ («) 7)),
0; is the ‘strength’ of chartist demand (6;=1/(«0?)), B; is the price reaction coefficient of
asset i. For fixed values of the parameters f5; and 0, the grey area S; represents the
combinations of the parameters (¢, a;) for which both the eigenvalues ‘associated” with the ith
risky asset are of modulus smaller than one (i=1, 2). The ‘shape’ of the region S; depends on
the aggregate parameter f3,6, = f3; / (ot(")(rf): (a) shows the case 5;0;<1, while the case ,0;,>1 is
shown in ().

attracting closed curve around the repelling focus soon after the crossing of the
bifurcation curve (25).”

As far as the economic interpretation of the local stability conditions is concerned,
we notice that by assuming the market maker’s speed of adjustment of the ith price
>0 as fixed, the shape of region S; in the parameter plane (c, @;) (indicated in grey
in Fig. 1) is greatly affected by the strength of chartists’ demand at the steady state
(0,).2 In particular, when f,0;<1, i.e. when the risk aversion o'” or the variance o? are
sufficiently high (Fig. 1a) the region appears wider than in the opposite case (Fig. 1b).
Figure 1a shows that, when the strength of chartist demand is relatively weak (6,<
1/p;), at a given level of chartists reaction speed (¢) the eigenvalues associated with
the ith market are less than one in modulus for sufficiently low values of the
fundamentalists reaction parameter «;, but fundamentalists can cause instability by
reacting too strongly to the deviation from the fundamental value. Figure 15 shows
that when the strength of chartist demand is relatively strong (0,>1/,), the ability of
fundamentalists’ demand to stabilise the ith market is restricted to a fairly narrow
range of the parameter «;.

In Chiarella, Dieci and Gardini (2002) we have observed a similar phenomenon in
the case of a single risky asset. The foregoing analysis confirms the economic
intuition that we would expect a similar picture in the case of multiple risky assets
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amongst which there is no ‘long-run’ correlation. Of course it is still possible that out
of equilibrium dynamic behaviour is different, and that is indeed the case, as we shall
see below.

6.2. Out-of-Equilibrium Dynamics

In this section we investigate the dynamics of the map when the equilibrium is not
locally asymptotically stable, mainly in order to analyse the dynamic effect of
increasing values of the chartist extrapolation parameter (c). Precisely, we will show
how chartists can destabilize the system by reacting too quickly to recent price
changes, and how high values of the parameter ¢ may cause persistent irregular price
oscillations and complex dynamic scenarios with coexisting attracting sets. Since we
are considering a high-dimensional system, the numerically obtained trajectories will
be visualized by representing their projections in the planes of the state variables
(q1, &1), in black, and (¢, &,), in grey. This will allow us to evaluate and compare the
effects of the dynamics on each market. Moreover, throughout the numerical
simulations of Sections 6.2.1, 6.2.2 and 7 we will assume that asset 1 has higher
expected risk premium and volatility than asset 2 in equilibrium (7;>mn,, 6,>05)
and therefore the strength of chartist demand in market 2 (6;= ﬁ) is greater

than the strength of chartist demand in market 1 (0, = ﬁ). We will also assume

that chartists are less risk averse than fundamentalists. We will fix the values of the
following parameters: 7 =0.05, 1t =0.025, g7 =0.005, 63 =0.0025, o0 =100, and we
will vary the values for the remaining parameters.

6.2.1. Price fluctuations in a single market. Let us begin with the case where o9=75,
p1=$-=0.3, n;=1,=0.3. In this case the strengths of fundamentalist demand for the
two assets become a;=0.6 and a>=1.2, respectively, while the strengths of chartist
demand at the steady state are characterized by 0; ~2.667, 0, ~5.333. The regions S
and S, where, respectively, the eigenvalues associated with asset 1 and asset 2 are
smaller than one in modulus are represented by the grey areas in Fig.2. From the
shape of the region S; we can see that for sufficiently low values of the
fundamentalists reaction parameter in market 1 (a;), the eigenvalues associated
with asset 1 will be less than one in modulus for any value of the chartist parameter c,
0<c¢<1 (Fig. 2a). On the contrary, by increasing the parameter ¢ starting from inside
the region S, the crossing of the Neimark-Hopf curve (occurring at c=c5=0.375)
will cause the couple of (complex) eigenvalues associated with asset 2 to become
greater than one in modulus (Fig.2b). Figure3a, b (where ¢=0.5) represents the
effect of this bifurcation on the dynamics of the markets for the two assets: while in
market 2 an invariant attracting closed curve appears (in grey), ‘trajectories’ in
market 1 converge with dampened oscillations to the ‘equilibrium’ (in black). Of
course the system as a whole is not in equilibrium, but the existing attracting limit
cycle is located in the three-dimensional invariant manifold 7, characterized by ¢;=0,
£1=0, v;=0, K=0 (and therefore the projection of the trajectory in the plane (¢, &;)
shows convergence to the fundamental). By increasing further the speed of
adjustment ¢, we notice that the shape of the invariant closed curve in market 2
becomes more and more irregular, until it changes into a chaotic attractor (see
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Figure 2. Case of zero ‘long-run’ correlation (6=0). A situation where the structure of the
domain of stability of the steady state in the space of parameters allows a Neimark—Hopf
bifurcation to occur (only) in one of the two markets. The values of the parameters are:
ol =100, ol =75, 63=0.005, 63=0.0025, 01 =1/ (oV07) ~2.667, 6, =1/ («V03) ~5.333, B; =, =0.3.
The regions S (a) and S, (b) are the projections of the stability domain in the (¢, a;) and (c, ay)
parameter planes, respectively. A typical bifurcation path is the one obtained by choosing
m=n=0.3, ie. ai=n,/(«)07)=0.6, a=n,/(«/)63) =1.2, and by increasing the chartist
extrapolation parameter c. When ¢ becomes greater than the bifurcation value ¢j, the pair of
(complex) eigenvalues associated with market 2 become of modulus greater than one,
determining a Neimark—Hopf bifurcation (b); both the eigenvalues associated with market 1
remain smaller than one in modulus for any economically meaningful value of ¢, 0<c¢<1, as
shown in (a).

