
A piecewise smooth model of evolutionary game for residential mobility and
segregation
D. Radi, and L. Gardini

Citation: Chaos 28, 055912 (2018); doi: 10.1063/1.5023604
View online: https://doi.org/10.1063/1.5023604
View Table of Contents: http://aip.scitation.org/toc/cha/28/5
Published by the American Institute of Physics

Articles you may be interested in
Relativistic quantum chaos—An emergent interdisciplinary field
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 052101 (2018); 10.1063/1.5026904

Impacts of opinion leaders on social contagions
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 053103 (2018); 10.1063/1.5017515

Several reverse-time integrable nonlocal nonlinear equations: Rogue-wave solutions
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 053104 (2018); 10.1063/1.5019754

Tuning the synchronization of a network of weakly coupled self-oscillating gels via capacitors
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 053106 (2018); 10.1063/1.5026589

Analytical connection between thresholds and immunization strategies of SIS model in random networks
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 051101 (2018); 10.1063/1.5030908

Optimal control of networks in the presence of attackers and defenders
Chaos: An Interdisciplinary Journal of Nonlinear Science 28, 051103 (2018); 10.1063/1.5030899

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1523730078/x01/AIP-PT/PI_ChaosArticleDL_WP_042518/large_banne_PI.JPG/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Radi%2C+D
http://aip.scitation.org/author/Gardini%2C+L
/loi/cha
https://doi.org/10.1063/1.5023604
http://aip.scitation.org/toc/cha/28/5
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.5026904
http://aip.scitation.org/doi/abs/10.1063/1.5017515
http://aip.scitation.org/doi/abs/10.1063/1.5019754
http://aip.scitation.org/doi/abs/10.1063/1.5026589
http://aip.scitation.org/doi/abs/10.1063/1.5030908
http://aip.scitation.org/doi/abs/10.1063/1.5030899


A piecewise smooth model of evolutionary game for residential mobility
and segregation

D. Radi1,a) and L. Gardini2,b)

1Department of Economics and Management, University of Pisa, via Cosimo Ridolfi, 10, 56124 Pisa, Italy
2Department of Economics, Society, Politics, University of Urbino, via Aurelio Saffi, 2, 61029 Urbino, Italy

(Received 25 January 2018; accepted 10 April 2018; published online 24 May 2018)

The paper proposes an evolutionary version of a Schelling-type dynamic system to model the pat-

terns of residential segregation when two groups of people are involved. The payoff functions of

agents are the individual preferences for integration which are empirically grounded. Differently

from Schelling’s model, where the limited levels of tolerance are the driving force of segregation,

in the current setup agents benefit from integration. Despite the differences, the evolutionary model

shows a dynamics of segregation that is qualitatively similar to the one of the classical Schelling’s

model: segregation is always a stable equilibrium, while equilibria of integration exist only for

peculiar configurations of the payoff functions and their asymptotic stability is highly sensitive to

parameter variations. Moreover, a rich variety of integrated dynamic behaviors can be observed. In

particular, the dynamics of the evolutionary game is regulated by a one-dimensional piecewise

smooth map with two kink points that is rigorously analyzed using techniques recently developed

for piecewise smooth dynamical systems. The investigation reveals that when a stable internal

equilibrium exists, the bimodal shape of the map leads to several different kinds of bifurcations,

smooth, and border collision, in a complicated interplay. Our global analysis can give intuitions to

be used by a social planner to maximize integration through social policies that manipulate people’s

preferences for integration. Published by AIP Publishing. https://doi.org/10.1063/1.5023604

Residential segregation is observed in many metropolitan

areas of the western society despite people express their

preferences for integration. The dynamic models pro-

posed by Schelling, see, e.g., Schelling (1969, 1971), pro-

vide a theoretical explanation for the discrepancies

between macro patterns of segregation and individual

preferences for integration. Schelling’s models are based

on tolerances and on the threshold behavior according to

which people change the residential location if the racial

composition of the district crosses the threshold level of

tolerance and enter otherwise.

In the current paper, we propose an evolutionary

version of the Schelling’s neighborhood tipping model

where agents decide their residential location according

to their individual distributions of preferences which rep-

resent their payoff functions. Agents’ location decision is

modeled by a replicator dynamics according to which

agents chase the best relative performance. Despite the

differences with the Schelling’s models, our evolutionary

game shows patterns of segregation that are similar to

the segregation dynamics of the Schelling’s models. In

fact, it shows that segregation, despite being a suboptimal

equilibrium of the game, is stable and a racially diverse

neighborhood is possible only for peculiar configurations

of the distributions of preferences and, even when it

exists, it is highly sensitive to parameter variations and

initial conditions. Then, our analysis provides an evolu-

tionary justification to the segregation dynamics observed

in reality, showing that segregation can arise also through

the so-called spiteful behaviors, see, e.g., Hamilton

(1970), according to which segregation damages all

agents but it takes place because it offers a comparative

advantage to one of the two ethnic groups.

