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2 Motivation

e Heterogeneous agent literature becoming well developsehtly (e.g.
Brock and Hommes, Lux and Marchesi)

— Typically one risky/ one risk free asset framework.

— Focus on patterns of price and return dynamics.

e Much less work on multiple assets and portfolio considereti
— See Bhm and Wenzelburger; Chiarella, Dieci and He; Chiarella,
Dieci and Gardini
e The effect of heterogeneity on CAPM little studied
— See Lintner(1969)

e Aim of this paper is to study effect of heterogeneity on CAR&KINg
dynamic feedback into consideration.



3 Heterogeneous Beliefs CAPM—A Static Model

3.1 Heterogeneous Beliefs and Consensus Belief

e Market: one frisk-free asset() and.V risky assetsi;, 7 = 1,2,--- , N).

e Heterogeneous Beliefs
— Some of the ideas go back to Lintner (1969).
— Assumer; ~ MV N
— Heterogeneous belie8; defined byB;(r) = (E;(r), Q2; = Cov;(rg, 11)).

e Optimal Portfolio :
— Investorz has a concave utility of wealth functian; (-).
— Portfolio wealth:W; = WE( 4+ 7y + wT (F — 7gl))



— The global absolute risk aversion:

— The optimal portfolio of investot:

1
Q1 E; [f— 1],

Wi =
W’L
e Aggregation:
— Aggregate wealth
I 1
Y Wiwi =) 6;7'Q7 E; [F — ryl]
) — =1

— The vector of theaggregate wealth proportionsin the risky assets
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e Consensus BeliefB, = {E.(r), Q24.}
—1
— Aggregate risk aversior® :—= (ZI 9_1) :

1=1 Y1

— An “aggregate” variance/covariance matfeg can be defined as
I
Q;'=0e) 67'a;"
=1
— The “aggregate” expected returns on the risky asBgt¢r):

1
E, () = 0Q, ) 60;'Q; " E; (1)

1=1



3.2 Equilibrium CAPM

e Market Portfolio :

— We define the random retu#f},, on the market

I
Wii=) Wi=Who(l+7mm) =
=1

— In terms of aggregate wealth proportions

~

T'm = Tf -+ WI (? — ’I“f].)
— the aggregate ‘consensus’ variance belief:

T
Tom ‘= Wq Q. W,




— Then the aggregate expected market return

Eo(rm) =75 + W;r (Eo (r) —7sl)

— Aggregate variance of market portfolio becomes
o = —1
a,m @Wmo

e Return Relation

(w] [Ea (F) — r71]}

— The aggregate expected market risk premium is proporttorthe aggregate
relative risk aversion of the economy:

[Eo(Tm) — 7] = @Wmoag,m

— Aggregate excess return

1
@WmO

[Eq(7) — rg.1]

Q. W, =



— The CAPM Equilibrium relation under the heterogeneousafeli

~ 1 ~
[Ea (¥) — 751] = —5—QaWa[Ea(rm) — 7¢].
e Heterogeneous beta
Qowa [E,(¥) —rpl] ' Q711

,Ba,m —

= E,(r) —rel
o (Ba®) — 1) 0 B — 1]




3.3 Equilibrium Prices
e Assume that agents have CARA utiliy» 8; = constant.
e In this case we obtain explicitly the optimal demands

9—19—115,- r—rel
Wz 1 [r ,r.f ]

Wi =
e The equilibrium price

I
po=2"") 6;'Q; E;[f — ryl]
1=1

wherez : = [z1, 22, ..., zn] " the supply vector an@ := diag[z1, 22, ..., 2N].

e The betas can also be expressed in terms of market clearaegpr

T
Po Z
a,m — QaZ



4 Heterogeneous CAPM—A Dynamic Model

4.1 Market Fractions and Consensus Belief
e Incorporate into a dynamic setup into the CAPM-like retuefation-
ships in the static framework.

e Group thel investors into a finite number of agent-typescs H
— I, h € H, the number of investors in group

— np, := I /I the fraction of agents of typk.

e Supply:s := (1/1I)z the supply of shares per investor.

