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Abstract

The dynamic programming problem with one-period concave qua-
dratic returns is analysed. As well-known, in this context the funda-
mental Blackwell’s contraction theorem cannot be applied since the
return functions are unbounded from below. In this paper, we estab-
lish results on the existence of the fixed points of the Bellman operator
and properties on the convergence of the iterative processes generated
by this operator. The main tool for obtaining these results is a con-
traction theorem given by the Thompson metric.
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1 Introduction

This paper studies the somewhat classical problem of quadratic dynamic
programming over an unbounded horizon which can be formulated as:

v(xo) = sup ZL"S q(zy, gct+1)ﬂt (1)
s.t. z; € R", 1 given in R

where v(z) is the optimal value function, § € (0,1) is the intertemporal
discount factor and the one-period return is a concave quadratic function
q(z,y) = (z,9)'Q(z,y). The 2n-order matrix ) can be partitioned in the

form
A B
Q: lB/ C]

with A, B and C' n-order matrices and, in addition, A and C' symmetric.
Besides this, it will also analyse the complete quadratic problem obtained by
adding a linear function to the one-period return of the previous case, i.e.
q(z,y) = (z,9)Q(x,y) + (a,b) (x,y) + k with a,b € R™.

Though these classes of optimization problems have a long story and
are often adopted for approximating more complex nonlinear programming
models, we want to underline that their treatment is far from being entirely
completed. In spite of the fact that the issue is evidently of an algebraic
nature. As a matter of fact, the 2n-order matrix ) encloses entirely all the
properties of the purely quadratic programming.

One of the main reasons of the analytical difficulties met within this con-
text is that the quadratic returns (z,y)'Q(z,y) are necessarily unbounded
from below. We cannot therefore invoke the fundamental Blackwell’s con-
traction theorem which requires the return function to be bounded. In fact,
our main results will be obtained by employing a different contraction theo-
rem related to the Thompson metric and recently established by MONTRUC-
CHIO [4] to study the differentiability property of policy functions arising in
nonlinear dynamic programming.

Before going into the specific results presented here, let us recall a few
basic ingredients related to the technique of dynamic programming and that
are valid for returns ¢(x, y) non necessarily quadratic.
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It is very well known that the value function v(z) of sequential problem
(1) satisfies the Bellman functional equation ([7], [2], [5])

v(r) = sup [a(x,y) + Bu(y)]. (2)

Put differently, if we define the Bellman operator

(Tf)(x) = sup [q(z,y) + Bf(y)] (3)

yeR”

associated with (2), the value function v(x) turns out to be a fixed point of
this operator. That is to say, Tv = v must hold. Another important aspect
concerns the computational procedure v,,; = Tv, that is hoped to converge
to the value function v for a convenient initial function vy. Actually, Black-
well’s result shows that the operator T is a contraction, whenever ¢(z,y) is
bounded, and therefore the iterative process v, 1 = T, converges uniformly
to v for any initial bounded function vy (see STOKEY ET ALII [7]).

Let us turn to our class of problems. To fix ideas, we shall mention here
the purely quadratic case q(z,y) = (z,y)'Q(x,y). We list below questions
which arise naturally in this context and that will be answered in the present
paper. It is worth mentioning that we left the matrix () to be singular. The
nonsingular case, i.e., () negative definite, is slightly simpler and already
sufficiently investigated in the literature.

1. Is the value function v(x) a quadratic function? Of course, the answer
is yes, but an elementary proof of this fact is not known to us, unless
in a general setting.

2. It is straightforward that the operator 7" maps the cone of concave
quadratic functions into itself. It is also easily verified by means of
examples that not always T has a unique fixed point given by the value
function. Is it possible to characterize algebraically the matrices @) for
which the fixed point is unique? More generally, how many fixed points
can T exhibit? Which algebraic properties of () are involved?

3. The "uniqueness versus multiplicity of fixed points for 77 is closely
related to the convergence of iterative process v,.1 = T, to the value
v. Which subclass of () leads to the global convergence to v? Otherwise,
which does initial quadratic functions vy assure the convergence to v?
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These and other related issues will be investigated in this paper. The
plan of the paper is the following. In Section 2 we shall present the re-
sults on the purely quadratic case. The main result is the Theorem 1 which
provides statements on the existence of fixed points of Bellman operator
and the convergence of v, 1 = Tv,. An important consequence is Theorem 2
which establishes a sufficiently general subclass of problems having an unique
globally convergent fixed point. Section 3 is dedicated to studying the case
q(z,y) = (z,9)'Q(z,y) + (a,b)'(z,y) + k. The proofs of theorem are gathered
in Section 4.

