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Introduction

= Traditional approach in Economics and Finance

1) Representative agent

Agents are homogeneous

2) Rational Expectation hypothesis

Agents are rational, i.e. they have perfect knowledge about the economic
environment and use it to form expectations

— Xte+1 — E(Xt+1 Ft) = Et(xt+1)

= Alternative approach to rational expectations

1) Shift from arepresentative agent to heterogeneous agent systems

(shift from simple analytically tractable models
to a more complicated framework)

2) Shift from full rationality to bounded rationality
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he Model: ingredients

- risk free asset: R=1+r; gross return

- risky asset: p, price per share of the risky asset, {y,} IID dividend process

ALL AGENTS BELONGING TO THE SAME GROUP AGREE TO SHARE THEIR
WEALTH WHENEVER AN AGENT GETS IN THE GROUP (OR LEAVES IT)

Wh,t IS the average wealth of agent type h at time t given by

the total wealth of group h in the fraction
of agents belonging to this group



Dynamics of wealth of investor of type h

Wh,t+1 — (1_ Zh,t)V_Vh’tR + Zh,t V_tht (1+ pt+1)

_ pt + yt B pt—l
Pi-a

Py return of the risky asset

Fraction of wealth invested in the risky asset:

Eh,t [/Ot+l o r]

max,
Avar, [ o, 1]

Eh,t [uh (\Nh,t+1)] = Ly =

|t

optimal (approximate) solution under the assumption of CRRA utility function
(Chiarella and He (2001))
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_ exp[f (¢;t—l -C,)] Z, =Y exp[B(¢..—Cy)]

S intensity of choice, C_ information costs

nh,t

Adaptive Belief System Different types of agents have different beliefs
about future variables and prediction selection is based upon a
performance measure

Performance measure

At time t+1 agent h measures his realized performance and chooses
whether to stay in his group or to switch to another one

We measure the past performance as the personal wealth coming from the
iInvestment in the risky asset with respect to the average wealth:

¢h,t — (pt+l - r)Zh,t



Market populated by two groups of agents: h=1,2

At each time agents can move from one group to another
while both movements are not simultaneously possible

Define the difference in fractions of agents of type h from time t to time t+1

Anh,t+1 =Ny —Nhy = Anl,t+1 — _AnZ,Hl

Define the difference in fractions of agents at time t

m =n,—nN,,

An L¥ 1—O (1e. mt+1—m)
= An,,,, fraction of agents moves from group 2 to group 1
An,, <0 (Le.m_, <m,)

= An,,,, fraction of agents moves from group 1to group 2
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Dynamics of wealth of group h

DEFINE the “weighted average wealth of group h” Wt = Wh N, |
which represents the share of wealth that group h produces to the total wealth

Wealth of group 1

~ e (Wiep — Wospm )+ mpepaiWos i mg = n
Wi =
Ny Wi A my < my

Wealth of group 2

Nosp1Warpr i my = my

I'{"z.:+1

Mo |:H’_z.¢+1 — H"_1.¢+1:' + ??2.:+1H’_1.¢+1 it M1 << MMy

where L Zh,t)V—Vh,t R+ Zh’tV—Vh,t 1+ p,.,)
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Price setting rule of the market maker

iy

| g =

Pey1— e = Erplpl o — i) + peH NP — NP

The total demand is: Supply is fixed, for simplicity:
- My 2] W+ Mg piasiliog S _
_"I'rtﬂ — pl . Nt — O, Vt

Under the assumption of i.i.d. dividend process: 0" = E[Y,..] _y

_ r r
and assuming:

P, Wh,t
HE)=a=————(C),W,, == W =W, —W
t Wl,t +W2,t h,t Wl,t -|—W2,t t 1t 2.t

we obtain:

Myl — e L+ un n 1 —
— ¥ 21t <2 ¢
1, 5 5




Therefore:

Piy1 = [— (Z1+ Zo+ (27 — 2o 1y ) + 1] : (5.12)

Mgy = tanh{G/2[(z1, — 200/ 2021 + 220 + (21 — 22w ) + § -7 =C]i
b (5.13)

and ¢

Wiy = < (5.14)
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—A(1—we){ FB+za e[ Fi21 e+ 2o e+ (21, —-E:I'tn':l+j——i"|}
|:1—='.-:!. Nexp{Bl{z1 s —zo e T (21,0 H2a e Hi2, —_g::lt'::l+-5'——-i-"| —C 1T
A( 14w B4z, [F(z1 e +on etz —-E:I'h':l+j——i"|}
|:1+~'.-:!. Nexp{—5liz1 2 —2a e )[F (21,0 +zae+H(z 1:.:—-ﬂ|%:l'=b%:l+f:——'i"|—'?|}+1|"

G = 2R [z 4z Hz e — 2wy (5 (21 + 220 + (21 — 2 )uy) 4= —7].

¥
pel

Two important belief types

Fundamentalists versus chartists

< Fundamentalists

E,.(p,)=p°  Prices return to their fundamental value

«* Chartists or technical analysts

Prediction selection based
Ez’t (Pg)=ap, aeR upon simple trading rules
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Resulting three-dimensional dynamical system

p* Wh,t
Xt :_’Wh,t = — — .
P, Wl,t +W 2.t

W, =Wy — Wy,

Lt

— . . — (5.24)
Torire —2+4a+2r(z — 1)+ (re —ajuy) +1

Ter1 = frlze, we) =

Mgyl = fz ':-Tt:- L'y :'

= tanh {_-"3{-"3 [ﬁ[m — i) [ﬁglx —24a+ 2z — 1)+ (3 — a)uy ) + vz — 1}] — ff-’] }

(5.25)
[
F4+1 if e =y
Wiy = faloy, my, wy ] = § (5.26)
Fa - .
=—1 tf Mgy <y

%

C = C1 — C2 is the difference between information costs ®



Where:

