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Abstract

In this paper we derive the Phillips curve as the image of a chaotic
attractor of the state variables of a non-linear dynamical system describing
the evolution of an economy. This has two important consequences: the
Phillips curve in our model is a true long-run phenomenon and it cannot be
used for policy purposes. The model is based on an overlapping-generations
non-tatonnement approach involving temporary equilibria with stochastic
rationing in each period and price adjustment between successive periods.
In this way we are able to obtain complex sequences of consistent allocations
allowing for recurrent unemployment and inflation.
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1. Introduction

After the presentation of the Phillips curve as an empirical regularity (Phillips
[1958]) economists and policy makers alike have tried to exploit it for policy
purposes. Even before the oil shocks in the seventies and early eighties this has had
mixed success only. With the advent of "stagflation” the Phillips curve seemed
to be definitely dead but over the decades thereafter a more differentiated view
has emerged. A majority of economists nowadays seems to agree that an inverse
relationship between inflation and unemployment holds as long as changes in
output and prices are demand-driven. Stagflation occurs only when supply-side
shocks occur. As the latter happens much less frequently than shifts in aggregate
demand, a revival of the interest in the Phillips curve has taken place. New
explanations have been advanced both to investigate theoretically and estimate
empirically the Phillips curve and to assess its potential for economic policy'.

In this paper we aim to contribute to this discussion by highlighting a further
aspect that so far seems not to have been taken into consideration. That is, we
show that the Phillips curve can be derived as a dynamic phenomenon in the sense
that it may be obtained as the image of a chaotic attractor of the state variables
of a non-linear dynamical system describing the evolution of our economy. This
has two important consequences: on the one hand the Phillips curve in our model
is a true long-run phenomenon and, on the other, it cannot be used for policy
purposes. The first aspect is compatible with Phillips’ original finding whereas
the second may contribute to explain why the attempts to take advantage of the
apparent inflation-unemployment trade-off for economic policy have not been very
successful.

The dynamic economy we consider is composed of overlapping-generations
consumers, producers and a government who interact in a labor and a consump-
tion goods market. Trades take place in each period even when prices are not at
their Walrasian level. Therefore agents’ effective transactions can differ from the
desired ones which means that they are rationed. Prices may not be at their Wal-
rasian levels because their adjustment to market imbalances is not instantaneous
but proceeds with finite speed only; thus their functioning as an allocation device
is imperfect, though not nil. As a consequence, quantity adjustments complement
prices in their task of making trades feasible. In particular, we build on the fact
that, in many markets, quantities adjust faster than prices, as emphasized for
instance by Greenwald and Stiglitz [1989]. To account formally for this asymme-

'Recent examples of work that tries to account for and estimate the Phillips curve are T.F.
Cooley and V. Quadrini [1999] and J. Gali and M. Gertler [1999], whose contributions have been
collected, among others, in a special issue of the Journal of Monetary Economics (Vol. 44, N.2,
1999) on ”The Return of the Phillips Curve”.



try, and be able to work out its consequences most clearly, we assume that, while
quantities adjust within any period so as to produce a feasible allocation, prices
are fixed during each period but are adjusted when the economy moves from one
period to the next.

This approach makes it possible to investigate disequilibrium phenomena like
recurrent and permanent underemployment and inflation and, moreover, appears
to reflect well the effective functioning of many markets. Labor markets, at least
in Europe, are the foremost example, but also product markets often show a high
degree of price inertia and stickiness (for empirical accounts see Carlton [1986]
and Bean [1994])?.

The adjustment of prices and wages follows the standard paradigm relating
it to the sign of excess demand. Moreover, the size of price adjustment is based
on the intensity of agents’ rationing a measure for which is obtained through a
mechanism of stochastic rationing®. This allows us to encompass a large variety
of degrees of price and wage inertia/flexibility which turn out to be decisive for
the type of dynamics that emerges.

More precisely, by deviating in the initial conditions from the values of the
state variables corresponding to a stationary Walrasian equilibrium and simulat-
ing the model, we observe the possibility of the emergence of complex dynam-
ics. This complexity of the dynamics is driven by the non-linearities present in

20n theoretical grounds, price stickiness has been explained by (menu) costs of adjustments
of prices (Akerlof and Yellen [1985]), strategic interactions among oligopolists and coordination
failure among monopolistic competitors (Ball and Romer [1991]), by certain characteristics of the
production function and of the demand function, by imperfect and asymmetric information and
by risk aversion of order one (Weinrich [1997]). Regarding wage rigidity, it has been derived for
instance from insider-outsider arguments (Shaked and Sutton [1984]), fairness (Hahn and Solow
[1995, ch. 5]), efficiency wages (Salop [1979], Solow [1979], Shapiro and Stiglitz [1984], Weiss
[1991]) and uncertainty combined with imperfectly competitive markets (Holmes and Hutton
[1996]). See also the recent contribution by Bewley [2000] who found by means of interviews
of a large number of businessmen that for firms it is preferable to lay off workers in recessions
rather than to lower wages.

3 Although the idea just outlined is neither new nor complicated, it gives rise to two problems:
how to find a consistent allocation when prices are not at their market clearing levels and how to
define a sensible mechanism for the adjustment of prices. The first of these problems has been
solved by introducing the concept of temporary equilibrium with quantity rationing, developed
in the seventies for the case of deterministic rationing mainly by Dreéze [1975] and Bénassy
[1975].

