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Discontinuous Dynamics in Binary Choice Models with Social Influence

LMotivation and examples

Schelling’s 1973 paper

Hockey Helmets, Concealed Weapons, and Daylight Saving, JCR

m Should | wear the helmet or not during the hockey match?

m Should | carry a weapon or going unarmed?

m Switch watch to daylight saving time or stay on standard
time?

m Should | go to the department weekly conference or not?

m Should | get annual flu vaccination or not ?

m Should | spray the insecticide in my garden or not?

m Should | go to vote for my favourite party or not?

m Should | take the car or not ?

m Should | dress elegant or not at the annual meeting of my
society?
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LMotivation and examples

Schelling’s 1973 paper

Hockey Helmets, Concealed Weapons, and Daylight Saving, JCR

m Binary choices

m Externalities: situations where choices affect the whole
population

m n-player games
]
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LThe formal model

L Schelling’s assumptions

Schelling’s 1973 paper

Schelling’s assumptions

Main simplifications

each player has a purely binary choice (e.g.

the interaction is impersonal:

x is the fraction of population choosing R
A dynamic adjustment is implicitly assumed:
R(x)>L(x)=x /
L(x)> R(x)=x"\
equilibria x = x* where :
m interior equilibria: R(x*) = L(x*)
m boundary equilibria:

B x* = 0 provided that R(0) < L(0)
B x* =1 provided that R(1) > L(1).

s
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LThe formal model

L Schelling’s assumptions

The formal model

Time scale

m Schelling (1978, ch.3) describes several situations where
individuals make repeated binary choices, with an evident
discrete time scale according to the collective behavior
observed in the previous period

m Schelling (1978, ch. 3) writes: "The phenomenon of
overshooting is a familiar one at the level of individual ...
consequently "Numerous social phenomena display
cyclical behavior".

[DEE2EEES
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LThe formal model

L Schelling’s assumptions

The formal model

Time scale

In economic and social systems changes over time are usually
related to decisions that cannot be continuously revised.

If one takes a decision at a given time, very rarely such
decision can be modified after an infinitesimal time

m Examples
m voting a proposal
m boycott a particular country
m riding a bicycle to work
B spraying an insecticide
B getting vaccinated

[DEE2EEES
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LThe formal model

LOur formalization

The formal model

Our formalization

Formal model
m n player population
m x € [0, 1]: fraction of players choosing R

® x = 0 means all choose L,
® x = 1 means all choose R

m Payoffs are functions R(x) and L(x) defined in [0, 1] Each
player decides according by comparing payoff functions

At time t, x; players are playing strategy R

m If R(x;) > L(x;) a fraction of the (1 — x;) players that are
playing L switch to strategy R

m If R(x;) < L(x;) a fraction of the x; players that are playing

\DEEZREES
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LThe formal model

LOur formalization

X = F(xt) =
Xt +0rg[M(R(X) = L(x))I (1 —x) it R(x) > L(x)
{ Xt — 619 [N (L (xt) — R (xt))] %t it R (x) < L(x)
where (1)

B Jp,0; € [0, 1] maximum values of switching fractions

m )\ > 0 switching propensity (or speed of reaction)

m g:RT—[0, 1] is a continuous and increasing function
g(0)=0 lim g(z) =1

Z—00
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LThe formal model

LOur formalization

The formal model

Our formalization

m [f the payoff functions are continuous, then the map f is
continuous

m Even if L(x) and R(x) are smooth functions, the map f is
not smooth where R(x) = L(x)

m The graph of f is contained in the strip bounded by two
lines

(1 *(5L)X§ f(X):(1 *5R)X+5H

[uCEFEes
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LThe formal model

LOur formalization

Some Payoff considered by Schelling

One intersection

Figure 8. Figure 9.

R going unarmed R take the car

[UDEEZEeS

L carrying a visible weapon L stay home Bl
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LThe formal model

LOur formalization

Some Payoff considered by Schelling

Two intersections

R Spr aying insecticide [414] JOURNAL OF CONFLICT RESOLUTION
L not spraying insecticide

Figure 15.

VTR
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LThe formal model

LOur formalization

Some results
(Bischi and Merlone, 2008)

B some unexpected results coming from using the formalism
of discrete time dynamical systems represented by iterated
noninvertible maps.

m a global dynamic analysis, based on the geometric
properties of noninvertible one-dimensional maps, allow us
to get some insight into the complexity of attracting sets
and complex structure of the basins of attraction.

m The overshooting effects is not an artificial effect, rather, as
stressed by Schelling (1978), overshooting and
over-reaction arise quite naturally in social systems, due to
emotional attitude, excess of prudence or lack of
information. L e
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LThe limit case
L Definitions

The limit case

Definitions

The limit case is obtained for A\ — +oo:

(1 =90R) Xt +0p if R(xt) > L(xt)
Xt+1 = foo(Xl‘) = { Xt if R(X{) — L(Xt)
(1—60)xt if R(xt) < L(xt)