—1
o Define the “average” risk aversiofl,, := (ZhEH "h9;1>
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e The aggregate beliefs can be rewritten,

—1
Q, =61 <Z nh9;19;1>

heH

Eo(T) = 0aQa Y npby QB ()
heH

e the equilibrium prices are rewritten as

po=S"" ) np6, Q" [Ep (F) — 741]
heH
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4.2 Heterogeneous Beliefs

e Assume one-period ahead utility maximization

e From timet to timet + 1.

t o t+1
I T I
P d, I
() T ()

e Heterogeneous agents’ assessments alqytare functions of the in-
formation up to timet — 1.
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e For belief-typeh € H
Qp,t 1= [Covn,t(Tj 1415 Tkt+1)] = Qr(re—1,Te—2,...)

Epi(rir1) = fh(re—1,Te—2,...)

e Similarly for the aggregate belief3, : andE, +(r¢41).
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4.3 Dynamic Equilibrium and Beta

e The market clearingrices at timet become

p: =S"1 Z nheglﬂ;j [En,t(Teq1) — rrl]
hcH

e The realizedeturns can be written

ry = F(I‘t_l, It _24eees at)

e The random return on the market portfolio is

P i1 = [Eat(Te1) — 751" Qg Topa
m, - o~ _
[Eat(Teqp1) — 1] TQ, ;1
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e Atthe beginning oft, t + 1) the aggregate beliefs about returns (based
on information up to time¢ — 1) satisfy

Ea,t(rt41) — 7l = Ba,mt[Fa,t(Tm,t+1) — 7¢]

e The “aggregate” beta coefficients are

(Bt (Fe41) — ry1]7 Q51 -
/Ba,,mt — — -1 — L [Ea,t (rt—|—1) — ’r'f]_]
[Ea,t(Tt+1) — 7rl]T Q, i [Fa,t(Tt41) — 1]

e The “aggregate” betas are time varying due to time varyingtseabout
both the second moment and the first moment of the returnsadigon.
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5 An example

e Consider a specific example of interaction of differentdfsltypes

e Two types of agentdundamentalists, andtrend followers.

— Fundamentalists
Efi(Tev1) = pr, Qg = Q.
— Trend Followers:

Eci(Tiq1) = pe +v(re—1 — u—1),
U1 = 0ug_2+ (1 — d)ri—
Qee = Qe + AV,
Vi1 =06Vio+6(1 —68)(re—1 —ug_2)(re—1 —up_2) '

16



In addition, we consider roise traders - whose demand for each risky
asset is an exogenous random disturbance.

0, and@. the risk aversion coefficients of the two agent-types
ng andn. = 1 — ne their market fractions

-1
6, = (fn,fejtl + ncec—l) the average risk aversion.

The aggregate variances/covariances and expected extasssrare
given, by

—1
ny ne ne_——1 Ne 4
Qa, — | — — Q0 —ﬂc
't (Of * 90) (Hf ! * Hc ,t>

. nNne_—_1 — ne — ~
Eqt(ri41) = 6ala [e—fﬂf Ey(Tey1) + H—Qc,tl Ec,t(rt+1)]
f c
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e The dynamic model becomes the noisy nonlinear dynamicétisys

_ ne—— Ne —

pt =S ! {H—:Qf 1Pf + G—Qc,i[Pc + v(re—1 — ug—1)]

_ (s
O

ﬁ;l -+ %Q;%) Tfl}

re =P, (p, +0di) — 1
where
Pi_1 = diag(p1,t—1,P2,t—1,°** ,PN,t—1)-
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e The effect of noise traders:

— The risky asset demand from the noise traders is describdwelmandom vector

é = [gl,t, gz,t, ooy gN,t]T, gj,t

« Li.d. with E(&;¢) = 0,

* Var(gj,t) = qzs?,

« E(&ey€et) =0,5,k=1,2,...,N.