2 Results

2.1 Notation

Vector z € R" is viewed as column vector and 2’ denotes its transposed.
The symbol |z| denotes the Euclidean norm, i.e., |z|* = 2’z. The set S =
{a: e R |z)? = 1} means the unit sphere of .

B(Y') is the vector space of bounded functions f : Y — R, where Y
is an arbitrary set. The vector space B(Y) is endowed with the uniform
convergence norm || f|| = sup,cy |f(y)|. In B(Y) there is the point-wise
partial order: f < g if and only if f(y) < g(y) for all y € Y. K_(Y) is
the cone of non-positive functions of B(Y'). We define the interval [f, g] =
{heB(Y): f<h<g}

The cone of n-order symmetric negative semidefinite matrices will be
denoted by Sym_(n). A matrix H € Sym_(n) can be identified with the
quadratic form f(x) = 2/Hz, x€R™. Moreover, since a one-to-one corre-
spondence exists between f and its restriction over the unit sphere S of R”,
the set Sym_(n) may be viewed as a subset of X_(S). The partial order in-
duced on Sym_(n) by B(S) is the natural order among symmetric matrices,
i.e., A > B if and only if A — B is positive semidefinite. If H € Sym_(n),
the norm of uniform convergence is ||H|| = supy,_; [z'Hz|, i.e., the spectral
norm of the matrix. In fact, ||H| = p(H) = max; |\;|, where \; are its
eigenvalues.

A function f : Q — R, where 2 is a convex set of R”, is said a-concave
if f(z)+ 1a|z|® is concave over Q. Following MONTRUCCHIO [3], a function

f(z,y) is called («, y)-concave whenever f(x,y)+ %Oz ]:E|2 - %7 ]y|2 is concave.



If A: X — Y is a linear operator, R(A) C Y is the range of A. The sets
N(A) = {z: Az = 0} and N(A)* are the null-space of A and its orthogonal
complement, respectively. A" denotes the pseudoinverse matrix of A. For

the main properties of A" see LUENBERGER [1]; in particular we shall often
use of property: ATAAT = AT .

In view of providing an algebraic characterization of quadratic form, for
a matrix Q € Sym_(2n) we define by induction the following sequence of
vector subspaces of R” :

No=priN(Q)={zr e R Iy e R"s. t. (z,y) e N(Q)}
Neyi={z e N,;FyeN,s. t. (z,y) e N(Q)}, Vr >0

Since Ng D N; D Ny D ..., an index 7 will exist such that N; = N;,; =
Nit2 = ... . Such a vector subspace will be denoted by Ng. That to say:

Obviously this set Ng satisfies the property: if € Ng then there exists
a vector y € Ng such that (x,y) € N(Q). Moreover, Ng is the mazimal set
satisfying this property, i.e.,: for every set M for which:

r € M = Jy € M such that (z,y) € N(Q),

we have M C Ng. This fact is easily seen by observing that M C N, for
each r, so that M C N, N,.
In the following, for a vector subspace M of R™, Sym_(n; M) C Sym_(n)

will denote the convex set of all symmetric negative semidefinite matrices H
such that N'(H) = M.

2.2 Main results: purely quadratic case

The first theorem is directed at solving the purely quadratic dynamic pro-
gramming (1) illustrated in the introduction. Here q (z,y) = (z,5)' Q (z,v)
and @ € Sym_(2n). Some more words are needed to understand the state-
ments formulated below. The Bellman operator T defined in (3) is acting
over the function space f (z), z € R". We shall restrict it to the quadratic
functions f (z) = 2’Hx, with H € Sym_ (n). More importantly, given the
one-to-one correspondence between quadratic forms and matrices, we can
think of 7" as a mapping 7" : Sym_ (n) — Sym_ (n). For ease of notation we



shall use the same symbol T for both operators. By resorting to pseudoin-
verses, it is not difficult to write down this new operator. In fact, we have
TH=A—B(C+(H)" B’ (see the proof of Lemma 7 in section 4.2).