Compared to the two-dimensional dynamical

Schelling’s neighborhood-tipping model, see, e.g., Bischi

and Merlone (2011), the evolutionary game that we pro-

pose leads to a one-dimensional map. Thus, it is easier to

study, although it is a continuous and piecewise smooth

map with two kink points which highly influence the

observed dynamics.

We investigate the existence of the possible fixed

points (equilibria of segregation and of non-segregation)

of the map and their local/global stability, as well as

robustness both in the phase space and in the parameter

space determined by two kink points of the map. We

show that only one equilibrium of non-segregation can be

stable. However, also when all the equilibria of non-

segregation are repelling, interesting integrated dynamics

may exist, consisting in attracting periodic orbits or

bounded aperiodic dynamics in a specified interval. We

describe the relevant bifurcations depending on two kink

points of the map, both smooth and non-smooth, that is,

transitions related to border collision (BC) bifurcations

(BCBs). By using the properties of the bimodal model, we

show relevant global bifurcations related to the fixed

points, which may be also homoclinic bifurcations.

Moreover, we show contact bifurcations which are

related to disconnected basins of attraction, as well as to

the final bifurcation (leading to no attracting integrated
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dynamics). Some new bifurcation structures due to the

interplay between smooth bifurcations and border colli-

sion bifurcations are evidenced.

I. INTRODUCTION

Residential segregation between Whites and Blacks in the

U.S. urban areas is an example of mismatch between macrobe-

havior and individual preferences, see, e.g., Schelling (1978).

Survey data show that both Whites and Blacks prefer to live in

integrated neighborhoods. The empirical investigations con-

ducted in last thirty years underline that the majority of black

people choose “half-black, half-white” as the favorite neigh-

borhood racial composition, see, e.g., Clark (1991); Davis and

Smith (1994); and Krysan and Farley (2002). The same inves-

tigations reveal that Whites have preferences for integrated

neighborhoods where they are the strict majority and only a

small minority of them indicate a segregated neighborhood as

the favorite one, see, e.g., Clark (1991) and Schuman et al.
(1997). In contrast with this revealed system of individual

preferences, residential segregation between Blacks and

Whites can be observed in many U.S. metropolitan areas

despite the latest, albeit mild, steps toward integration, see,

e.g., Clark (1991); Glaeser and Vigdor (2001); Logan et al.
(2004); Massey and Denton (1993); and Zhang (2004).

A first explanation to this counter-intuitive phenomenon

of segregation was provided by Schelling. In seminal contri-

butions, see Schelling (1969, 1971), Schelling proposed two

theoretical models that show the emergence and persistence

of residential segregation in a framework in which Blacks

and Whites have a strict preference for integration. The first

model proposed by Schelling is a spatial proximity model
since then known also as Schelling’s checkerboard model.
This microeconomic model represents one of the first exam-

ples of what nowadays are known as agent-based models,

see, e.g., Epstein and Axtell (1996). According to this model,

there are two types of agents, each of which does not tolerate

more than a certain fraction of the other type of agents living

in his/her neighborhood. Unsatisfied agents get the chance to

move to a more desirable position. The process reaches its

stationary state when everybody is satisfied with his/her allo-

cation choice. Schelling’s most striking finding is that mod-

erate preferences for same-color neighbors at the individual

level can be amplified into complete residential segregation

at the macro level. The reasons can be found in the logical
constraints originated by individual preferences for integra-

tion. The classical example is the presence of two groups of

people all agents of which want to live in a neighborhood

with a strict majority of same-color neighbors. Then, resi-

dential segregation is the only configuration that satisfies

both populations. This multiple-neighborhood model has

been studied and developed in many ways since its introduc-

tion, see, e.g., Fagiolo et al. (2007) and Zhang (2011). All

the follow-up contributions reveal insightful aspects of seg-

regation, like recent studies that show the robustness of

Schelling’s findings by proving that residential segregation

occurs even when agents have a strict preference for perfect

integration, see, e.g., Pancs and Vriend (2007). However,

due to its complicated structure, a rigorous analysis of the

model requires sophisticated mathematical tools, see Zhang

(2004).