x Bt := diag(€1,65&2,t5 -5 ENLE)-

19



— The market clearing conditions in the presence of noisestsad
0, ', 1 [Ea,t(Teq1) — rr1] + Eepe = Sp,
— The market clearing prices thus become

pe = (S—E8¢) 10, Q, t[Eat(Teg1) —751]  (5.1)

— Note that the introduction of noise traders is formally eglent to assuming a
noisy supply vectos; = s—¢&;.
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6

Some numerical experiments

Constant homogeneous beliefsndamentalists (andnoise traders)

Time-varying heterogeneous beliefs about expected r&téundamen-

talists, trend followers (andnoise traders)
Role of ‘market fraction’
Effect of updating second moment beliefs

Focus on

— ‘Market portfolio’ weights

— Asset returns and market return (realized)
— Beta coefficients

— Market price of risk (in terms of aggregate ‘consensus’dfs)i

21



3 risky assets

one risk-free asse

— asset 1

asset 2

asset 3

— | market
portfolio

Base parameter selectij

/
P = Pc = [9% 11% 15%}
~=0.05, 6§=0.95 A=0

0.162 0 0
Qr=Q.=| 0 0.202 0
0 0  0.247]

— /

d = [210 220 310}

dividend st.dev.:1% of average dividend
’I°f = 3%

/
S:{0.00]_ 0.001 0.001}
22



e Fundamentalists with constant beliefs - no noise traders

(noise from dividend process)

rnarket portfolio weights
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e Fundamentalists with constant beliefs - noise traders
(noise trading st.dev.: 1% of supply)
(noise from dividend process and noise trading)

"market portfolio” of risky assets versus time betal, beta2 and beta3 versus time
T T T T T
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e Fundamentalists with constant beliefs - noise traders
(noise trading st.dev.: 5% of supply)
(noise from dividend process and noise trading)

"market portfolio” of risky assets versus time betal, beta2? and beta3 versus time
T T T T T

market partfolio weights
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e Noisy returns feed back into aggregate beliefs and beta cdefients

20% trend followers with time varying expectations (exti@bed from past returns)
80% fundamentalists with constant beliefs, noise traders
(noise trading st.dev.= 5% of supply)

"market portfolin” of risky assets versus time
T T T T

market portfolio weights
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time
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e Noisy returns feed back into aggregate beliefs and beta cdefients

40% trend followers with time varying expectations (extiaped from past returns)
60% fundamentalists with constant beliefs, noise traders
(noise trading st.dev.= 5% of supply)

"market portfolio” of risky assets versus time betal, betaZ and beta3 versus time
T T T T T

market portfolio weights
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e Noisy returns feed back into aggregate beliefs and beta cdefients

75% trend followers with time varying expectations (extigped from past returns)
25% fundamentalists with constant beliefs,
noise traders (noise trading st.dev.= 5% of supply)

"market portfolio” of risky assets versus time betal, beta? and beta3 versus time
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e Effect of stronger trend extrapolation (v = 0.065)

75% trend followers, 25% fundamentalists

(noise trading st.dev.= 5% of supply)

s (annualized)

Sharpe Ratio
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e Effect of updating second moment beliefs

75% trend followers, 25% fundamentalists,
strong trend extrapolation and noise trading
(v = 0.0625, noise trading st.dev.= 5% of supply).

No updating of second moment beliefs=Q) Second moment beliefs updated based on
historical variances/ covariances=0.25)
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7 Conclusion

e Formulate a heterogeneous agent CAPM

e Rediscovered - in a different notation - some early negteeterk of
Lintner

e Set up a dynamic framework that incorporates expectateadidack
e Time varying beta driven by expectations feedback

e Looked at the simple fundamentalists/ trend followersgadraders set-
up as one example of an updating scheme
e Future work will focus on
— Further simulations to incorporate correlation structure
— Broader class of agent types
— Properties of the time-variation of beta
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