Theorem 1

i) Any purely quadratic problem (1) admits optimal solutions for all initial
condition x;

ii) its value function v(x) is quadratic: v(x) = 2’ H*x where:

iii) the negative semidefinite matriz H* is the only one fized point of the
Bellman operator T' belonging to Sym_(n; Ng);

iv) if H € Sym_(n) is any other fized point of T, then H € Sym_(n; M),
where M is a vector subspace of R™ satisfies the following property:
r € M = Jy € M such that (z,y) € N(Q). Moreover the mazimality
property H < H* holds;

v) given any initial matric Hy such that N'(Hy) D Ng and Hy < Hy, the
iterative system H,, 1 = T H,, converges to H*.

It is worth underlining that the previous theorem does not establish the
convergence of H,,,1 = T H,, to the fixed point H* for every initial condition.
Indeed, the iterative process may converge to another fixed point H for many
initial Hy € Sym_(n). The following simple example illustrates this aspect.
Let q(x,y) = —% (x —cy)® , with ¢ > 0. The value function turns out to
be v(xz) = 0 for all discount factors. N(Q) = {(z,y);x = cy}. Therefore
Ng = R. Of course, there is also the invariant vector space M = {0}. The
iterative system H,,,; = TH,, is

1 1

1
—§hm+1$2 = max -3 (z— cy)2 - §5hmy2

where we have set 2’/ H,,x = —%hmxz and h,, > 0. After some calculations,

we obtain hy, 1 = Bhy, (2 + ﬁhm)_l. If B < 2, the iterative system has the
only one fixed point h* = 0 which is globally attractive. For 8 > ¢2, another



fixed point h~ = 1 — 237! arises. This fixed point attracts all the initial
conditions different from zero (see figure below).
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In the previous theorem the existence of the only one fixed point and
its attractive property is not guaranteed. It is of interest to single out spe-
cial subclasses of problems having stronger properties. The next theorem
provides one of these subclasses.

Theorem 2

If the matriz QQ has the following property: 3y € (0,1) such that the

matriz
YA B
B C
1s still negative semidefinite, then T has one and only one fixed point H*.

The sequence of iterates H,,.1 = T'H,, converges uniformly to H*, from any
starting Hy € Sym_(n).

It is worth remarking that this class of matrices includes the case in
which the quadratic form (z,v)' Q (z,%) is («,0)-concave and, in turn, the
non-singular matrices. In fact, if (z,y)' Q (z,y) is (a,0)-concave, we have
A — BCtB' < —al (see Lemma 5). Thus yA + (1—v)A — BCTB' <
—al,i.e., yA— BCtB' < —al — (1 —v) A. Since a > 0, for ~ sufficiently
close to 1 the matrix —al — (1 — ) A is negative definite and consequently
vA — BCT B’ < 0 that implies that @ belongs to the class of Theorem 2 (see
Lemma 5).



3 Complete quadratic return

This section is devoted to studying the complete quadratic case:

q(z,y) = (z,9)Q(z,y) + (a,b) (z,y) + k. (4)

Here, the operator (3) acts on the space of functions f(z) = ’Hx + h'z + .
In addition to T, we shall introduce the operator Tt:

(Tof)(x) = sup [(z,y)'Q(x,y) + Bf(y)] (5)

yeR™

where it is acting over the purely quadratic function f.
The next theorem gives the relationship between the pair 7" and Ty. In
order to obtain this result we need an additional assumption given below:

A) the Euler equation of problem (1) admits at least one stationary solution,
that is to say, some T exists such that

Dyq(z, %) + BD1q(z,7) = 0 (6)

Proposition 3 If assumption (A) holds, then for any quadratic fized point
' Hz of T, there exists at least one quadratic function o' Hx + h'x +~ which
18 a fized point of T'. More precisely the quadratic function is

(z—2)H(x—7) +u'(z — &) + ——q(Z, T)

where T satisfies (6) and uw = 2AZ + 2BZ + a.

4 Proofs

This section is dedicated to the proofs of the statements claimed in Sections
2 and 3. We need several lemmas and properties both of algebraic nature and
on dynamic optimization. It will be essential to provide as well a contraction
theorem which will be used in the proofs.



4.1 Algebraic properties

Lemma 4 A is a matriz belonging to Sym-(n), c is a vector of R"* — {0}
and f(z) = 32’ Az — dz. If L = sup,eqn f(2) < 400 then L = maxepn f(z).