As far as the second problem is concerned, a natural idea is to relate the adjustment of
prices to the size of the dissatisfaction of agents with their (foregone) trades. As it has been
argued by Green [1980], Svensson [1980], Douglas Gale [1979, 1981] and Weinrich [1984, 1988],
a reliable measure of such dissatisfaction requires stochastic rationing, since - as opposed to
deterministic rationing - it is compatible with manipulability of the rationing mechanism and
therefore provides an incentive for rationed agents to express demands that exceed their expected
trades. For a definition of manipulability see for example Boshm [1989] or Weinrich [1988].
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the model and by the possibility of switching between different (dis)equilibrium
regimes along the trajectory. An important parameter here is the speed of down-
ward wage adjustment. When that speed is small, i.e. when wages are relatively
sluggish downwards, the system converges to the stationary state. For higher
speeds, instead, irregular behaviour and chaos result.

By looking at pairs of the rates of wage inflation and unemployment, the
dynamic behavior of our economy displays, for a non pathological set of parameter
values, a Phillips curve as the image of an attractor of the system. However,
there is no perceived systematic relationship between the values obtained in one
iteration and the ones obtained in the next one; the system typically jumps from
one point of the curve to another moving from one period to the next. This
implies that there is no way of pushing the economy toward a desired inflation-
unemployment pair by affecting the values of parameters, thus eliminating, or
at least reducing substantially, the relevance of the Phillips curve for economic
policy.

The remainder of the paper is organized as follows. In section two we present
the model and derive the behavior of consumers, producers and government. Sec-
tion three studies temporary equilibria with rationing and proves the existence
and uniqueness of equilibrium allocations. In section four we set up the dynamical
system and in section five we present numerical simulations. Section six draws
together the results of the previous sections to derive Phillips curves and discuss
their validity and relevance. Section seven presents concluding remarks and an
appendix contains the proofs of some technical results.

2. The Model

We consider an economy in which there are n OLG-consumers, n’ firms and a
government. Consumers offer labor inelastically when young and consume a com-
posite consumption good in both periods. That good is produced by firms using an
atemporal production function whose only input is labor. The government levies
a proportional tax on firms’ profits to finance its expenditure for goods. Never-
theless, budget deficits and surpluses may arise and are made possible through
money creation or destruction.

2.1. Timing of the Model

The time structure of the model is depicted in Figure 2.1. In period t—1 producers
obtain an aggregate profit of II,_; which is distributed at the beginning of period
t in part as tax to the government (taxlIl; ;) and in part to young consumers
(1 — tax)IL;_y), where 0 < tax < 1. Also at the beginning of period ¢ old
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consumers hold a total quantity of money M;, consisting of savings generated in
period ¢ — 1. Thus households use money as a means of transfer of purchasing
power between periods.

Let X; denote the aggregate quantity of the good purchased by young con-
sumers in period ¢, p; its price, w; the nominal wage and L; the aggregate quantity
of labor. Then

M1 = (1 —tax) I,y + wy Ly — p X

Denoting with G the quantity of goods purchased by the government and tak-
ing into account that old households want to consume all their money holdings
in period t, the aggregate consumption of young and old households and the
government is Y; = X; + % + G. Using that II; = p,Y; — w, Ly, considering
II; — II;_; = AM} as the variation in the money stock held by producers before
they distribute profits and denoting with AME = M;,; — M; the one referring to
consumers, the following accounting identity obtains:

AMtC + AMFP = p,G — taxIl,_; = budget deficit

2.2. The Consumption Sector

In his first period of life each consumer born at ¢ is endowed with labor ¢* and an
amount of money (1 — tax) Il;_ /n while his preferences are described by a utility
function u (zy, x441) . In taking any decision the young consumer has to meet the
constraints
0<m <wh0< o < (wi—a) 2i=0,1 (2.1)
Pi+1
where

1 1 —tax 1l
wy =

w
+—
2 n 2

denotes his real wealth when he is employed and

o 1—taxll;_4
w; =
Dbe n

when he is unemployed. Implicit in this is the assumption that rationing on the
labor market is of type all-or-nothing and, moreover, that the labor market is
visited before the goods market.

Regarding the goods market the young household may be rationed according
to the stochastic rule

. z¢  with prob.  py¢
"7 ¢ with prob. 1 — py¢

5



t—1 t t+1
M,
— My N
ce ce
X,
(1 —tax)IT;_4 o Peit P (1 — tax)II, o
'UJtLt
taxll,_, tazlIl,
pt \
G G
(wt—lapt—l) (wt;pt) (wt—i-lapt—‘rl)

Figure 2.1: The time structure of the model



where z¢ is the quantity demanded, p € [0,1] a fixed structural parameter of
the rationing mechanism, v¢ € [0, 1] a rationing coefficient which the household
perceives as given but which will be determined in equilibrium and

el al
Ct = - a4
L= pv

These settings are chosen such that the expected value of z; is y¢z¢, that is,
expected rationing is proportional and hence manipulable.*

Denoting with 6; = pf,,/p, the expected relative price for period ¢, the ef-
fective demand z%,i = 0,1, is obtained by solving the agent’s expected utility
maximization problem

Wi — Wi — e
maz pyfu <:vt, te—t) +(1=p)u <cta:t, te—”>
z t t

subject to the constraints (2.1). The resulting first-order condition is

7 7 d 7
w X Wy — G & Wy — I
i <:vt, te—t) + (1= ) w (thﬂta te—tt) Cr — p;t Uz (% tg—t> +
t t t t

(1= ) e (e 2522 (<5t) =0
t t

pul (xh wzg_gwt> + (1 - p) U1 (Ctmta w%_ggtwt) B
pu2 (mtv thgmt> + (1 - p) U2 <Ctxta W%;gtmt) et

For a generic utility function it is hard to solve this equation for z; but in
the case that u (v;,7:41) = 2Pz, and p = 1 (i.e. 0/1-rationing), which we shall
henceforth assume, we can prove that 2% = hw! i = 0,1 (Lemma 1 in Appendix
1). In particular the young consumer’s effective demand is independent of both
¢ and pf.;.