The second model proposed by Schelling is a low-

dimensional one better known as neighborhood tipping
model and it is purely analytical. It includes two groups of

agents, one of Whites and one of Blacks. Agents in each

group choose between residing in a (possibly) mixed neigh-

borhood or living segregated. Each agent’s preferences are

used to compute threshold levels indicating the maximum

tolerated number of non-co-ethnic neighbors. The distribu-

tion of tolerances differs between Blacks and Whites and

individuals enter the district if the number of opposite-color

neighbors does not exceed the tolerance level and exit other-

wise. This driving force of the entry/exit dynamics is known

as threshold behavior and generates a segregation pattern as

the so-called neighborhood tipping process. The neighbor-

hood tipping occurs when in an all-white neighborhood, after

some Blacks move in, Whites start to move out because of

their limited level of preference for integration and Blacks,

who have a higher level of tolerance, start to move in.

Suddenly, the process of evolving into an all-black neighbor-

hood begins. Similarly, an all-black neighborhood may be

tipped into an all-white neighborhood and a mixed-race

neighborhood can be tipped into a segregated one. The

model was developed in the form of a Bayesian game with

best-reply dynamics in Dokumaci and Sandholm (2006),

where it takes the form of a two-dimensional dynamical sys-

tem in continuous time. This setting was further developed

in Bischi and Merlone (2011), where a discrete-time version,

with adaptive dynamics and entry limitations, of the game in

Dokumaci and Sandholm (2006) was proposed. A detailed

and rigorous analysis of the latter model can be found in

Radi et al. (2014a, 2014b), while its generalization to the

case of heterogeneous distributions of tolerances is proposed

in Bischi and Merlone (2011) and investigated in Radi and

Gardini (2015).

The scope of the current paper is to study the evolution-

ary stability of the segregation patterns underlined in the

Schelling’s neighborhood tipping model. To this aim, an

evolutionary game, in the form of a replicator dynamics [see

Hofbauer and Sigmund (2003) and references therein], is

proposed, where agents’ payoff functions take into account

the distributions of preferences empirically detected through

a telephone survey and reported in Clark (1991). As in the

Schelling’s neighborhood tipping model, in our evolutionary

game there are two populations of agents, one of Whites and

one of Blacks, and a single neighborhood. The composition

of the neighborhood evolves over time according to a repli-

cator dynamics, with the fraction of Whites that increases

whenever Whites’ satisfaction for the current composition of

the neighborhood is higher than Blacks’ one and decreases

in the opposite case. The equilibria of the model are segrega-

tion and the ethnic composition of the neighborhood for

which Whites’ satisfaction equals Blacks’ one. There are

two main differences with respect to the classical tipping

model by Schelling. First of all, in building this evolutionary

game, we model peoples’ preferences for integration instead

of tolerances for unlike neighbors. Second, agents reside in
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the neighborhood as long as their level of satisfaction is

higher than the one of the members of the other population,

despite their tolerance level may be exceeded. Then, in the

classical Schelling model, it is the more tolerant population

that can penetrate and tip the composition of the neighbor-

hood. Differently, in the current model, people adopt a

social-learning scheme, see, e.g., Bossan et al. (2015), and to

reside in a neighborhood it is not only a matter of single-

agent attitudes towards integration but also a matter of being

more satisfied with the current ethnic composition of the

neighborhood, than the other ones are. Therefore, in our evo-

lutionary setup, it is the population that has a higher level of

satisfaction that can penetrate and tip the composition of the

neighborhood.

The analysis reveals that integration is possible only for

certain configurations of the individual preferences. It occurs

when Blacks’ satisfaction for living in an integrated neigh-

borhood where the Whites are a large majority is higher than

Whites’ one. The composition of a racially mixed neighbor-

hood can be stable over time, and it is the case of an equilib-

rium of integration, or not, which is the case of a periodic

or aperiodic attractor of integration. Notwithstanding the

existence of an equilibrium representing an integrated neigh-

borhood, the risk of segregation always persists and the

occurrence of global bifurcations can substantially reduce

the set of initial conditions from which a pattern of integra-

tion originates. In fact, an all-white neighborhood represents

a stable equilibrium for any configuration of the distributions

of preferences consistent with the empirical observations

illustrated in Clark (1991). This occurs because Whites,

unlike Blacks, have positive preferences for living segregated.

On the contrary, an all-black neighborhood is a stable equili-

brium only when Blacks have higher preferences than Whites

for neighborhoods with a large majority of Blacks. Another

distinctive feature of our model is the equilibrium composition

of the integrated district which, when it exists and is stable,

includes a larger majority of Whites. This seems to be consis-

tent with the empirical data provided by the U.S. Census

Bureau. [See, http://www.census.gov/mycd/.]