Proof. Since f(z) is concave, a stationary point is a maximum. The first
order condition is Az = ¢ or equivalently c€eR(A).

Let us suppose for absurd that the maximum is not achieved. This implies
c¢R(A). Since it holds R(A) = N(A)*L, c¢ N (A)L . Therefore, there will exist
an element zo € N(A) such that dzg # 0. If we now consider the vectors
T = Azg, we have f(z) = 22/Az — dz= —Ac'my. But this function is not
bounded when A\ € R. This contradicts the assumption made and thus the
lemma is proved. W

The next proposition provides a characterization of the quadratic form
(z,y)' Q (z,y) by means of the elements of the partitioned matrix.

Lemma 5 The quadratic function (z,y) Q (z,vy) is concave iff matriz C is
negative semidefinite, A — BCTB' is negative semidefinite and R(C) D
R(B'). 1t is (a,0)-concave for some real number v > 0 iff in addition
A — BC* B’ is negative definite.

Proof. We only prove the second part of the lemma. The quadratic function
will be (a, 0)-concave if and only if the following inequality holds

k' Ak + h'Ch + 2k'Bh < —a |k|® (7)

v (k,h) € R

From (7) with £ = 0, it follows ’Ch < 0 and therefore C' is negative
semidefinite.

Let us calculate maxy, k' Ak + h'Ch + 2k'Bh. First of all, R(C') D R(B’)
is a necessary condition in order that the superior is finite. The maximum
value can easily be written down through the pseudoinverse matrix C*. In
fact we get:

max k' Ak + h'Ch + 2k'Bh = k' [A— BC*B'| k.
Thus the (7) becomes k' [A — BC*B'|k < —a|k|* and this last inequality

amount to saying that A — BCt B’ is negative definite. It should be noted
that the first part of lemma is obtained by setting « = 0. W
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4.2 Dynamic Programming

We collect here the main properties related to infinite horizon problem (1)
and which are extensively exploited throughout the paper. For more details
we refer to STOKEY ET ALII [7]. We underline that all these properties hold
under very general assumptions made on the return ¢ (z,y). One must only
postulate that the objective series is well defined and the value function is
finitely valued. However, in our case ¢ (z,%) = (z,y)' Q (x,y) this happens
to be true. In fact, q(xs, 241 1) < 0 and thus the series 2% q(zy, 411) 3 is
well defined and non-positive. Hence v(z) < 0. Furthermore, by evaluating
the objective functional along the sequence (x,0,0,0...) we can infer that
v(z) > o’ Az regardless to the value of the discount factor. Consequently, the
value function v(z) is finitely-valued independently of the discount factor.

We must recall two properties of the operator (3) . First, 7' is monotonic,
ie., T'f <Tg,if f <g.Second, T is convex. That to say:

Tlaf+(1—-a)g]|<aTf+(1—a)Tg

for o € [0, 1].
In fact, we have

Tlaf+(1—a)g](z) = sup [g(z,y) +aBf(y) + (1 — ) Bg(y)] =

yeR™
= sup lagq(z,y) + aBf(y) + (1 — ) q(z,y) + (1 — a) Bg(y)] <
<a sup lq(z,y) + Bf(y)] + (1 —a) sup lq(z,y) + Bg(y)] =

— a(Tf)(@) + (1 - a) (Tg)(x).
An other useful property will be frequently invoked is the following [5]:

Proposition 6 Let some function v (x) satisfy the following properties:
1. Tv <v';
2. liminf, o, Bt (2;) < 0 for each feasible sequence;
8. 3020 (@, T41) B < v (x0), Yo € R™ and for each feasible sequence;

4. the function w(z) = lim,, oo(T™v ) (x) is a fized point of T’
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then w is the value function of (1) .

Whenever ¢ (z,y) in (1) is quadratic, 7" sends quadratic functions to
quadratic functions. Below we formulate a sharper statement.

Lemma 7 The Bellman operator (3) sends the cone Sym_(n) into the in-
terval [A, A — BC*TB'].

Proof. Let f(z) = 2/Hz, with H € Sym_(n). The supremum of (3) is
attained in view of Lemma 4. We have (T'f)(x) = 2’ Az —2'B(C+ H)" B'x.
Moreover (T'f)(z) > 2’ Az because B(C' + GH)" B’ is negative semidefinite.
Since T' is monotonic, (T'f)(z) < (T0)(x) = 2'(A — BCTB’)x and hence T
sends Sym_(n) into interval [A,A — BC*tB'|. A

4.3 Thompson metric and contraction property

We present a contraction theorem which uses Thompson’s distance. We must
first add some more notation.