Fig. 3¢, e, where ¢=0.75 and ¢=0.9, respectively). However, these global bifurcations
only determine qualitative changes of the asymptotic dynamics in market 2, but they
do not affect the asymptotic dynamics in market 1, that still converges to the
fundamental price (Fig. 3d, f). Of course the increasing complexity of the asymptotic
dynamics in market 2 may affect the transient part of the price adjustment process in
market 1.

6.2.2. Price fluctuations in both markets. A different situation is met in the case
where we increase the market price reaction coefficients to f;=/,=0.6, and decrease
the chartist risk aversion, by setting o'”=50. The strengths of chartist demand in the
two markets is now given by 0;=4, ,=8. Also in this case it is useful to look at the
shapes of the regions S; and S, where the eigenvalues associated with asset 1 and
asset 2, respectively, are less than one in modulus (Fig.4a, b). Starting from
parameters a;, a», ¢ such that (¢, a;) is inside the region S| and (¢, a,) is inside S», and
by increasing the chartist parameter ¢, first we observe the crossing of the Neimark-
Hopf curve of the region S, (occurring at ¢=c;~0.159, Fig.4b). Similarly to the
previous numerical example, the effect of this bifurcation is the creation of an
attracting invariant closed curve in market 2, while trajectories in market 1 converge
to the ‘equilibrium’ (see Fig. 5a, b, where ¢=0.175). We will denote this limit cycle by
I',. At the crossing of the Neimark-Hopf curve of the region S; (occurring at
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Figure 3. Dynamic effect observed by following the path represented in Fig.2, after the
crossin(% f the Neimark-Hopf bifurcation curve in Fig. 25. The values of the parameters are:
0=0, «’=100, =75, a7 =0,005, 63 =0.0025, 11;=1,=0.3 (i.e. 0 ~2.667, 0,~5.333, a,;=0.6,
a>,=1.2), f1=p>=0.3, 7;=0.05, 71,=0.025. In (a), (c), (¢) the numerically obtained trajectories
are visualized by means of their projections in the planes of the state variables g, &; (i.e.
market 1), in black, and ¢,, &, (market 2), in grey, while (), (d), (f) represent the time series of
the log price/fundamental ratios in the two markets. For ¢=0.5, market 2 is characterized by
long-run fluctuations of price (¢») and chartists’ expected return (&,), while in market 1 motion
is to steady state (see (@), (b)). For increasing values of ¢, fluctuations become more and more
irregular in market 2, with no effect on the long-run behavior of market 1(see (c), (d), where
¢=0.75, (e), (f), where ¢=0.9).
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c=c;~0.205, Fig. 4a) also the (complex) eigenvalues associated with asset 1 become
greater than one in modulus: this second crossing is not associated with a local
bifurcation of the equilibrium, which is already unstable (a repelling focus), and
therefore at the exact ‘bifurcation’ value c=c] no structural change affects the
attracting limit cycle I',. However, strictly related to this second crossing, a sequence
of global bifurcations can be numerically observed, in the parameter range where two
couples of eigenvalues are greater than one in modulus. Although such phenomena
are illustrated through a particular numerical example, they are quite general and
can be obtained with several different parameter regimes.

The first bifurcation occurs at a parameter value ¢*~0.281 > ¢, determining the
structural change of the limit cycle I',, into a torus (Fig. 5S¢, d). After this bifurcation,
the asymptotic oscillatory dynamics are no longer restricted to the invariant
manifold 7, and the effect is that long-run fluctuations (on the torus) also appear in
market 1. A second bifurcation occurs at a parameter value ¢** > ¢* > ¢}, whose
effect is the abrupt appearance of a new attracting limit cycle (denoted by I7),
characterized by fluctuations in both markets. The global bifurcation that creates the