The segregation patterns and the global dynamics of our

evolutionary game are similar to the ones of the Schelling’s

neighborhood tipping model. As in the Schelling’s model,

the risk of segregation cannot be eliminated, integrated resi-

dential patterns are inherently sensitive to small variations in

the distributions of preferences and in the initial composition

of the neighborhood, and segregation is attainable despite

being highly undesirable at the individual level. In fact, the

distributions of preferences of our evolutionary game under-

line that an equilibrium of residential integration can be at

the same time the social optimum and unstable. On the con-

trary, an equilibrium of segregation can be at the same time

the least-optimal one and stable. In this case, the segregation

pattern is driven by the so-called spiteful behaviors, see, e.g.,

Hamilton (1970), which occurs when a player undertakes an

action because it damages the others more than it damages

himself. Together with the threshold behavior introduced by

Schelling, this spiteful behavior, typical of the evolutionary

games, provides a game-theoretic justification on individual

grounds for the patterns of residential segregation that are

empirically observed.

A social planner that wants to maximize integration can

benefit from the global analysis of our model. The normative

relevance is mainly focused on how to shape the distribution

of preferences of the populations to achieve integration.

Social events, education for integration, and many other ini-

tiatives or social policies can change people’s preferences

for living in an integrated or segregated district. Our analysis

provides indications of the effectiveness of these activities,

how they should be tuned and their possible achievements. A

further normative issue concerns how to calibrate and when

to stop a reward scheme aimed to incentivize people to move

to live in an integrated neighborhood.

As already remarked, the evolutionary game here pro-

posed takes the form of a continuous and piecewise smooth

one-dimensional map, with two kink points which highly

influence the system dynamics. We shall perform a detailed

analysis of the possible fixed points of non-segregation, and

the related local/global stability, showing that only one equi-

librium of integration can be attracting. Moreover, when the

equilibrium is repelling, interesting integrated dynamics may

exist, and we describe some relevant bifurcations depending

on two parameters (the two kink points of the map).

Since the map is piecewise smooth, standard smooth
bifurcations may occur besides the border collision bifurca-
tions (BCBs for short henceforth). [Following the term intro-

duced by Nusse and Yorke, see Nusse and Yorke (1995).] In

particular, we prove that the appearance of equilibria of

non-segregation can occur only via fold BCBs and only one

of them can be asymptotically stable. It may lose stability

through a smooth flip bifurcation (also s-flip for short) and

complicated integrated dynamics can occur.

The bifurcations occurring in maps of this kind, unimo-

dal or bimodal, are different from those occurring in smooth

systems and are characterized by an interplay between

standard smooth bifurcations and border collisions (as we

shall also see in our dynamic model). For example, a cycle

which undergoes a border collision may lead to a cycle of the

same period (in which case, we call it persistent BC) or to an

attracting cycle of different period or directly to a chaotic

attractor (in which case, we have a BCB), and we shall see

several occurrences of this kind, investigating the dynamics

associated with a two-dimensional parameter plane.

A further characteristic of piecewise smooth systems is

that a chaotic attractor [which in one-dimensional continuous

maps are given by an interval or k–cyclical intervals, see, for

example, Avrutin et al. (2014b)] may be persistent under

parameter variations. Following the terminology adopted in

Banerjee et al. (1998), this phenomenon is called robust
chaos and it cannot occur in smooth systems. Our system is

piecewise smooth and the numerical investigation shows

robustness of the complex dynamics. Also, the appearance of

repelling equilibria via fold BCBs may lead directly to

bounded, but periodic or aperiodic, robust integrated

dynamics.

Recall that the investigation of the dynamic result of a

BC of a fixed point or of a k–cycle of a map can take advan-

tage of the skew-tent map as a normal form. In short, the
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relevant information is the slope of the function that defines

the dynamic model on the left and right sides of the fixed

point which undergoes collision with one kink point.

Similarly holds for the BC of a k–cycle, considering the k–th

iterate of the map in the involved kink point (for which it

corresponds to a BC of a fixed point). The result of a BC in

this case can be described by using the two slopes, see

Maistrenko et al. (1998), the survey Sushko et al. (2016a)

and references therein. The skew-tent map as a normal form

is also useful in a bimodal system, as shown for the bimodal

piecewise linear case in Panchuk et al. (2013).

The remainder of the paper is organized as follows.

Section II constructs the evolutionary model of segregation

starting from empirical data. Section III presents the analyti-

cal results about the equilibria of the model with special

emphasis on the role of the distributions of preferences. The

system can have at most three equilibria of integration, and

at most one can be attracting and may become repelling via

smooth flip bifurcation. The global scenarios that can occur

are classified in four different types, for each of which we

determine the characteristics. The more interesting (and diffi-

cult one) is Scenario 4 related to three equilibria of non-

segregation. This scenario is investigated in Sec. IV, where

we present a global analysis of the dynamics that underlines

the sensitivity of the integration patterns to both parameters

and initial conditions. We investigate the local/global stabil-

ity of the relevant equilibrium of non-segregation, or differ-

ent bounded integrated dynamics, describing the structure of

the basins of attraction of the attracting sets. We show that

disconnected basins of attraction appear via global bifurca-
tions. That is, through a transition which is not related to the

eigenvalues of the cycles, but to the global character of the

map via the kink points and their images (also called critical

points), mainly when they merge with a periodic point.