Equivalent to considering g(-) = 1
i.e. the switching rate only depends on the sign of the
difference between payoffs no matter how much they differ.

upEEZSEE
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LThe limit case

L Definitions

The limit case

One intersection

g(-)=(2/m)arctan(), Oy

[UDEEZEeS
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LThe limit case

L Definitions

The limit case

Two intersections

[UDEEZEeS
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LThe limit case

L Definitions

The limit case (one discontinuity)

Definitions

Curves L and R intersect ad d
Two cases:

(1 —5H)X if
X' =Ty (x) =
(1 = 5L)X + 6, if

(1 —5R)X+(SR if
= Tg(x){

(1 — 5L) X if
with constraints
O<do <1, O<dop< i

and
x €[0,1]

x<d

x>d

x<d

x>d

e
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

Simple dynamics

(1-94R)x if x<d
X/T1(X){

(1=d)x+46 if x>d
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

Simple dynamics

(1—=6Rr)x+op if x<d

X' =Ty(x)=

(1-00)x if x>d
op=.5
5, = .52
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

Simple dynamics

but also

d)p=.65 o, =.21
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

Simple dynamics

and also

Sp=.05 06, =.325
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

Map attractors

Fixed §; and dgp

[DEEZRESS
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

Map attractors

6L = 75 [uDEEZaee
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L The limit case

L One discontinuity

The limit case (one discontinuity)

Map attractors

Increasing the scale...

between the regions of the 2-cycle and the 3-cycle, there exist
infinitely many other intervals of existence of cycles of period

2n+3m Yn>1,vm>1.

s
i’
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L The limit case

LOne discontinuity

The limit case (one discontinuity)

Map attractors

Discontinuity point position...only qualitative changes
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

First degree tongues

Consider , or (Banergjee,
Feigen, Di Bernardo, Maistrenko)
or (Leonov, Mira):

cycles of period k having one point on one side of the
discontinuity point and (k — 1) points on the other side

Blest Reply Function
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues
Consider
(1-dg)x+og if x<d
X/ = Tg( ) =
(1—46)x if x>d
written as
TL(xX)=mx+(1—-my) if x<d
X/ = Tg( ) =
Tr(Xx) = mox if x>d

where
m1:1—6R, m2:1—5L
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

First degree tongues

[UDEEZEeS
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

First degree tongues
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle with periodic points X, ..., Xk,

T, TR, ..., TR Tr, 11, TR, ..., TR
m mék71)_d mék72)_d

1= —2—n 1= —2———

(1—d)my " (1—mpd)ym~?

[ pEr 2008
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle with periodic points X, ..., Xk,

T, TRy TR Tr, Ty TRy TR
(k—=1) (kl)
1 _2
m, —d m —d
1= —Hogomy SM S Ay =My
(1—d)ym, (1—=mod)m,

[ pEr 2008
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle (x;, x5, ..., x;) with x; < d and x;* > d for i > 1

i mgk_1)(1—m1)
(I pp—— )
—m1m2
X5:m1X1*—{—1 — my
X3 = mp(mxy +1—my)

X; = ma(mx; +1—my)

(k-2

X = m )(m1x1*+1 —my)
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

First degree tongues

The other kind of cycles are symmetrical

[uCEFEes
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle with periodic points xq, ...

T, Ty,..., T,
_d—14mifY
my = W

» Xk
T, Tr, Ty, Tt

o1l

mo =
g mgkfz)(m1 d+1—my)

[ pEr 2008
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle with periodic points X, ..., Xk,

11T g oo U 1T iz Wiy o (0
!
. d—1+m{“"" d—1+4+mik=?
myj = ——gty— <M< (=) !
amy mj (myd+1—my)
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LThe limit case
LOne discontinuity

The limit case (one discontinuity)

First degree tongues

k-cycle (x;, x5, ..., x;) with x; > d and x;* < d for j > 1

(k=1)

1-m

5 = !
1 1—m2m5k71)

* *

X5 = MoXq

X3 = mymoXxy +1—my
Xy = mempx; +my(1 —my)+ (1 —my)

X; = mgk_2)m2x1* +(1- msk_z))
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LThe limit case

L One discontinuity

The limit case (one discontinuity)

First degree tongues

The bifurcation formulae depend also from the discontinuity
point d

Yottt
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Simple dynamics

We assume
B an increasing step
m a decreasing step

Function

since the other case can be considered in a similar way
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LThe limit case

LTwo discontinuities

The limit case (two discontinuities)

Simple dynamics

The formalization is

(1—dp)x if x < d
X/:T1(X): (1—5L)X—|—5[_ if di<x<db
(1—906R)x if x>ab
with the constraints
HBO0<d<d<1
HO0<ipgp<1
B 0< <1
x € [0,1]
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LThe limit case