The aggregate supply of labor is L* = nf*. Denoting with L¢ the aggregate
Ld
will be employed, the aggregate demand of goods of young consumers is

1 —tax) I,
X3 = Xnz® + (1 — A5 nal® = X4 (Af;%,( az) I 1).
b Pt

which yields

(2.2)

demand of labor and with \{ = min { 1} the fraction of young consumers that

*As has been shown by Green [1980] and Weinrich [1982], in case of rationing where the
quantity signals are given by means of the aggregate values of demand and supply, the only
mechanisms compatible with equilibrium are those for which the expected realization is propor-
tional to the transaction offer.



The total aggregate demand of the consumption sector is then obtained by
adding old consumers’ aggregate demand M;/p; and government demand G

V= XY\ ay, (1 — tax) m) + my + Gy

where oy = wy/py, 7y = ;1 /py and my = M, /p;.

2.3. The Production Sector

Each of the n’ identical firms uses an atemporal production function y, = f ().
As with consumers, firms too may be rationed, by means of a rationing mechanism
analogue to that assumed for the consumption sector.

Denoting the single firm’s effective demand of labor by ¢4, the quantity of labor
effectively transacted is

/- ¢4, with prob. A%
*7 0, with prob. 1 — X4

where X! € [0,1]. On the goods market the rationing rule is

[ y{, with prob. o~§
e = dyys, with prob. 1 — o735’

where o € (0,1),~5 € [0,1] and d; = (7§ — 05) / (1 — 0%) . o is a fixed parameter
of the mechanism whereas X! and ¢ are perceived rationing coefficients taken as
given by the firm the effective value of which will be determined in equilibrium.
The definition of d; ensures that Ey, = v3y7. It is obvious that B¢, = \*4¢.

The firm’s effective demand (¢ = ¢¢(v$; ;) is obtained from the expected
profit maximization problem
max 7 f (¢) =ty

t

subject to
dy

Qg

0< £ < —f(¢)
while its effective supply is y; = f (Kf). The upper bound on labor demand
reflects the fact that the firm must be prepared to finance labor service purchases
even if rationed on the goods market (since the labor market is visited first it will
know whether it is rationed on the goods market only after it has hired labor). In
general the solution depends on this constraint but if we assume that f (¢) = af?,
a>0,0<b<(1—-o0), then it is not binding (Appendix 1, Lemma 2).

The aggregate labor demand is L¢ = n'f¢ (v5; ) = L% (75;a4) and, because
only a fraction )\f of firms can hire workers, the aggregate supply of goods is
Ve = Xn'f (0 (v e0)) = Y (M au) -
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3. Temporary Equilibrium Allocations

For any given period ¢ we can now describe a feasible allocation as a temporary
equilibrium with rationing as follows.

Definition 3.1. : Given a real wage oy, a real profit level w,, real money balances
my, a level of public expenditure G and a tax rate tax, a list of rationing coeffi-
cients (v, 73, PP &) € [0, 1)°and an aggregate allocation (L:,Y) constitute
a temporary equilibrium with rationing if the following conditions are fulfilled:

(1) Ty = N L* = X/L? (5: )

(2) Y, =Y (M98 00) = vEXE (N 0, (1 — tax) m) + 6oy + &G

(3) (1=X)(1=A) =0;(1=}) (1—7) =0

(4) v3 (1 —6;) =0; 6 (1 — ;) = 0.

Conditions (1) and (2) require that expected aggregate transactions balance.
This means that all agents have correct perceptions of the rationing coefficients.
Equations (3) formalize the short-side rule according to which at most one side
on each market is rationed. The meaning of the coefficients ¢; and ¢, is that also
old households and/or the government can be rationed. However, according to
condition (4) this may occur only after young households have been rationed (to
Z€r0).

As shown in the table below it is possible to distinguish different types of
equilibrium according to which market sides are rationed: excess supply on both
markets is called Keynesian Unemployment [K]|, excess demand on both markets
Repressed Inflation [I], excess supply on the labor market and excess demand on
the goods market Classical Unemployment [C] and excess demand on the labor
market with excess supply on the goods market Underconsumption [U].

K |1 C U
Nl<l|l=1|<1|=1
Mi=1]l<1|=1]<1
v | <1l|=1|=1|<1
Wi=1]<1l|<1|=1

Of course there are further intermediate cases which, however, can be considered
as limiting cases of the above ones. In particular, when all the rationing coefficients
are equal to one, we are in a Walrasian Equilibrium. Notice that in all equilibrium
types different from the Walrasian equilibrium there is at least one rationing
coefficient smaller than one, and therefore there are agents which are effectively
rationed. Nevertheless these rationed agents express effective demands that exceed
their expected transactions. To do this is rational for them because from an



individual point of view rationing is manipulable and stochastic. This feature of
equilibrium could not have been obtained with deterministic rationing since then
rationing would have had to be nonmanipulable, and hence agents would not have
had an incentive to exceed their rationing constraints.

Moreover, we can use the rationing coefficients A{, A%, v and ~¢ associated
to any equilibrium allocation as a measure for the strength of rationing on the
various market sides. To see this, consider a K-equilibrium. Since there is zero-one
rationing on the labor market, 1 — \¥ = (L® — L;)/L® is the ratio of the number
of unemployed workers and the total number of young households. Regarding the
goods market, in a K-equilibrium Y, = 7$Y* (1,73), and therefore

d(1—77) _ 1

dv, Y i

<0

since 88—?; (1,7) = n'f" (¢4 (3)) jﬁ; > 0. So a decrease in Y, (for example due to
a reduction of government spending), and thus an aggravation of the shortage of
aggregate demand for firms’ goods, is unambiguously related to a decrease in 7}
which can therefore be interpreted as a measure of the strength of rationing on
the goods market. A similar reasoning justifies the use as rationing measures of
the terms A/ and v¢ in the other equilibrium regimes.