Section V concludes.

II. MODEL SETUP

The residential mobility of Whites and Blacks is driven

by the presence of like-color neighbors. Some white people

like to live in a district where 10% of the population is black,

others in a district where 20% of the population is black, and

so on. The same occurs for the black people. A telephone

survey conducted in the USA, and reported in Clark (1991),

aims to describe these preferences. The survey is based on

the simple question “What mixture of people would you pre-
fer? Would you prefer a neighborhood that is… (combina-
tions of 100% white, 90% white, and 10% black, and so on
through 100% black were read to respondents).” Answering

this question, a citizen of a city specifies his/her ideal com-

position of a neighborhood. This information is used to

obtain two distributions of preferences, one for Whites and

one for Blacks, for the ethnic composition of the neighbor-

hood. The empirical investigation reveals that Blacks and

Whites have heterogeneous preferences for integration.

These distributions of preferences are used as a proxy to

obtain two continuous functions which depend on the frac-

tion of Blacks in the neighborhood that we denote by x
2 ½0; 1� and represent agents’ satisfaction. The one of Whites

is a bimodal function. It has a first peak in x equal to zero,

which means that Whites have positive preferences for living

in a district populated by like-color neighbors only, a second

peak in x¼ dR, where dR is a positive value less than 0.5,

which indicates that Whites like to live in a district in which

they are the strict majority, it has a relative minimum point

in x¼ dL, with dL< dR, and it values zero in correspondence

of a neighborhood populated by Blacks only, i.e., Whites do

not like leaving in districts populated entirely by Blacks.

Concerning Blacks, the empirical distribution of preferences

for integration is a unimodal function. It has a peak in x¼ d1,

where d1� 0.5, and it values zero in correspondence of seg-

regated neighborhoods. This means that Blacks like to live in

an half-white, half-black district.

As the level of integration is only one of the many fac-

tors that influence the residential mobility of agents, we fol-

low Zhang (2004) and we assume that an agent’s payoff

(utility) has two parts: an endogenous term, Wð�Þ for Whites

and Bð�Þ for Blacks, that depends on how many like-color

neighbors he/she has in the neighborhood, and an exogenous

term d that captures the value of other relevant characteris-

tics of the neighborhood. [Many other neighborhood charac-

teristics beyond race and ethnicity influence the residential

choice of individuals, see, e.g., Harris (1999).] The parame-

ter d is assumed to be independent across agents, i.e., it is the

same for Whites and Blacks. [Zhang, see Zhang (2004), indi-

cates that the agent’s payoff can be interpreted as how much

he/she likes to pay for a residential location in a neighbor-

hood.] Let us point out that Wð�Þ and Bð�Þ reflect at the same

time the distributions of preferences for other-color neigh-

bors and the weight that these distributions have on the resi-

dential choice of Whites and Blacks, respectively. In

accordance to the empirical observations in Clark (1991), we

assume that Wð�Þ is a non-negative piecewise linear bimodal

function of x given by

W xð Þ ¼
WL xð Þ ¼ aLxþ lL; 0 � x � dL;

WM xð Þ ¼ aMxþ lM; dL � x � dR;

WR xð Þ ¼ aRxþ lR; dR � x � 1;

8><
>: (1)

and

aL < 0; 0 < lL; 0 < dL < dR < 0:5;

aR < 0; lR ¼ �aR; aLdL þ lL > 0;
(2)

while the other two parameters of the middle branch WMðxÞ
are imposed in order to ensure the continuity condition of

WðxÞ at the kink points dL and dR. This leads to

aM ¼
lR � lL þ aRdR � aLdL

dR � dL
;

lM ¼
aR � aLð ÞdLdR þ lLdR � lRdL

dR � dL
:

(3)

These assumptions ensure that WðxÞ is downward sloping in

ð0; dLÞ and ðdR; 1Þ, while it is upward sloping in ðdL; dRÞ;
Wð1Þ ¼ 0 and WðxÞ is non-negative in ½0; 1�. Instead, follow-

ing again the empirical evidences in Clark (1991), we

assume that Bð�Þ is a piecewise linear unimodal function of x
given by:
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B xð Þ ¼
BL xð Þ ¼ ax; x � d1

BR xð Þ ¼ ad1

1� d1

1� xð Þ; x > d1;

8<
: (4)

where

a > 0; d1 ¼ 0:5: (5)

These assumptions ensure that BðxÞ is upward sloping in

ð0; 0:5Þ, downward sloping in ð0:5; 1Þ, non-negative in ½0; 1�,
and Bð1Þ ¼ Bð0Þ ¼ 0. The condition d1 ¼ 0:5 is justified by

empirical evidences, nevertheless other values of d1 would

not change the results that follow as long as the condition

dL < dR < d1 is satisfied.