9 1L 9
asset | (@) asset 2 (b)
“ a4
Flip-curve
Hopf-curve
Hopf-curve

a=06 — >
0 i 0 L= '. —

0 o c 0.8 0 e'<e e 0.8

Figure 4. Case of zero ‘long-run’ correlation (6=0). A situation where the structure of the
domain of stability of the steady state in the space of parameters allows a sequence of two
Neimark—Hopf bifurcations to occur. The values of the parameters are: o”=100, «“=50,
01=0.005, 63=0.0025, 0, =1/ (o\)67) =4, 6, =1/ (2(?63) =8, p1=P,=0.6. The regions S; ()
and S, (b) are the projections of the stability domain in the (¢, @;) and (¢, a») parameter planes,
respectively. A typical bifurcation path is the one obtained by choosing #7,=#,=0.3, i.e.
ar=n,/(a63)=0.6, az=n,/(2/)63) =12, and by increasing the chartist extrapolation
parameter c. When ¢ becomes greater than the first bifurcation value cj, the pair of (complex)
eigenvalues associated with market 2 become of modulus greater than one (b), determining a
first Neimark—Hopf bifurcation (and creating an attracting closed orbit); at the second
bifurcation value ¢j > ¢5, also the pair of (complex) eigenvalues associated with market 1
become of modulus greater than one («@); the second ‘crossing’ anticipates a ‘secondary’ Hopf
bifurcation (taking place from the existing closed orbit), that will occur at a higher value of the
chartist extrapolation rate c.
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Figure 5. Dynamic effect observed by following the path represented in Fig.4, after the
crossing of the Neimark—Hopf bifurcation curve in Fig.4b. The values of the parameters are:
=100, «“=50, ¢3=0.005, 63 =0.0025, n,=1,=0.3 (ie. 0,=4, 0,=8, a;=0.6, a,=1.2),
p1=p>=0.6, 7;=0.05, 7,=0.025. In (a), (¢), (¢) the numerically obtained trajectories are
visualized by means of their projections in the planes of the state variables ¢y, £, (market 1), in
black, and ¢,, & (market 2), in grey. The Neimark—-Hopf bifurcation occurring at
c=c5~0.159 generates long-run fluctuations only in market 2, while market 1 ‘converges’
to steady state (see (@), (b), where ¢=0.175). On the right of the Hopf-curve in Fig.4a, for
c=c"~0.281 > ¢] ~0.205, a secondary Hopf bifurcation changes the limit cycle into a torus,
and long-run fluctuations appear also in market 1 (see (c), (d), where ¢=0.285). A new,
competing limit cycle appears, via global bifurcation, at a higher value of the chartist
extrapolation rate: the creation of the new attractor (at ¢=c¢**~0.2965) is ‘anticipated’ by the
transient dynamics of the system before the convergence to the torus I', (see (e), (f) where
¢=0.296).
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new attracting closed curve I', may be a so-called saddle-node bifurcation for closed
curves; in this example the bifurcation value of the parameter is ¢**~0.2965 At
¢=0.296, immediately before the bifurcation, the appearance of the new attractor is
anticipated by the transient part of some trajectories, that fluctuate for a high
number of iterations where the new limit cycle will appear, before converging to the
existing attractor (torus) (Fig. Se, f).

Soon after this bifurcation (¢=0.3), two different coexisting attractors, the torus
I', and the new limit cycle I';, share the phase-space. The two coexisting attractors
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Figure 6. Coexistence of attractors and role of the basins of attraction. In the same parameter
situation as in Fig. 5, with ¢=0.3, the coexisting attractors are a newly appeared limit cycle I';,
(a) and a torus ', (¢). A trajectory of the system may converge to the limit cycle I';, (see (b)), or
to the torus I', (see (d)), according as it starts with market 1 sufficiently ‘far from equilibrium’
or ‘close to equilibrium’, respectively: the trajectory (b) is obtained with the initial condition
q41.0=920=0.1, & 0=¢0=0.01, v; o=v,0=K,=0.005, while the trajectory (d) is obtained by
ChOOSng q1 ,()Zqz’o:o.ol, 51’0: 62’0: V0= Vz’():KO:0.00l .
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are both characterized by long-run fluctuations in the two markets. Looking at the
projections of the coexisting attractors in the planes (¢, ;) and (¢», &) (Fig. 6a, e)
and at the time series of ¢; and ¢, (Figs. 6b, ¢), we can observe that both attractors
generate oscillations of greater amplitude in market 2 (the one with higher strength
of chartist demand) than in market 1. We also notice that the range of fluctuations in
market 1 is wider when the system fluctuates on the newly appeared limit cycle Iy,
than on the torus I',. Of course in the case where different asymptotic states coexist
in the phase-space, the study of the basins of attraction becomes important, i.e. the
identification of the sets of initial conditions generating trajectories converging to
each of the different coexisting attractors. For dynamical systems of dimension
greater than one, this kind of analysis can only be performed through numerical
simulations: in the case of Fig.6, we have numerically checked that only the
trajectories starting with initial values of &, ¢, v; sufficiently close to 0 (i.e. with
market 1 sufficiently close to its ‘equilibrium’) converge to the torus I',, while in the
opposite case trajectories converge to the limit cycle I',. When the parameter ¢ is
further increased, both attractors increase in size, and evolve towards a chaotic
structure (Fig. 7a, b represent the projections in market 1 of the coexisting attractors
for ¢=0.415), while the structure of their basins of attraction becomes more and
more complex, as can be verified numerically.