To address the question of existence and uniqueness of temporary equilibrium
we have to introduce some further concepts. In the remainder of this section we
hold the variables oy, m; and m; and the parameters G and taz fixed; therefore
we omit them whenever possible as arguments in the subsequent functions.

Define the set

H={(3 LX) | (7)€ 0,1}

I C

: —=K = = = —
and its subsets H = H |ja_y o<1, H = H |jacqys—1, H
—=U

H" = H |,i_; \s>—1 - From these we derive the consumption sector’s trade curves

=H "yd<1,>\s<1 and

Hy =H" +{(0,m+G)} = {(NL*, X4 (X*) + m, + G) | X* €[0,1)},

Hy = {(L*, 7' X (1) + my + G) | 7% € (0,1)} U{(L*,6m; + G) | 6 € (0,1]}
U{(L* eG) | e € [0,1]}

and
o, = {(FL*, XN +m + G) | (3,97) €[0,1) x (0,1)}

U{OCLE, 6me + G) | (A%, 6) € [0,1) x (0, 1]JU{(\L*,eG) | (A, &) € [0,1) x [0,1]}.
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Similarly, starting from

F={(\L*(v"),vY* (X,7*)) | (A7) € [0,1)*}

we define the production sector’s trade curves as ' =F | \i=1 <15 F =
F |yacy o1, F'=TF | xi—1 4s—1and F =F [xi<14s<1 - In the appendix (Lemma
3) we show that these curves are given by

FKZFIZFU:{@,%L) \O§L<Ld(1;at)} (3.1)

and . o
F = {(Ld(l;at),?tLd(l;at))}.
Using the consumption sector’s and the production sector’s trade curves and

indicating with S¢ the closure of the set S, we now note that a pair (f, 7) € R?
is a temporary equilibrium allocation if and only if it is an element of the set

2= () n (7))o () (7))o () 0 (7))

Here equilibria of type U do not appear as they can be seen as limiting cases of K-
as well as of I-type equilibria. To show existence of an equilibrium is equivalent
to showing that Z is not empty. To this end consider first the locus

(F0) = {50, X () +me+ G) | X €[0,1])
and recall that
X4(N) =nh (XNw; + (1= X)) wy) = h(1—taz) m + hay ;L.
Defining the function
I'y(L)=h(1—tax) m + hay L +my + G, L >0,

we see that (F?) is the part of the graph of I'; for which L < L*.
Next consider again the production sector’s trade curves. From (3.1) we con-
clude that the locus (FK> is the part of the graph of the function

A, (L) = %L, L>0,

for which L < L%(1). Notice that the graphs of the functions I'; and A; always
intersect. Indeed, I'; (L) = A, (L) if and only if

b ~

L= [h (1 —taz) 7+ my + G| = L (oy, 7, my, G, tax)

oy (1 — hb)

11



which is well defined and positive since hb < 1. Therefore the equilibrium level of
employment is

L; = min {Z (o, mp,my, G tazx) , L4 (1, o) ,LS} = L (oy, m, my, G, tax)
and the equilibrium level on the goods market is
Y, =A; (ft) =Y (ay, e, my, G, tax) .
This shows that the equilibrium allocation
(ft,?t) = (L (oy, m,my, G tax) , Y (ay, 1, my, G, tax))

exists and is uniquely defined. More precisely, if min {-} = L (.), then (ft, 7,5) €
<ﬁ§>c N <FK>cand the resulting equilibrium is of type K or a limiting case of
it. If min{-} = L%(1,q), then (ft,Vt) € (Ff)c N <FC>C and type C or a
limiting case of it occurs. Finally, if min {-} = L*, an equilibrium of type I or a

limiting case results because then (ft,Vt) € (Fé) N <F1> . An equilibrium of
type Keynesian unemployment is shown in Figure 3.1

4. Dynamics

So far our analysis has been essentially static. For any given vector (ay, ¢, my, G,
tax) we have described a feasible allocation in terms of a temporary equilibrium
with rationing. To extend now our analysis to a dynamic one we must link succes-
sive periods one to another. This link will of course be given by the adjustment
of prices but also by the changes in the stock of money and in profits. Regarding
the latter, this is automatic since by definition of these variables

Ht - pt)) (Oét, ¢, Ty, G, ta:v) — wtﬁ (Ozt, T, My, G, ta:v) s

Mt+1 = (1 — tCL.’E) Htfl + wtft — ptyt
= (1 —tax)Il;_q +wely — pYy + 6. My + epG
= (1 — tCL.’E) Ht,1 — Ht + 5tMt + é?tptG

Regarding the adjustment of prices we follow the standard hypothesis that,
whenever an excess of demand (supply) is observed, the price rises (falls). In
terms of the rationing coefficients observed in period ¢, this amounts to

Pir1 <P & 7] <15 Py >pt<:>%§l<1a

12
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I
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]
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Figure 3.1: Keynesian Unemployment Equilibrium

Wiy < Wy A < 15wy > wp & N < 1.

More precisely, in our simulation model we have specified these adjustments
in two alternative ways. The first is a nonlinear mechanism, namely

7g+6t+€t

—H2 4
3 ) Dt, lf 715 < ]-7

P = (V)" o, iy <15 pya = (

Wi = () wy, i A < 15 we = (M)
where (14, (15,71 and vy are nonnegative parameters for the speeds of adjustment.
This formalizes that the size of price adjustment depends on the strength of ra-
tioning and allows us to encompass a wide variety of circumstances. For example,
wage flexibility upwards greater than downwards is obtained whenever vy > v
and wage rigidity downwards corresponds to vy = 0.