LTwo discontinuities

The limit case (two discontinuities)

Simple dynamics

Defining
mm=1-90p
mm=1-9;

To(x) = mx if x<d
X=TxX)={ Ti(X)=mox+1—my if dj <x<db
To(x) = mx if x>d
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Possible attractors

m the origin

m period 3 cycle

[uCEFEes
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Possible attractors

m the origin m the origin
m period 3 cycle m period 2 cycle Lo
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LThe limit case

LTwo discontinuities

The limit case (two discontinuities)

Possible attractors

Depending on the parameters
| d1
| d2
B My < 04
B Mo < o
we can have
m origin as the unique attractor
m coexistence with a k-period cycle



Discontinuous Dynamics in Binary Choice Models with Social Influence
LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Basins

m B(0) = [0,d4]
m B(C) =]d, 1]

[uCEFEes
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Basins

m B(O)=[0,d] m B(0) = [0,di[J]cb, & |
= B(0)=1d.1] " B(O)=1dh.hlUle.1) TP
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Border collision bifurcation

ply Function

Yottt
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LThe limit case

LTwo discontinuities

The limit case (two discontinuities)

Basins

Proposition

When or < 0 then there are two coexistent attractors (the
origin and a k— cycle C for some integer k) and the two
basins are made up of only one interval: B(O) = [0, 04|
and B(C) =]dy, 1].

When 6r > 0 then either the origin is the only attractor in
the whole interval [0, 1] or there are two coexistent
attractors (the origin and a k— cycle C for some integer k)
and the two basins are made up of two pieces:

B(O)d: [0, di[U]db, &[] and B(C) =]dy, dx[U]E, 1], where

[
5 - m . 1.1'?.‘1_;,_.::)
gl
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Map attractors

ply Function

Fixing di = .4and d> = .7 s

S’
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Map attractors

Fixing 5 =.2 pa—

S’
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

Map attractors

aly Function

Fixing dy =0.0and d, = .7 =

VTR
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LThe limit case

L Two discontinuities

The limit case (two discontinuities)

First degree tongues

We can drawn the bifurcation curves of the principal k-cycles
fork=2,1,15




Discontinuous Dynamics in Binary Choice Models with Social Influence

LSome results for both one and two discontinuities

The limit case

Some results

We remark that

all the tongues are disjoint, i.e. we can have only a single
attractor at each fixed pair of values of the two parameters

All the cycle, when existing, are asymptotically stable.
This follows since, the slope (or eigenvalue) of the function
TX = Tyo...0 Ty (k times) in the periodic points of the
cycle, is given by

(k—p)
mt : mj < 1
p points k — p points
on the left on the right

\DEEZREES
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L Some results for both one and two discontinuities

The limit case

Second degree tongues

Consider any pair of contiguous

with

=

Yottt
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LSome results for both one and two discontinuities

The limit case

Second degree tongues

...then it is possible to two infinite families of periodic tongues:

1 1 2 2 1 _ 3
u K @ ki+1 = 2ky+17  2ky+1 ® ki — 3ki+1°
n
_— vn > 1
nky + 1

1 1 _ 2 2 1 _ 3
B O = ok 2k @K/ — 3k

n

nkan—1 "7

called
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L Some results for both one and two discontinuities

The limit case
Higher degree tongues

lteratively, consider any pair of contiguous
, with rotation numbers

n+1 § Junezas
(k1 — 7 i
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LSome results for both one and two discontinuities

The limit case

Higher degree tongues (rotation numbers)

...we can construct two infinite families of periodicity tongues,
called

And so on:
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L Some results for both one and two discontinuities

The limit case
Higher degree tongues (symbolic sequences)

Associating to cycles

LRRR LRRRAR

[UDEEZEeS
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L Some results for both one and two discontinuities

The limit case
Higher degree tongues (symbolic sequences)

LRRR @& LRRRR = LRRRLRRRRR

More generally,
d o N 3 7T
U’ TEE

3 cBT =0T -
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LConclusion

Conclusion

m limit case, modeling impulsive agents
m one intersection

m first degree tongues, analytical expression
m k-period cycles

m two intersections

m basins of attraction
m first degree tongues, analytical expression
m k-period cycles

m rotation numbers
m symbolic sequences

[DEEZES
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LAppendi><
LFor Further Reading

Main References |

B G.I. Bischi, U. Merlone
Global dynamics in binary choice models with social
influence, submitted, 2007.

E N.N. Leonov
Discontinuous map of the straight line,
Dohk. Ahad. Nauk. SSSR. 143(5) pp. 1038-1041, 1962.

B C. Mira
Chaotic dynamics ,World Scientific, Singapore, 1987.
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LFor Further Reading

Main References li
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Journal of Conflict Resolution, 17(3):381-428, 1973.

B T C. Schelling
Micromotives and Macrobehavior,
W. W. Norton, New York., 1978.
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