The economic intuition behind the above sequence of global bifurcations is that
when price reaction coefficients (f,, i=1, 2) are sufficiently high and chartist risk
aversion (o'“) sufficiently low, the chartist sensitivity to recent price movements (c)
can be the reason for the onset of sustained price fluctuations in both markets, even
though the two risky assets are not ‘intrinsically’ correlated in agents’ beliefs (6=0).
Phase space transitions similar to the one presented in this example could also have
been obtained by taking the chartist parameter ¢ as fixed and decreasing the chartist
risk aversion ().

From an analytical point of view we remark that, whilst the steady state and the
local stability conditions of the model with two risky assets, in the case 0=0, are
merely a multiple copy of the corresponding single risky asset model analyzed in
Chiarella, Dieci and Gardini (2002), the out-of-equilibrium dynamics are in general
quite different. As we have shown in this section, due to the agents’ diversification
policy and the updating of expected covariance by chartists, the dynamics of prices
and expected returns in the two markets may interact in a very complicated way.

The Case of Nonzero Long-Run Correlation

The case of zero long-run correlation (6=0) studied in the previous section is a good
starting point from which to understand the local and global dynamics in the general
case of nonzero long-run correlation between returns. However, different from the
previous case, in the case with 6#0 we cannot have situations with one market ‘in
equilibrium’ and the second market ‘out of equilibrium’. Rather, as our previous
analysis suggests and our numerical experiments will confirm, the Neimark—Hopf
bifurcation of the first couple of eigenvalues will cause the simultaneous appearance
of persistent oscillations in both markets.
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7.1. Local Stability Conditions

The Jacobian matrix computed at the steady state has a more complicated structure
than in the previous case. Using, as before, C,((g)l ) CEZ» Cz(',cv)m CE,Cv)z’ Cf%(l =1, 2) to denote
the partial derivatives of the chartist demand for each asset with respect to the state
variables, we can write the Jacobian matrix computed at the steady state O as

A B ]

br(0)= {0 (1—0o)l

where 0 is the null (3 x4) matrix, I is the three-dimensional identity matrix. The
submatrices A and B are given by

I—aipy Bl B1b) B,
4 —cfran 1—C+Cﬁ15(12, cpiba cﬁlc(&z
Babi 5L I—afy Bl
cBaby Bl —cpar 1—ctepll
and
Bitin,  BLD, Bk
g | PO BED, Bl
ﬁzC(zfil ﬁzé(zfzz ﬂzéﬂ
Bk, eBals), ik
where
ST T (1)
€ _pg =0
fe=0 ) (1—6%) 010,
¢ — — 1103+ 0m20102 [ —my07 + 0710102
U= ) T (18 o (63’
C(lf) _ —m6°03 +mdoio, (26) _ — 13007 + 118010,
V2 V1

2 (1-6%) 0} (43)’
(©) _ 21100107 — nzaf (1 + 52)
29 (1-6%)’ (03)3

9 (1-8)" (03) 03
C(C) _ 271250102—7110%(1 +52)
(-8 R (@)

Again the Jacobian matrix is upper block triangular, but in this case the eigenvalues
A, A2, A3 and A4 associated with the variables ¢, &;, ¢», and &,, respectively, cannot
be computed separately as roots of second-order characteristic polynomials, but the
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projections in the (q,- &, )-plane
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Figure 7. The coexisting attractors considered in Fig. 6 (as well as their basins of attraction)
evolve towards a more complex structure for higher values of ¢, as shown by the projections
in the (¢, &;)-plane of the ‘limit cycle’ I';, (a), and of the torus I',, (b), obtained for ¢=0.415. In
this case, starting from the same initial conditions used in Fig. 6, the system behaves exactly in
the opposite way: the initial condition ¢, 0=¢2,0=0.01, &; ¢=E&5,0=v1,0=v2,0=Ko=0.001 generates
a trajectory converging to the ‘limit cycle’ I',, now characterized by a more irregular shape,
while the initial condition ¢;0=¢20=0.01, &;0=&,0=0.01, v; ¢=v20=K(,=0.005 generates a
trajectory converging to the torus T',.
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four-dimensional submatrix A must be considered as a whole. Of course the
eigenvalues of this matrix can be computed numerically. As in the case =0, the
remaining eigenvalues are As=1¢=1;=(1—c), and thus are less than one in modulus.
This implies that a sufficient condition to have a locally attracting equilibrium is that
all the eigenvalues of the submatrix A be less than one in modulus. Although it is
difficult to derive analytical conditions for this, and to study their dependence on the
key parameters of the model, the case of zero long-run correlation studied in the
previous section allows us to understand the local and global dynamics of the system.