From the adjustment of nominal prices we obtain the one for the real wage as

2y, if A < 1.

s\V1

Qi1 = (i—>ﬂ104t if (ft,Vt) e KuU,

%)

(X))

Q41 =

3

( ’ydt +61+et

E

13
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(D)™

( ’ydt +0¢+et > H2
3

Q1 =

Then for the growth factor of the price level 6; = pyy1/p; there results
Ht = (’}/f)ul if (Zﬁ?t) € KU U,

d H2
0, = <W) it (T,,Y,)eluC.

The second adjustment mechanism is linear and in fact a linearization of the
nonlinear rule. More precisely,

Prin = [L=py (L =))lpr, i <1, (4.1)
d
+o+¢€ .
D1 = [1 + o <1 - %)} i, ity <1, (4.2)
Wi = [L—v1 (1= A)]wy, if A <1, wyyq = [1 + vy (1 — )\f)] wy, if )\f < 1.
(4.3)
Then the adjustment equations for the real wage are
1— V1 (1 — )\f) . — —
= f (LY KuU. 4.4
Oyl 1_#1(1_’}’f>at1 ( t t)E ; (4.4)
14+vy (1 =\ o
Q1 = 2 ( wtza ap if (L, Y,) €1, (4.5)
1+ p, (1 - l%)
1—vi(1—=X - —
Q1 = ! ( t) (e if (Lt, Yt) € C (46)

1+/L2(1—W)

whereas 6, is given by
0, =1—py (1—77) if (L, Y) € KUU, (4.7)

d 5 .

6, = 1+ i, (1 - M) if (I,Y:) e IUC. (4.8)

In both the linear and the nonlinear case the dynamics of the model in real
terms is given by the sequence {(ay, my, )}, where oy is as above and

V() =l ()]
0

Tt+1 =
and

1
miy1 = 9_ [5tmt + €tG + (1 — tCLIIZ‘) 7Tt] — T¢41-
t

14



5. Numerical Analysis

The economic model introduced in the previous sections represents a non-linear
three-dimensional dynamical system with state variables a;, m; and 7; that cannot
be studied with analytical tools only. Moreover, since there are three nondegen-
erate equilibrium regimes, the overall dynamic system can be viewed as being
composed of three subsystems each of which may become effective through en-
dogenous regime switching. (The complete equations of these systems are given
in Appendix 2.)

In order to get some insights in these dynamics we report numerical simulations
using computer programs based on the program packages GAUSS and MACRO-
DYN®. The basic parameter set specifies values for the technological coefficients
(a and b), the exponent of the utility function (h), the labor supply (L*) and the
total number of producers in the economy (n’), for the price adjustment speeds
downward and upward (respectively u; and p,) and the corresponding wage ad-
justment speeds (v; and vy). We also have to specify initial values for the real
wage, real money stock and real profit level (ag,my and 7) and values for the
government policy parameters (G and taz).

Starting from the following parameter values corresponding to a stationary
Walrasian equilibrium

a=1 b=0.85 h=05 L°=100 n' =100
ap =085 my=46.25 my=15 G =75 tar=0.

we address the question of the impact of changes in the downward speed of adjust-
ment of the wage rate. To this end we consider a reduction in the initial money
stock to my = 40. Employing the linear price and wage adjustment defined in
the previous section, we allow for an adjustment of the price in both directions
(g = py = 1) but impose downward wage rigidity (v; = 0, = 1). As can be seen
from Figure 5.1, the restrictive money shock gives rise to a transitional phase of
unemployment before the system returns to a Walrasian equilibrium with full em-
ployment. The unemployment phase can be shortened by allowing for downward
wage flexibility (as was to be expected from textbook theory). This is shown in
Figure 5.2 where v, has been changed to 0.5. However, Figure 5.3, where vy = 1,
suggests that further increasing this downward flexibility results in irregular be-
havior with frequently high unemployment rates.

To see which downward wage flexibility is "too much” we can consider the
bifurcation diagram in Figure 5.4. It reveals that the system is stable with con-
vergence to full employment for v, smaller than about 0.7 whereas from approx-

’See Bohm,V., Lohmann, M. and U. Middelberg [1999], MACRODYN- a dynamical system’s
tool kit, version x99, University of Bielefeld, and Bshm and Schenk-Hoppe’ [1998].
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Figure 5.1: The time series in the figure show the emergence of transitional unem-
ployment when the real stock of money is reduced from the Walrasian equilibrium
level of 46,25 to 40 and the coefficients for the adjustment of prices and wage are
Hy = fy =v2 =1 and v; = 0.

16



° o
=] @
= S
o o
3530 g o
WoOoC b
cCOoO<w
-7 =
o
8
~
&
s
o
Q
©
&
IS [S)
028 o 8
tEaa
»
5 L £
5 3 5 S
E
<
o 3
= S
13 m
%
S
1o
]
o
@
S
12
coo3o &
00030 o
0N ondln ) S r— — ° 9050 2080 B6L'O VELO 06L°0 9BLO TBLO BLLD
CCD ﬁoﬁgo Yy €% T L 0% &l 9ly Ll 9y 2bom
X7
4+
O
JEEN 8 g
[\ I = -
O 559-
= Ecccl
° °
& 8
8 8
o °
R R
9 9
8 3
=
5
E °
S ° o 2
=) = - 0
= &
o E
325383 :
ol wno < 2
~o®@No~
SEIaNS]
9 B
g <]
B Q
I X5
55883 €E ¥ 12 E
) /// )
QoL B6 96 6 26 06 88 660 860 L60 960 G60D V60 £60 6OV 160