Following an evolutionary approach and considering a

single neighborhood, at each interval of time the number of

Whites that choose to leave in the neighborhood is propor-

tional to the previous-period payoff of those Whites who

lived there. The same occurs for the Blacks. Then, the frac-

tion of Blacks in the neighborhood is updated accordingly.

In particular, considering a neighborhood with a fraction of

Blacks at time t 2N equal to xt, we assume that xt evolves

over time according to the following one-dimensional piece-

wise smooth map:

xtþ1 ¼ T xtð Þ; where

T xtð Þ :¼ xt

B xtð Þ þ d

B xtð Þxt þ 1� xtð ÞW xtð Þ þ d
: (6)

The dynamic equation (6) is a so-called replicator dynamics

(commonly adopted in evolutionary game theory and popu-

lation dynamics to describe the Darwinian selection of spe-

cies and in economics as a strategy selection mechanism,

see, e.g., Hofbauer and Sigmund (2003) and reference

therein) according to which the fraction of Blacks in the

neighborhood increases as long as their payoff (satisfaction

with the current composition of the neighborhood), which is

given by BðxtÞ þ d, is higher than the payoff of the Whites,

which is given by WðxtÞ þ d, and decreases in the opposite

case. Then, the model describes the dynamics of integration/

segregation in an evolutionary fashion with Blacks and

Whites who have heterogeneous preferences for integration.

The role played by these preferences can differ between

Blacks and Whites and it is possible to represent a different

degree of importance of the ratio of color-like neighbors in

the decision process between the two groups of people by

shaping the two payoff functions in different ways, i.e., by

tuning the parameters of the function BðxÞ and WðxÞ in such

a way that one is much larger than the other in relation to d
(without loss of generality, in all the figures of the paper we

have used d¼ 0.1).

In Figs. 1 and 2, we show some of the possible shapes of

functions WðxÞ; BðxÞ, and TðxÞ to be commented in the

following.

III. PROPERTIES OF THE MAP

Map T in (6) is to be considered in I¼ [0, 1]. Values of x
out of such interval are not of interest for the considered

application. Let us point out that BðxÞ � 0 and

WðxÞ � 0 8x 2 ½0; 1�. It follows that map T is invariant in I:
T(I)¼ I. Then, we are interested in the fixed points of TðxÞ
inside I. To this goal, we focus on the subspace ð0; d1Þ of I,
in ðd1; 1Þ there are not isolated fixed points as we will see

later, and we shall denote as left, middle, and right branch of

map T those defined in the intervals JL ¼ ð0; dLÞ; JM

¼ ðdL; dRÞ, and JR ¼ ðdR; d1Þ, in which the piecewise smooth

map T is smooth. That is, the intervals separated by the kink

points of T, as they will turn to be the relevant ones in

describing the dynamics of the map.

From the definition of map T, it is immediate to see that

x�0 ¼ 0 and x�1 ¼ 1 are fixed points [since by construction

Tð0Þ ¼ 0 and Tð1Þ ¼ 1] and clearly represent equilibria [in

this paper, we use equilibrium as synonymous of fixed point]

of segregation (all Whites in x�0 and all Blacks in x�1). While

an internal fixed point x� satisfies the equality Bðx�Þ
¼ Wðx�Þ and represents an equilibrium of non-segregation

(or equivalently an equilibrium of integration). [Thus the

intersection points of the two functions BðxÞ and WðxÞ in

ð0; 1Þ represent equilibria of non-segregation.] It results that

according to the shape of the distribution of preferences of

the two populations, we can or we cannot have fixed points

in ð0; 1Þ. And in any case, they may be at most three, more

properly, at most one in each of the intervals separated by

the kink points of the map, as it is specified in the following

Theorem.

Theorem 1. Given map T as defined in (6) and the
parameter conditions (2), (3), and (5), x�0 ¼ 0 and x�1 ¼ 1 are
always fixed points of the map. Moreover,

(1) Each open interval in which map T is smooth, either
is filled with fixed points or at most one fixed point
of non-segregation can exist. In particular, the
points

x�n ¼
ln

a� an
; for n 2 L;M;Rf g (7)

are fixed points of non-segregation when x�n 2 Jn.