Two functions f,g € K_(Y)—{0} are said comparable if two real numbers
a, > 0 exist such that af < g < gf.

If f and g are comparable, we define

M(f|g)=inf{a>0;9=af}.
The Thompson’s distance is given by

d(f,g) =max{ln M(g | f), mM(f|g)}.

We refer to THOMPSON [8] for further details. The following theorem
[4] is a contraction theorem valid for a certain class of operators acting over

K.(Y).

Theorem 8 Let [fo, fi] be an interval of K_(Y) — {0}, with fy and f1 two
comparable functions. If T is an operator mapping [fo, f1] into itself, having
the following two properties:

1. T is monotonic, i.e., f < g implies Tf <Tg, for all f, g € [fo, f1],
2. T(af+(1—a)fi) <aTf+(1—a)Tf forael0,1] and f € [fo, f1],

11



then T turns out to be a contraction for Thompson’s distance. More
precisely, d(Tf,Tg) < ~d(f,g) holds for all f and g in [fo, f1], where v =
l—pt<landp=Mfol| fr)

The two assumptions postulated in the previous theorem hold for the
Bellman operator 7. We saw that T is monotonic. Moreover, the convexity
property of T implies assumption 2. It should be noted that all what will
be needed in the present paper is inclosed in the next corollary that can be
easily derived from Theorem 8 (see [4]).

Corollary 9 Under the same conditions of Theorem 8, T has an unique
fixed point f*. For any initial condition f € |[fo, f1], the sequence T™f of
iterates converges uniformly to f*, i.e., | T™f — f*|| — 0.

We need to add an important remark. Theorem 8 is valid for functions
fo, f1 € K-(Y) — {0}. Indeed, in our applications fy, f; are quadratic func-
tions. In other words, fo, f1 € Sym_ (n). It should be noted that every thing
has unchanged and of course the fixed point f* is a quadratic function as
well. All this follows from the fact that the subset [fo, fi] N Sym_ (n) is a
complete subspace of [fo, fi] with respect of Thompson’s distance.

4.4 Proofs of theorems

Lemma 10 Given the iterative process Hy,+1 = T H,,, with Hy € Sym_ (n),
if N(Hy) D Ng and Hy < Hy, then after a finite number i of steps, H,, €
Sym_(n; Ng), Ym > 4. If H; is the first matriz belonging to Sym_(n; Ng),
then it follows that TH € Sym_(n; Ng) for each H < H; .

Proof. Since H; < H,, it follows that H,,,1 < H,,, YVm , from the mono-
tonicity of 7. From this last inequality we get N(H,,11) C N(H,,), Ym.
Hence an index 7 exists such that N'(H;) = N(H;;1) = ... = M. Moreover,
the vector space N'(H,,1) can be defined as

N(Hpir) ={z e R"; 3y € N(H,) s.t. (z,y) e N(Q)}.

In fact, 2’ Hyp10 = supyepn [q(z,y) + By’ Hyy]. Now, if for one 2 we have
H,, ;12 = 0, Lemma 4 implies that some y exists for which ¢(z,y) = 0 and
v H,,y = 0.
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Hence the vector space M satisfies the following property: © € M —
Jy € M such that (z,y) € N(Q). Therefore, M C Ng.

Being N'(Hy) D Ng, let us prove that N'(H,) D Ng, Vm > 0, by
induction. Let N(H,,) D Ng. If z € Ny, then some y € Ng C N(H,,)
exists such that ¢(x,y) = 0. But ' H,,y = 0, hence it follows z'H,, .1z = 0,
i.e. © € N(Hps1). Thus N(Hpq1) D Ng and the induction argument is
concluded.

From the previous property, we infer that M O Ng and thus M = Ng.
So that, after a finite number i of steps, H,, € Sym_(n; Ng), Vm > i.

Let us now prove the second part of this lemma. If H < H; then TH <
H;y < H;. Therefore N(TH) C Ng. Since H € Sym_(n; Ng) , then
N(TH) D Ng and this shows that TH € Sym_(n; Ng). R

Lemma 11 If M is a vector subspace, any two elements H and K of
Sym_(n; M) are comparable.