Figure 5.2: The unemployment phase is shortened when downward wage flexibility
is allowed. The parameter set is the same as in the previous figure, except that
vy = 0.5.
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Figure 5.3: The behavior of the system becomes highly irregular when the down-
ward flexibility increases. In the simulation represented here v is 1.
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Figure 5.4: The bifurcation diagram shows that for values of vy smaller than 0.7
the system converges, but for values larger than 0.9 it displays chaotic behavior.

imately 0.9 on its behavior is chaotic. The latter can also be seen by looking at
chaotic attractors as the one shown in Figure 5.5. It depicts points (ay, m;) ob-
tained from the same parameter set as the one used in Figure 5.3, i.e. with v; = 1.
More precisely the diagram represents the projection into the («, m) —plane of a
part of the sequence {(a;,my, m¢)},—,. The total set of ¢ iterations is divided
in two subsets, one (0 < t < ty) including the transient phase generating points
not plotted and one subsequent (to < t < t;) producing points that are shown.
In case of convergence, as with the parameter sets of Figures 5.1 and 5.2, all
the points generated during the transient phase fall into the first subinterval and
then the diagram shows one point only, namely the limit of the sequence. In-
stead in the case of chaos, during the simulation that produces an attractor, the
latter’s persistence is reflected on the computer screen also by the fact that the
second subinterval is in turn partitioned into six sub-subintervals such that points
belonging to iterations stemming from a specific sub-subinterval are shown in a
corresponding specific colour. If these colours cover each other, it means that the
geometric object produced does not move any more which supports the fact that
it is an attractor.

6Tn our simulations we have worked with ¢y = 10 million and #; = 100 million.
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Figure 5.5: A chaotic attractor in the (a, m) - space.

6. The Phillips Curve

By definition the Phillips curve plots the rate of wage inflation against the un-
employment rate. Any sequence {(oy,my,m)},—, gives rise, for given vy, to a
sequence {(ug, vy) Yooy = {F (o, mu, m) }oop Where u, = (L® —L;) /L* is the un-
employment rate and v, = (wy11 — wy) /w; the rate of wage inflation. Before we
look at numerically generated sequences {(u,v;)}, we establish the theoretical
relationship between u; and ;.

Given any u; € [0,1], the associated employment level is L, = L° (1 — ;)

and therefore \¥ = L,/L* = 1 — u,. If wage adjustment is linear then v, =
—v1 (1= X)) = —vquy. Solving for u; and taking account of the fact that it
cannot be negative, we obtain
1
——=vt, vy <0
= v . 6.1
“t { 0 ,u,>0 (6.1)

On the other hand, if wage adjustment is nonlinear, v; = (A})"' =1 = (1 — u;)"" —1.
Therefore in this case

. 1/v1
Ut — { ]_ (1 —'I_ Ut) P ’Ut S O (6,2)

0 ,"UtZO

Both (6.1) and (6.2) are functional relationships between the rate of wage inflation
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Figure 6.1: A long run Phillips-curve as an attractor, generated with the param-
eter values of Figures 5.3 and 5.5.

and the unemployment rate the graphs of which are potential Phillips curves. In
fact, for any given value of the speed of downward wage adjustment vy, any
trajectory of {(u,v¢)},o, must lie on the corresponding curve, independently of
all other parameter values.

Figure 6.1 shows a Phillips curve as a plot from ¢, to ¢, of a sequence { (u, v¢) }io,
resulting from the sequence {(ay, m¢, m)},, generating Figure 5.5.

Note that this Phillips curve emerges by very construction as a true long-run
phenomenon as it is the image {F (o, my, Wt)}ilzto of an attractor. Notice also the
remarkable fact that the trajectory {(uy, vt)}?:to lies on a curve in spite of the fact
that the corresponding trajectory {(a, mt)}?:to does not lie on a one-dimensional
geometric object. The proof of this is given by (6.1) resp.(6.2).

From these considerations follows that it would be wrong to interprete our
Phillips curve as a policy instrument in terms of a trade-off between unemploy-
ment and inflation. Any point on the curve is but one element on the trajectory
{(ut,vy)}, and successive points of this trajectory may lie far away one from the
other. Thus, even if the government could choose a specific point on the curve in
one period, in the next period already the system may go to a very different point
on the curve.

To understand still better how the curve comes about, we can look at the
diagrams in the second row of charts of Figure 5.3. The left-hand chart plots the
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price for periods 1 to 100. Until about period 50 the price does not change very
much but then it starts to alternatingly increase and decrease quite substantially.
The right-hand chart depicts the trajectory of price and wage couples. It starts
out in the lower left angle and then has a tendency to move upwards and to the
right. If, in a given period, the economy finds itself in a state of Keynesian unem-
ployment, both the price and the wage are decreased, whereas the opposite is true
in a state of repressed inflation. Furthermore, in a state of classical unemployment
the price increases but the wage diminishes. Therefore the chart displaying price
and wage couples shows that the economy visits all three types of equilibria along
its trajectory. From the chart displaying employment, on the other hand, it is
obvious that unemployment rates may vary substantially and therefore the points
on the Phillips curve may jump consirably from one period to the next.

How robust is the emergence of a Phillips curve? It is clear that, when the
economy converges, the Phillips curve reduces to one point. This is due to the
fact that in the attractor plotting the transient phase is excluded. Therefore,
when the picture produced is a full curve, this can only be an attractor. To see
how sensitive to the parameter values is this phenomenon, we can use a technical
device called cyclogram and developed by Lohmann and Wenzelburger [1996]. Tt
permits to establish a relationship between the values of the relevant parameters
and the structure of the resulting dynamics (although it is not able to distinguish
between regular quasi-periodic behavior and ”true” chaotic motion).