(2) If Bðd1Þ > Wðd1Þ, then at least one fixed point of T in
ð0; 1Þ exists. Specifically:
(2a) If WðdLÞ > BðdLÞ and WðdRÞ > BðdRÞ, then x�R

¼ lR

a�aR
2 ðdR; d1Þ is the only fixed point of non-

segregation;
(2b) If WðdLÞ > BðdLÞ and WðdRÞ < BðdRÞ, then

x�M ¼
lM

a�aM
2 ðdL; dRÞ is the only fixed point of

non-segregation;
(2c) If WðdLÞ < BðdLÞ and WðdRÞ > BðdRÞ, then the

three fixed points of non-segregation in (7)

exist;
(2d) If WðdLÞ < BðdLÞ and WðdRÞ < BðdRÞ, then

x�L ¼
lL

a�aL
2 ð0; dLÞ is the only fixed point of non-

segregation.
(3) If Wðd1Þ > Bðd1Þ, then the map has either no fixed points

of non-segregation or two fixed points of non-
segregation. Specifically:

(3a) If BðdLÞ < WðdLÞ, then either no internal fixed
point exists or ½d1; 1� is filled with fixed points;
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(3b) If BðdLÞ > WðdLÞ, then map T has two fixed points
of non-segregation given by x�L ¼

lL

a�aL
2 ð0; dLÞ

and x�M ¼
lM

a�aM
2 ðdL; dRÞ.

Proof. By construction x�0 ¼ 0 and x�1 ¼ 1 are two fixed

points of T, while for the internal fixed points let us point out

that Tðx�Þ ¼ x�, with x� 2 ð0; 1Þ, implies Wðx�Þ ¼ Bðx�Þ.
From the linearity of BðxÞ and WðxÞ in the intervals Jn for

n 2 L;M;Rf g and ðd1; 1Þ, it follows that in each of them the

map T has either one fixed point or no fixed point, or the

fixed points fill the interval. Solving for BðxÞ ¼ WðxÞ the

first point of the theorem follows and, in particular, we have:

• In JL ¼ ð0; dLÞ; x�L ¼
lL

a�aL
� 0 (since aL < 0 < a) is a

fixed point of map T if and only if x�L 2 ½0; dL� (square

brackets are used thanks to the continuity of BðxÞ and

WðxÞ in ½0; 1�), from which we obtain the existence condi-

tion lL � ða� aLÞdL [or equivalently BðdLÞ � WðdLÞ];
• In JM ¼ ðdL; dRÞ, if aM 6¼ a then x�M ¼

lM

a�aM
is a fixed point

of map T if and only if x�M 2 ½dL; dR�, from which

we obtain the existence condition dL <
lM

a�aM
< dR. The

inequalities are satisfied in only two cases: either a > aM;
lM > 0 and 0 < ða� aMÞdL < lM < dRða� aMÞ [equiva-

lently 0 < BðdLÞ < WðdLÞ < WðdRÞ < BðdRÞ� or a < aM;
lM < 0 and 0 > dLða� aMÞ > lM > dRða� aMÞ [equiva-

lently WðdRÞ > BðdRÞ > BðdLÞ > WðdLÞ > 0]. Moreover,

for lM ¼ 0 and a ¼ aM, we have BðxÞ ¼ WðxÞ 8x 2 ½dL;
dR�, then the fixed points of T fill the segment ½dL; dR�;

• In JR ¼ ðdR; d1Þ; x�R ¼
lR

a�aR
is a fixed point of map T if and

only if x�R 2 ½dR; d1�, from which we obtain the existence

conditions dR <
lR

a�aR
< d1, which, since lR > 0 and aR

< 0 < a, are satisfied in only one case: ða� aRÞdR < lR

< d1ða� aRÞ [or equivalently BðdRÞ < WðdRÞ and Wðd1Þ
< Bðd1Þ];

• In ½d1; 1�, since Bð1Þ ¼ Wð1Þ, by linearity of BðxÞ and

WðxÞ in this interval, we have that there are no other inter-

section points [as it must hold either BðxÞ < WðxÞ or

BðxÞ > WðxÞ 8x 2 ½d1; 1Þ], or BðxÞ ¼ WðxÞ 8x 2 ½d1; 1�,
i.e., a continuum of fixed points fills the interval.