7.2. Out-of-Equilibrium Dynamics

As outlined before, also in the general case with 670 a supercritical Neimark—Hopf
bifurcation occurs for sufficiently high values of the chartist parameter c, creating an
attracting limit cycle. But in this case the bifurcation generates fluctuations
simultaneously in both markets. As an example, Fig.8a, b, ¢ and Fig. 84, e, f are
obtained with the same parameters as Fig. 3¢ and Fig. 3e, respectively except that
now the long-run correlation assumes the values 6=0.15 (Fig.8b, ¢) and 6=0.3
(Fig. 8¢, f). The corresponding basic cases with =0 are reported in Fig.8a and
Fig. 84, respectively. Figure 8a, b, ¢ show the projections in market 1 (in black) and
market 2 (in grey) of the attracting limit cycle existing soon after the Neimark-Hopf
bifurcation: while in the case 6=0 (Fig.8a) market 1 is ‘in equilibrium’ when the
system fluctuates on the limit cycle, this is no longer true in the cases with 670
(Fig. 8h, ¢) so that in these latter cases oscillations appear simultaneously in both
markets. However, in some sense the asymptotic behavior of the general case ‘keeps
track’ of the basic case 0=0, in that the size of fluctuations is wider in market 2 (the
market characterized by stronger chartist demand). Similar pictures characterize the
case of negative correlation. Notice also that the absolute value of § seems to have an
effect on the relative amplitude of the fluctuations in the two markets, in the sense
that the higher is |0|, the more similar is the range of the fluctuations in the two
markets. Similarly to the previous example, Fig. 8¢, f represent the effect of long-run
correlation on the basic case of Fig.3e (reported in Fig.8d), where market 2
fluctuates on a chaotic attractor.

We have also performed numerical simulations in order to see the effect of a
nonzero long-run correlation on the bifurcation sequence analysed in Section 6.2.2.
Again, the main difference is that in this case oscillations on a limit cycle appear in
both markets simultaneously at the first Neimark—Hopf bifurcation (differently from
the case of Fig. 5a). The important result is that all of the rich dynamics shown in
Figs. 5, 6, 7 still exist, in particular the appearance of a coexisting attractor and the
transition to complexity associated with increasing values of the chartists
extrapolation parameter.

Of course it is not possible to state any general result concerning the influence of o
on the dynamics. The important message of the simulations of this section is that the
existence of long-run correlation seems to have a significant effect both on the local
stability properties of the steady state, and on the structure of the attracting sets that
determine the out-of-equilibrium behaviour.
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Figure 8. Dynamic effect of non-zero ‘long-run’ correlation (6#0), compared with the basic
case of zero ‘long-run’ correlation of Fig. 3a (enlarged in (@)), and Fig. 3e (reported in (d)). In
the case 0#0 the Neimark—Hopf bifurcation causes the simultaneous appearance of
oscillations in both markets, and it cannot happen that one market is in equilibrium while
in the other market price fluctuations are occurring: the two markets are always characterized
by the same qualitative behaviour (see (b), the case of a limit cycle and (e), the case of a chaotic
attractor, where 6=0.15). Moreover, the higher is |§|, the more similar is the range of the
fluctuations in the two markets (see (c¢) and (f), respectively, where 6=0.3).

Effect of Agents’ Beliefs about Risk and Return

The aim of this section is to provide some initial insights concerning the role that
agents’ beliefs about the long-run risk/return structure of the two assets play in the
asymptotic behaviour of the system, and especially in the transition from regular to
irregular fluctuations of prices and returns. In particular, we are interested in how
the irregular price behaviour of one market may propagate to the market for the
alternative risky asset, as the result of changes in beliefs about the ratio (¢}/a3) of
the long-run variances of the returns, or about the ratio (7;/n,) of the expected long-
run risk premia. To do this, we consider a case with zero long-run correlation, and
start from the parameter situation of Fig. 9a, b, where prices exhibit fluctuations in
market 2 (see the projection of the attractor in Fig. 9a), while in market 1 motion is
to ‘steady state’, with dampened fluctuations (Fig. 9b6). Such a parameter regime is
qualitatively similar to the one associated with the bifurcation curves of Fig.2, or
Fig.4, in the parameter range where only the pair of (complex) eigenvalues
associated with market 2 are of modulus greater than one. We notice that the effect,
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Figure 9. Effect of changes in agents’ beliefs about the ratio o7 / a3 of the ‘long-run’ variances
of the returns, in the case of zero ‘long-run’ correlation (§=0). The values of the parameters
are: =100, o'?=50, ;=1,=0.4, 63 =0.01 (i.e. 0,=2, a,=0.4), ¢=0.65, f;=p>=0.6, 1,=0.05,
1,=0.025. The parameter regime is characterized by wide price fluctuations in market 2 (a)
and motion to steady state in market 1 (b). The parameter o3 is gradually diminished (and
therefore 0,=1/(2¢3) and ay=n,/(«/)63) are increased). Under decreasing values of
3 from 6% =0.004 to ¢3=0.002, the dynamics in market 2 become increasingly irregular and
chaotic: see the projections in the (¢,, &)-plane in (c), where 03 =0.003, 0, ~6.667, a; ~1.333,
and (e), where 0§=0.002, 0,=10, a,=2); on the other hand, both the transient and the
asymptotic behaviour in market 1 remain qualitatively unchanged (see the corresponding time
series of the log fundamental/price ratio in market 1 in (d) and (f)).
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Figure 10. Effect of changes in agents’ beliefs about the ratio o7 /3 of the ‘long-run’ variances
of the returns, starting from the situation represented in Fig.9e, f. The parameter regime is
characterized by highly irregular price fluctuations in market 2 and motion to steady state in
market 1. Under decreasing values of ¢ from ¢3=0.002 to ¢3=0.0015, the dynamics in
market 2 remain qualitatively much the same (see (@), (d)), while complex behaviour
‘propagates’ from market 2 to market 1: first, the transient part of the trajectories is affected,
before ‘convergence’ to steady state (see (), (¢), where a§=0.0016, 0,=12.5, a,=2.5); then a
dramatic change in the asymptotic dynamics occurs, which results in oscillatory behaviour
characterized by intermittency (see (e), (f), where o3 is slightly decreased to ¢3=0.0015, and
thus 0>~ 13.333, a» ~2.667).