-Fl . —-'1[l—h':}{a'?+ﬁg|~'=—1+r‘{:l':—1]||ﬁ:r[1': — 24 a4 2r{ze— 1)+ 2 —a ) ) e ze =10}

o l::].—i".‘h::IlE':'I.';'."{.'.?lﬁ:rl:i':—ﬂ:llﬁgl:ﬂ.':—3+-.'|.+::"I::I.':—1:I+I::I.':—-f':.:lt-.:::l+i"'l:.."."|:—1:ll—l'_-'|}+1| !
F o= ’1':1+t'-'f:|{R"‘ﬁg‘l:l-l-i":ll:l':—l:llﬁ:rl:i':—:+-.1+:i"‘l:'l':—1:I+I:'.'I.':—-ﬁ.:li'.-.l::|+:"l:..":':—1:l|}
2

_ {1+-‘:-==::Ilf-r}?{—-'ﬂﬁg-[r: —ﬁ:llﬁgl:l": —Zta+2Zr(ze —1)+{ze—a)we ) Hrixe— 1) —C F41] 7

&= EH+#[.rt—ﬂ—l—u:.:-l—ﬂ:-*[Z.rt—l:l+[:.r¢—u:¢]u't]-[%— (x; —2+a4+2r(x, — 1)+ (2, — a)uw )+

iz — 1))

Steady states

The map has two types of steady states:

» fundamental steady state characterized by the price being at the
fundamental value

* non fundamental steady states which coexist with the
fundamental one
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Fundamental steady state E f
C
X, =1, m, =tanh{—'g7}, w, =1

Non fundamental steady statess ~ En1v Enrar Enesr Egea

an—1;+1 mnf—tanh ﬂl: 1 1+r(1— ) — >,W1nf:—1
r 2| Ao’

—J

inf :O, mznf Itanh{—§|:la2 (/10(2 (1+ r)+rj—C > W2nf =1
O O

X3nf =0, mgnf Ztanh{—g{iaz (/10[2 (1+r—a)+l’J—C }, W3nf =1
O O

2
X4nf :O, m4nf = tanh {—EC} W nf =1— 2r—+1—2 Ao
2 a aa
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Trapping regions and stability analysis
X:T(X)c X

FProposition 5.4.1. There erists a € B such that Va, o, r, A, d® witha > @
and ﬂgﬁ < 1, the set X = {(x;,my, wy) : 1 = 1wy = 1} is trapping for
any initeal condition (xo, mo, wo) with g = 1 and my = -1+ € (e = 0 small

enough ).

The fundamental steady state is locally asymptotically stable for
high values of a and for any initial condition with x greater than
or equal to one and m small enough
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L L ¥ F-l - —
Proposition 5.4.2. For any a,r, A, 0%, there erists a =

1.7t +1)
[
fa g

- such
et

that for or > 71— and a > a, the set Y = {(xs, ms, wy) 1 wy = —1} is trapping

11—+

for any initial condition (xq, mo, wo) with mg =1 — ¢ (e = 0 small enough).

Enfl
Xlnf :]-_—a+1, mlnf = tanh —ﬂ|: 121+r(1—a)2—C} : Wlnf =1
r 2| Ao” 1
does exist if a < 1+r (or a=1+r) and it is locally unstable
Enf3
X’ =0, M’y =tanh b az( 0(2 (1+r—a)+rj—C , Wi =—1
2| Ao\ Ao

IS locally asymptotically stable
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Numerical Simulations
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Figura 1: Two-dimensional bifurcation diagram of the map T in the (a, @) parameter plane for the
initial condition z5 = 1.3, mp = —1 and wy = 1 and parameter values o = 0.5, A = 1, 0° = 1,
r=0.02, O =05 If a is great enough the fundamental steady state is asvmptotically stable,

Figura 2: Two-dimensional bifurcation diagram of the map 1" in the (a, ) parameter plane for the
initial condition xp = 1.3, mo = —1 and wy = 1 and parameter valuesa =4, A =1, 7% = 1, r = 0.02,

' = 0.5. The regions corresponding to different attracting cyveles are shown by different colors.
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One-dimensional bifurcation
diagram of w w.r.t. a
X, =1.2,m, =-0.8,w, =-0.8,a =0.2,
A=106%=1r=0.02C=05

£=0.3

(@) p=1
(b) p=7
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Figura 5: One-dimensional bifurcation diagram of the state variable wy with respect to a for the
initial condition g = 0.9, mg = 0.8 and wy = 0.8 and parameter values ¢« = 1, A = 1, a7t = 1,
r=0.02 C=0.5 In panel (a) =1 while in panel (&) 3= 9.
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25 2

Figura i: One-dimensional bifurcation diagram of the state variable x; with respect to a for the
initial condition rn = 0.8, mg = 0 and wy = 0 and parameter values & = 0.1, A = 1, a% = 1,
r= 002 C =05, 3=0.6.
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Basins of attraction

The role of the
parameter a

AsS a increases the
structure becomes
complicated

Figura 7: Basin of the attractors for the initial condition r; = 1 and parameter values a =2, A =1,
gt =1,r=002 C=05, 3=1. In panel (a) a = —0.4, in panel (k) a = —0.3.



Conclusions

We have developed a new model of asset price and wealth dynamics in which:

the dynamics of wealth takes into account
the wealth coming from a different group

The presence of fundamentalists and chartists leads the system to
have two kinds of steady states which coexist in the phase space

The map has been restricted to particular trapping sets in order to perform
the stability analysis, this is due to the particular form of our system
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