More precisely, Figure 6.2 displays a cyclogram where the color attached to
each point (G,tax) in the rectangle [6,9] x [0.4,0.6] reflects convergence (ma-
genta), irregular behavior (yellow) or cycles of a certain order (other colors).
From this it is evident that there exists a neighborhood of G = 7.5 and tax = 0.5
such that for values of G and tax in this neighborhood and below the diagonal
the dynamic system shows irregular behavior. It is easy to check that Phillips
curves analogous to the one shown in Figure 6.1 result. Similar cyclograms can
be obtained by varying other parameters of the model.

The Phillips curve shown in Figure 6.1 has its downward sloping part for
negative values of wage inflation only. This is due to our strict application of the
rule that prices are increased only if there is excess demand. A more flexible -
and probably more realistic - formulation allows for a "natural rate of inflation”
v™ > 0 which is the rate at which prices and wages are increased when markets
clear. Then equations (4.1) - (4.3) become

P = (1—py (L—=7) (L +0")py, if 7 <1,

d
+6,+¢ n .
Dii1 = <1—1—p2 (1—%))(14—@ ) Pt 1f’yf<1,

Wit = (L—v1 (1= X)) (14 0™ wy, if A < 1,
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Figure 6.2: This cyclogram shows the dynamic behavior of the economy when
parameters G and tax vary in the intervals [6,9] and [0.4, 0.6], respectively.
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Figure 6.3: Phillips curves for v = 0, v" = 0.1 and v" = 0.2.

w1 = (L4 v (1= A)) (1 +0™) wy, if A < 1.
Equations (4.4) - (4.6) do not vary whereas (4.7) and (4.8) now are

O =1 —p (1=n7) (1 +0") if (L,Y:) e KU,

d 5 .
6, = <1+u2 (1—%)) (1+0") it (L.Y,) e TUC.

This means that the dynamics of real variables is unchanged relative to the case
v"™ = 0 whereas nominal variables do change. The Phillips curve (6.1) then be-

comes n
U —'UL n
= 4 Moy U SV (6.3)
0 , g > "

Two curves for v = 0.1 and v"™ = 0.2, together with the previous case v = 0,
are shown in Figure 6.3.

The fact that for different values of v™ we obtain different Phillips curves does
not impair the validity of this paper’s main messages. To recall them, they are
that a Phillips curve can be generated as a long-run result of the working of a
dynamical system describing the evolution of an economy and that it cannot be
exploited for policy uses. In our model this is true for any fixed value of v"™. On
the other hand, the model is not rich enough to be able to directly account for
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supply-side shocks. Empirically, it is these shocks that are typically giving rise to
stagflation and to an increase in the expected inflation rate, thereby shifting the
Phillips curve to the right. The latter is what happens in our model when v™ is
augmented. Thus that parameter can be seen as a shortcut to account for the role
of shifts in inflation expectations. Therefore the model can indirectly accomodate
supply shocks, in spite of the fact that its formulation of the production sector is
too simple to do this in a direct way.

Note, finally, that the equations of the Phillips curves (6.1), (6.2) and (6.3) are
unrelated to the specific parameter values of the utility and production functions
but depend only on the formulation of the wage adjustment mechanism.

7. Concluding Remarks

In this paper we have presented a dynamic macroeconomic model capable of gen-
erating long-run Phillips curves. The specific property of the model is that it
allows for trade also when prices are not market clearing. This renders possible
to have recurrent unemployment and inflation. Although prices are adjusted from
period to period when there are market imbalances, convergence to the Walrasian
equilibrium may fail and, to the contrary, complex dynamics may occur. More
precisely, we have adopted a non-tadtonnement approach involving temporary equi-
libria with stochastic quantity rationing and price adjustment between successive
equilibria. In this way we have obtained a process which allows us to describe
consistent allocations involving disequilibrium features in every period but which
at the same time displays a well-defined dynamics.

While the dynamics of the resulting three-dimensional system is too complex
to be completely understood by means of analytical tools only, we have been able
to shed some light on it using simulations in the form of time series, bifurcation
diagrams, attractors and cyclograms. From these simulations it is apparent that
the economy may produce sequences of pairs of unemployment rates and inflation
rates which constitute a Phillips curve. The specific feature of these so generated
curves is that they are a true long-run phenomenon since they are images of
strange attractors. However, these curves cannot be exploited for policy purposes
as any point on them represents but one realization of a whole trajectory and
successive points of the trajectory may lie far away one from the other. Therefore
those economists who have criticized as a misunderstanding of the workings of
an economy the use of the Phillips curve as policy tool can be confirmed by our
results. On the other hand, our results are compatible with empirical findings
such as the original one by Phillips [1958].

The occurence of a Phillips curve as an attractor in our model requires that
wages are sufficiently flexible. Indeed, when wages are rigid downwards, the econ-
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omy typically converges to the market-clearing equilibrium. It is true that that
convergence is speeded up when wages become flexible downwards but, when
that flexibility is large enough, convergence is destroyed and irregular behaviour
emerges. To summarize this in a accentuated way is to say that, contrary to the
standard paradigm, wage rigidity favors the stability of the economy and its re-
turn after a shock to the Walrasian equilibrium whereas wage flexibility may be
destabilizing.

Appendix 1: Lemma 1 - 3

Lemma 1.The solution of the young consumer’s maximization problem is in-
dependent both of ¢ and p§., when his utility function is u (v, Tr41) = TPzl

and p = 1. More specifically, in that case ¥ = hwi i =0, 1.