on such bifurcation curves, of changing the ratio o3 / 3, may be quite complicated
because both the strengths of the chartist demandf;=1/(«\"¢?) and the strengths of
fundamentalist demanda; =n; / (2\/)a?), i=1, 2, are in general simultaneously affected
by such a change. The numerical experiments of Figs. 9 and 10 consist in simulating
the long-run behaviour of the system under decreasing values of the (common) belief
about risk in market 2 (g3), that is the market of the asset that exhibits the
more irregular price path. In Fig.9 the parameter o3 is decreased from
05=0.004 to ¢3=0.003 and then to ¢3=0.002. It can be seen that such changes
only affect the dynamics in market 2, which become increasingly irregular and
chaotic (Fig. 94, ¢, ¢) while both the transient and the asymptotic dynamics in market
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1 remain qualitatively much the same, with the price converging to the fundamental
with dampened fluctuations (Fig. 95, d, f). Further reduction of the value of ¢ down
to 053=0.0016 has no remarkable effect in market 2 (Fig. 10a), but it starts to affect
the transient part of the trajectories in market 1, where the time paths of prices and
returns become more and more irregular, before convergence occurs (Figs. 10b and
10c, respectively). In Figs. 10d, e, f the value of o3 is decreased to a3=0.0015.
However this slight change leads to a dramatic change in the asymptotic dynamics in
market 1, where prices and returns are successively attracted to the ‘steady state’ and
then pushed away (Figs. 10e and 10f, respectively). The price behaviour in market 2
remains qualitatively much the same (Fig.10d). We stress that the foregoing
numerical example shows an abrupt change occurring (only) in market 1, even if the
unique assumed parameter change concerns agents’ beliefs about asset 2. Such a
phenomenon could be interpreted in the sense that a reduced perception of risk in
market 2 (the one with more irregular price behaviour in our numerical example)
causes agents to increase their average wealth invested in asset 2. But this in turns
causes more and more irregular changes in agents’ portfolios and thus also in agents’
demands for asset 1. As a consequence, due to the price reaction to an increasingly
unpredictable excess demand in market 1, irregular price and return behavior
propagates also to asset 1.

Dynamic phenomena very similar to the ones illustrated in the foregoing
numerical example are observed if, ceteris paribus, the ratio m;/m, between the
expected long-run risk premia is modified (via changes in agents beliefs about
expected dividend yields). For instance, the same dynamic effect represented in
Fig. 10 can also be obtained by starting from parameter values of Figs. 10a, b, ¢ and
by increasing the long-run risk premium for asset 2 (7,) from the value 7,=0.025 to
1,=0.026.

Conclusions

We have set up a model of heterogenous agents (fundamentalists and chartists)
investing in a portfolio of a risk-free asset and two risky assets. The investors differ
with respect to attitudes to risk as well as to how they form expectations about the
conditional means, variances and covariance of the returns on the risky assets.
Market clearing is effected by a market maker whose price adjustment rules ensure
that long-run equilibrium prices in each market grow at exogenously determined
fundamental rates.

We have set up the dynamical system arising from the interaction and dynamic
updating of beliefs of the various agents across the markets for the two risky assets.
Without loss of generality in terms of the dynamic analysis, we have focused on the
special case where chartists weight equally returns in both markets when updating
their beliefs. The dynamic interaction between the two markets is driven by a seven-
dimensional dynamical system. Despite the high dimension of the system, we have
been able to characterize the steady state of the model, and to analyse with both
analytical tools and numerical simulations the dependence of the local stability
property of the steady state from the key parameters of the model.

In order to study the dynamics we have considered first the case when there is zero
long-run correlation between the returns on the two risky assets. We have found that
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the characteristic feature of this case is that the local dynamics near the steady state
are driven by two lower-dimensional dynamical systems associated with each
market. As might have been expected the steady state and eigenvalue structure are
merely a double copy of the corresponding situation for the single risky asset case
analysed in Chiarella, Dieci and Gardini (2002). However the out-of-equilibrium
dynamics can be quite different. In particular it is possible to observe that price
movements in one market are tranquil while in the other market quite complex price
patterns are occurring. Particularly important is the appearance of complex
dynamics associated with increasing values of the chartists extrapolation parameter,
as well as with decreasing values of the chartists’ risk aversion coefficient.