Proof. The proof will be an immediate consequence of the following prop-
erty. Let H be a negative semidefinite matrix with N(H) = M and

(1, pi2, -, i, 0) be its eigenvalues with g < po < ... < pg < 0 and k < n.
If P denotes the orthogonal projection on the subspace M+~ then, obviously,
N(P) = M. By the diagonalization method, it is possible to prove that for
any z the following inequalities hold:

|| Pall® < o' He < gy || Pzl

From this we infer that any H € Sym_(n; M) is comparable to —P'P,
since it holds that u || Pz|* = — ||z’ P'Pz. ®

Proof of Theorem 1: Let us take Hy = 0. By virtue of Lemma 10,
we have H; = T°0 € Sym_(n; Ng) for some index i. Let ¢ = p(A) be the
spectral radius of A. Consider the matrix —oP'P € Sym_(n; Ng), where P
is the orthogonal projection on Né (see proof of Lemma 11).

Let us show that the Bellman operator T' sends the interval [—o P’ P, T"0|
into itself. In fact, if H € [-oP'P, T'0], then N(H) = Ng. Now, since
H <T0,TH < T"'0 < T%. Moreover we know that TH > A > —oI and
this last property means that all the eigenvalues of T H are greater than —o.
By Lemma 11 it follows that TH > —oP'P and this proves the invariance
of the interval [—o P'P, T"0].
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By Theorem 8 we can conclude that 7" is a contraction and consequently
a unique fixed point H* exists within [—oP'P, T"0).

Considering the sequence 70, this converges uniformly to the fixed point
H* respect to the Thompson metric. Therefore, in view of the Proposition
6, 2’ H*x turns out to be the value function. This proves (ii).

It is also straightforward to show that H € Sym_(n; M) for some M.
Let us prove that H < H*. For any given x,, if H satisfies the Bell-
man equation then some z; exists such that 2y H o = q(xo,21) + B2, H ;.
By iterating this procedure, a sequence of vectors is obtained for which
aoH g = Zé\g}l q(ze,2041) B* + BNy H oy < Zi\gol q (24, 7141) B Con-
sequently zhH xo < SNt q (24, 2041) B¢ < 2y H*zo and (iv) is proven.

Now, let us prove (iii), i.e., the existence of a unique fixed point of T’
in Sym_(n; Ng). If, for absurd, another fixed point H; would exist then we
have H; < H*. Therefore T would map [H;, H*] into itself. Therefore T
would result a contraction but this leads to an absurd.

Point (v) is a direct consequence of Lemma 10. It should be noted that
optimal solutions exist since liminfy .o, BV z\yH*zxy < 0 (see STOKEY ET
Arm [7]). 1

Proof of Theorem 2 It will be sufficient to prove that the matrices A
and A—BC™ B’ are comparable so that the assert will be a direct consequence
of the Corollary 9.

In fact, A < A — BCTB'. In addition, by Lemma 5 it follows that
vA—BC* B’ must be negative semidefinite and hence A—BCTB’' < (1—7)A.
Therefore the matrix A and A — BCt B’ are comparable and this concludes
the proof. R

Proof of Proposition 3. Use the linear translation (z,y) = (§,7n) +
(h,h). The (4) becomes

(&n)'Q(&n) + (2Ah+ Bh +a)’¢ + (2B'h +2Ch + b)'n + ~ (8)
where v = q(h, h). Since the Euler equation (6) turns into:
(2B'z +2Cz +b) + B(2A% + 2BT +a) = 0,

if we define u = 2AZ + 2BZ + a, then 2B'Z + 2C% + b = —fu. Therefore,
if the translation is made with A = Z, the (8) becomes (£,7)'Q(&,n) + w'€ —

Bu'n 47y — By where v = 7 — (7, that is 7 = v/(1 — ).
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Now, let H be a fixed point of the Ty Bellman operator (5) that is,

¢HE = SUD, cn {(&T})/Q(f, n) + ﬁn’ﬁn} . By adding ' + 7 to the left and
the right-hand sides we obtain

§HEFUEHT = sup [(§,n)'QUEm) +wE = fuln+7 = 57+ B0l Hn +u'n+7)] .

Hence the quadratic function & H £+ /'€ +7 turns out to be a fixed point of
T which becomes (x —z)H(z — Z) + u'(z — T) + ﬁ’y, coming back to the
old variables (z,y). This completes the proof. B
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