Proof. For notational simplicity let * = 2, w = wi, ¢ = ¢;, 0 = 65 and define

= (- 555) =1 ()

Then

1-h
w—cx w—cx
fex) = wu (Cl‘a T) =h < Do ) ;

g(cx) = us <x,“_ec”“’> —(1-h) (;_9;)’1

Observe that g (x) and g (cz) can be written as functions of f (z) and f (cx)
respectively:

1—h 6x
g(x) = — =" f (2);
1—h chx
gler) = —=—Zf (o).
By substituting these functions in equation (2.2) we get
pf(x)+ (1 —p)f(cx) 1
0

P (@) + (1= p) 2 f (ex) 6
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and, remembering the definition of f (z) and f (cz), after some algebraic manip-
ulations follows

1

p(w—cz)" (hw—z)+ (1 —)p) <E> : (w—2)" (hw —cx) =0 (al)

Recall that by assumption p = 1 which implies ¢ = 0. Hence the term (1 — p) (%)kh
is undetermined and therefore we need to consider the limit

lim (1 — p) <1> - =lim (1 — p) {M} . 0.

et c p=1 L—py
By substituting this into equation (al) the result follows; in fact,

hw—2=0=z%=hoii=0,11

Lemma 2.When the production function is f (£) = af®, with a > 0 and
0 <b<1-—a0, the solution to the firm’s maximization problem is independent of
the constraint £} < 2 f (¢7).

Proof. The first order condition for an interior solution of the firm’s problem
is

bf (¢ bf (¢
fys‘f/(g):a@,ys f€(>:a<:>£:78 faf)

Moreover the inequalities % > ﬁ > 1%17—“ yield 1 < ﬁ From this follows
Y(1l—-0)11 11 11 ,bf(6) d
(<—"—A=d—-A4=d—=~° =—f

— 1—7% v%Db v b 75b7 ! af()’

which proves our claim. W

Lemma 3.When the production function is f (£) = af®, with a > 0 and
0 <b<1-—o0, the producers’ trade curves are given by

FK:FI:FU:{@,%L) \0§L<Ld(1;at)}

and T~ = {(L (L 0) , 2L (1;0)) }

Proof. From f (¢) = aft® follows f' ({) = b@, which implies f (¢) = " (£)¢
and

!/ S S /1 ! s S0
Y=V (X y7) = A f (05 00) = v N (0 (% ea)) € (1)
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But ~* f’ (ﬁd (7% at)) = o4 from any producer’s optimizing behavior, and thus

= ZXL () = L

Appendix 2: The complete dynamic system

The dynamic system is given by three different subsystems, one for each of
the equilibrium types K, I and C, and endogenous regime switching. For given
(G,taz), any list (oy, m, my) gives rise to a uniquely determined equilibrium al-
location (L;,Y,) being of one of the above types (or of an intermediate one).
This type is determined according to the procedure described in section 3. More
precisely,

L; = min {Z (o, Ty, my, G tazx) , L (1, ay) LS}

with ;
L (at7 Tgy T, G7 ta”r) = m

1
d o
LA an) = (ab)

When T, = L (-), the K-subsystem applies whereas when L, = L% (-) or L?, the
systems associated to the types C or I, respectively, are the ones to be used.
Regime switching may occur because (ft, ?t) may be of type T' € {K,I,C} and
(ft+1,?t+1) of type T" # T. Regarding the subsystems, they are the following.
(We present the case of linear price and wage adjustment only; the nonlinear case
is analogous.)

[h (1 —taz) ™ + my + G,

KEYNESIAN UNEMPLOYMENT SYSTEM

Employment level: L, = z(at,wt,mt,G, tar); output level: Y, = %ft; ra-

— b 71-b
tioning coefficients: \; = Zf;,)\d = 1,7 = [n—y,(f; (%ﬁ)”b} ,yf =106 = ¢ = 1;
1—v1(1-X§)

price inflation: 6; = 1 — py (1 —77); real wage adjustment: o1 = T ()

real profit: w1 = 9% (715 — atft) ;
real money stock: my; 1 = 9% [my + G+ (1 — tax) m) — mey1.

REPRESSED INFLATION SYSTEM
T Evd d __
Lt:LS;Yt atLt7)\S_1 )\ Ld(la)77t_1
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if Y, > G + m,, then fytd = h(1—?t;;)n7:;i?atft’5t =g =1
if G+my; >Y,>G, then v = 0,6, = Y;;G,gt: 1;
lf?t < G, then ’)/f =0; = 0,e; = %,

Or =1+ py (1_w>§at+1:

1+I/2(1—)\f)

dis
14pg 17&#

)Oét;WtH = 9—1t (?t - atzt) )

My = 0_1t [6imy + .G + (1 — tax) my] — Tiq-
CLASSICAL UNEMPLOYMENT SYSTEM

zt = Ld (laat>;?t = %ft,)\? :_%,)\? = 1,7? = ]_’

if Vi > G +my, then of = == 8y = &y = 15

if G +my>Y,>G, then 4! =0,6, = X=¢ ¢, = 1;

— mg
lfYt < G, then ’Y?: 615 = 07gt = %7
d s _ _
Y¢+6i+e . o 1—v1(1=\ ) 1 '
0, =1+ Ho (1 — LIt 3t t) A o <11(—yg+5ttlgt> Oy M1 = 7 (Yt - Otht) ;
) U e—

M1 = 9% [5tmt + €tG + (1 — tCLIE) 7Tt] — T¢y1-

The underconsumption case is not represented with an own dynamical system
because choosing 7§ = v3A? and A? = 1 it can be treated as a special case of the
Keynesian case.
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