We then considered the case in which there is non-zero long-run correlation
between the two markets. Here analytical results seem impossible, though we were
able to give some broad characterization of the eigenvalue structure. Numerical
simulations of the out-of-equilibrium behaviour reveal a parameter dependence very
similar to the basic case of zero long-run correlation. The main peculiarity is the
existence of similar price patterns in both markets simultaneously, presumably
brought about by the non-zero long-run correlation.

Finally we have considered the impact on the price dynamics in both markets of
changes in agents’ beliefs about the long-run risk/return structure of the two assets.
Our simulations here suggest that a sufficiently large change in this belief in one
market can cause volatility to spill-over into the other market.

This has been a very preliminary study of the effect of agents heterogeneity on
portfolio diversification. It still remains to undertake a more thorough numerical
study of the effect of changes of key parameters such as strength of fundamentalist
and chartist demand, and the market-maker’s price adjustment parameters.
Furthermore we need to consider the impact of exogenous stochastic factors. The
analysis here has focused on the underlying deterministic trend, which interacts with
the exogenous stochastic factors to produce the volatility patterns observed in real
markets. This kind of analysis will require an interplay among theoretical and
numerical methods, which is typical for the study of the global dynamic properties of
nonlinear dynamical systems of dimension greater than one, as stressed in Mira et al.
(1996) and Brock and Hommes (1997). Another topic for future research is to study
how the capital asset pricing model relationships are modified in this dynamic
framework. For instance the time varying variances and correlation could provide a
basis for a theory of time varying beta, which is widely reported as an empirical fact
but poorly explained in the standard CAPM framework.

Notes

'See however Bohm and Chiarella (2004) for a heterogeneous agent framework that allows for multiple
risky assets. Caginalp and Balenovich (1996) also give some discussion of this issue. Westerhoff (2004)
considers a fundamentalist-chartist model with multiple assets. The framework of these papers and
questions addressed are somewhat different from those studied in this paper.

2This assumption can be justified by considering our model as a deterministic skeleton of a stochastic
model with a dividend process characterized by a constant expected dividend growth rate.

3Under the assumption that chartists update variances and covariance consistently with the way they
update expected returns, the extrapolation parameters ¢; and ¢, used in Equation 7 are the same used to
update expected returns in Equation 4, while the parameter cx of Equation 8 should take some average
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value between ¢; and ¢,. In particular, it can be shown that by taking cx =1—+/(1—¢;)(1 —c¢3), the
return deviations of asset 7, i=1, 2, in Equation 8 are discounted at the same rate as in the expected return

and variance calculations (Equations4 and 7, respectively).
4We may assume that he/she is able to compute the equilibrium demands for each asset as long-run
averages, based for example on the past order flow.
STf y is the value of a state variable at time 7, then y’ denotes the value of the same variable at time (+1).
©See, for instance, Gumowski and Mira (1980), p. 159.
7Of course, in the case represented in Fig. 1. (8,0;<1), the crossing of the Neimark—Hopf bifurcation curve
does not occur for economically meaningful values of the parameter c.
8We recall that the strength of chartist demand for the i-th asset at the steady state 0;2{5“2’ = x[(%

)52
()

decreases as long as the chartists risk aversion coefficient &> or the long-run variance o7 increase;

similarly, the strength of fundamentalist demand for the ith asset ¢; = M}’—)’Uq is a decreasing function of the
fundamentalist risk aversion coefficient ) and of the long-run variance o?.
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Appendix
Derivation of the chartist updating rule for the variance

The time varying components, v;,, i=1, 2, of the variances of the returns are
computed by extrapolating past deviations from expected returns according to
Equation 7, i.e.

0
‘ 2
vie= 3 cl(l=¢) (Piys—Piss1—V;,)
s=0
where the expected return y;, is defined as

0
wi,fEEEC)[PII-Q-l ch l_c lt—S_P[,[—S—l)

§=

or, recursively as
Vi ==y +ci(Piy—Pii—1) (26)
In this Appendix we show that v;, satisfies the recurrence relation
vig=(1—¢;)vis—1 +Ci(Pi,t Pii_1—y,; t) +(1 _Ci)(lpi,t_lpi,tfl)z (27)
or, equivalently
vie=(1—ci)vis—14ci(l—¢;) (Pis—Pii _wi,rfl)z (28)
In fact, starting from Equation 7 we can write:
vie=¢i(Piy—Pis—1— lﬁ,,) ¢i(l=¢i)(Pis—1—Pis—a—; t)
tei(1=e) 2 (Piya—Piss—) + ...
and
(I=ci)vig—1=ci(1 _ci)<Pi,t71 —Pira—; z_1)

tei(l=c) (Piy—a— Py —; 1—1)
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By summing up we obtain
Vig—(1—ci)vig—1 :Ci(Pi,l_Pi,t—l —l//i,,)Z

el =) | (Pumi= P2 =)’

—(Pis1 =Py —w,-,l_l)z}
i1 =) [ (Pua-a=Pires =) = (P2 = Pirs—ti1)’ |+ .
ie.
vii—(l—ci)vipm1=c¢ (P,-,, —Pi1— l//l-,,)2
(1= ) W3, =2 oy = 2(Po 1 = Pig2) (V=)
+ci(1—ci)2[ - _2(Pi,,_2—P,»,,_3)(¢,.,,—1//,-,t,1)} ¥
and finally

2
vie=(1—¢)vig—1+¢i(Piy—Pis—1 — ;)

(=) (8 ~) o cill—a

0

0
(1_C lﬁ” l//,, 1 ch 1_Cl zt sfl_Pi,tfs72)

sS=

Notice that

ic[(l —C,')SZI

s=0

.
Z ci(1=¢;) (Pip—s—1—Pis—s—2) =W,

s=0

from which we obtain
2
vie=1—c))viy—1+ci(Piy—Pioo1 —Vy,)
+(1_Ci)[ it lt 1 (lplt lpi,rfl)‘pi,tfl}

and finally Equation 27, i.e.

Vi,z=(1—Ci)Vi,r71+Ci(Pi,t Py 1— lﬂ,,) ( _Ci)(l//i,t_lpi,tfl)z

To obtain the alternative expression (Equation 28) notice that, from the recurrence
relation (26) of the expected return y/;, we have:

Vi =W =ci(Piy—Pi—1—Vi,_1)
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and

Piy—Piy 11—y, = (1 ci)(Pi,r P, 1— ‘//zt 1)

and thus Equation 27 may be rewritten in the alternative form, Equation 28:

Vi,tz(l_ci)vi,tfl‘i‘ci(l_Ci)(Pi,t Piy 1=, 1) .

Derivation of the chartist updating rule for the covariance

The time varying component, K, of the covariance between returns is computed
according to Equation 8, i.e.

o0
K= Z CK(l —CK)X(Pl,z—s—Pl,t—s—l _Wl,t) (P2,t—s—P2,t—s—1 _‘//2,t>
s=0

Here we prove that Equation (8) results in the updating rule

=(1—cx)Ki—1+cx(Pri—Pri—1—V1,) (Po—Poi—1—Vy,)

~ ~ (29)
+(1—ck) [(‘pl,z*‘/fl,rfl) (‘/’2,;* ‘Pz,zfl) + (‘/’2,;*‘#2171) (lpl,tfl - ‘pl,tfl)}
or, equivalently
KI:(I —CK)K[_]
+ex(l—cr) (=) (Pri—Pry—1 =Yy 1) (Pos—Poi—1— V2, _1)
+(1—ck) [Cl (Pl,t_Pl,rfl _lpl,tfl) (‘Pz,rq - ¢2,171> (30)
+erea(Pry—Pro—1—Y1,_1) (Po—Po—1 =¥y, 1)
+0 (Pz,z —Py - l/fz,zfl) (lpl,tfl - ‘/’1,#1)}
where the quantities \Zi’t, i=1,2,, are defined recursively as
Uiy =(1—ck) ¥y, 1 +ex(Pu—Py—) (i=1,2)
In fact, by following the same reasoning as for the variance, we obtain
=(1—ck)Ki—1+cx(Pry—Pri—1—Y1,) (Pos—Poi—1—Vsy)
o0
+(1 _CK)(Wl,tlﬁz,t_lﬁl,z—llﬁz,z—l) ZC’K(I _CK)S
s=0
(31)

—(1—CK)(1//1z Vi 1)2 k(1—=ck) (Poy—s—1—Pos—5-2)
5=0

—(1=cx) (Yo —W2s1) Z (I—ck)* (Pri—s—1—Pri—s-2)

5=0
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where > cx(1—ck)'=1. By defining

Vi = cx(l—cx)' (Piy—y—Piy—s1) (i=1,2)
s=0
or, recursively
l/Nfz‘,z =(1—ck) Ji,tfl +ex(Pig—Pis—1) (32)
Equation 31 becomes

K, = (1 _CK)KI—I +ck (Pl,z—Pl,r—l —Wu) (Pz,t—Pz,r—l —Wz,r)
+(1—ck) {(‘//l,t‘//z,r_wl,t—l‘//z,r—l) — (1 =Vi,1) Jz,z—l
- (lpz,z_‘//z,r—l) Jl,t—l}

and may finally be rewritten in the form of Equation 29. Since the following relations
hold for i=1, 2 (from Equation 26 and 32)

Vo=V 1 =ci(Pii—Pi—1—Vi, )
Piy—Piy 1=V, =(1—¢;)(Piy—Piy1—Vi,_1)

Viim Vi1 =i — Vi1 +ei(Pu—Pi—1 =i, )

Equation 29 is easily reduced to the alternative form of Equation 30, that only
contains the expectations at time (¢—1). _

If in particular we assume c¢;=c;=cx=c¢, we obtain ;, =y, i=1.2, and
Equation 30 can be reduced to the simpler form

Kt:(l_C)Kl—l +C(1 —C)(Pl,z—Pl,t—l _‘pl,z—l)(PZ,t—Pz,z—l _‘pz,t—l)

which is the one used in our model.