Since Wðd1Þ > Bðd1Þ implies WðdRÞ > BðdRÞ, points 2

and 3 of the theorem follow. �

Thus, the fixed points of non-segregation, when existing

and in finite number, can be three, two, or one. Moreover,

they may represent stable configurations of the population of

the district where the number of Blacks is always less than

half of the total population of the district. Then, although

Blacks and Whites can cohabit in a district, we expect that

the configuration of the population is such that the Whites

are the majority and the Blacks are the minority. The alterna-

tive is either segregation, a district populated by either all

Whites or all Blacks, or bounded dynamics (such as periodic

or aperiodic orbit) internal to ð0; 1Þ. In the latter case, despite

the absence of stable equilibria of non-segregation, some

level of integration is achieved. However, it is the local (and

global) stability properties of these internal fixed points and

FIG. 1. In the left column, the two

payoff functions: BðxÞ in black and

WðxÞ in blue. In the right column, the

graph of map T. In both columns, red

dots indicate the kink points dL, dR,

and d1. The black dots are the attract-

ing fixed points and the empty dots are

the repelling fixed points. The blue

interval is the basin of attraction of the

equilibrium of segregation x�1, the

orange interval is the basin of attrac-

tion of the equilibrium of segregation

x�0. First row, Scenario 1 in Theorem 2,

parameters: a¼ 0.7, aL ¼ �0:3; aR

¼ �0:8; lL ¼ 0:4, dL¼ 0.2, and

dR¼ 0.4. Second row, Scenario 2 in

Theorem 2, parameters: a¼ 0.9, aL

¼�0:3; aR¼�0:8, lL¼0:4, dL¼0.2,

and dR¼0.4.
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internal attractors that indicate the real possibility of integra-

tion between the two populations. The following Theorem

provides a general statement that describes some possible

scenarios of integration/segregation and indicates under

which condition an equilibrium is locally stable.

Theorem 2. Given map T as defined in (6) and the
parameter conditions (2), (3), and (5), the fixed point of seg-
regation x�0 ¼ 0 is always locally stable and the following
scenarios may occur.

• Scenario 1: If there are no internal fixed points, then x�0 is
globally attracting and x�1 is repelling;

• Scenario 2: If there is a unique internal fixed point of

non-segregation x�n ¼
ln

a�an
2 Jn, for n 2 L;M;Rf g, then it

is necessarily repelling and it separates the basins of
attraction of the locally attracting fixed points of segrega-
tion x�0 and x�1;

• Scenario 3: If there are two internal fixed points of non-
segregation, i.e., x�L and x�M, then x�L is repelling, the fixed
point of segregation x�0 is locally attracting, the second
fixed point of segregation x�1 is repelling, while x�M is
locally stable for T0ðx�MÞ � �1, and it may lose stability
via a smooth flip bifurcation (occurring when T0ðx�MÞ
¼ �1);

• Scenario 4: If there are three internal fixed points of non-
segregation, then x�L and x�R are repelling, the fixed points
of segregation x�0 and x�1 are locally attracting, while x�M is
locally attracting for T0ðx�MÞ � �1, and it may lose

stability via a smooth flip bifurcation (occurring when
T0ðx�MÞ ¼ �1).

Proof. By straightforward calculations, we obtain

T0ðx�0Þ ¼
d

lL þ d
2 0; 1ð Þ; (8)

so that x�0 is always locally attracting. Moreover, from

Theorem 1, it follows that the number of internal fixed points

can be zero, as it is assumed in Scenario 1, one, as it is

assumed in Scenario 2, two, as it is assumed in Scenario 3,

and three, as it is assumed in Scenario 4. Then, let us prove

each single scenario.

For Scenario 1: Let us consider the case of no internal

fixed points, which implies BðxÞ < WðxÞ for all x 2 ð0; 1Þ. It

follows that TðxÞ < x for all x 2 ð0; 1Þ. Since T is invariant

in I ¼ ½0; 1�, then x�0 is globally attracting, i.e., it attracts all

the points in Inx�1 and x�1 is repelling.

For Scenario 2: Let x�n 2 ð0; 1Þ be the unique internal

fixed point of map TðxÞ, given by x�n ¼
ln

a�an
2 Jn, for

n 2 L;M;Rf g. Then, it must be BðxÞ < WðxÞ for all x
2 ð0; x�nÞ and BðxÞ > WðxÞ for all x 2 ðx�n; 1Þ, which implies

that x�n is a repelling fixed point, Bðx�0Þ ¼ ½0; x�nÞ is the basin

of attraction of x�0, and Bðx�1Þ ¼ ðx�n; 1� is the basin of attrac-

tion of x�1.

Before looking at Scenarios 3 and 4, let us consider the

stability properties of the three internal equilibria x�n, with

FIG. 2. The notation is as in Fig. 1.

First row, Scenario 3 in Theorem 2,

parameters: a¼ 0.7, aL ¼ �0:3; aR

¼ �1; lL ¼ 0:19, dL¼ 0.23, and

dR¼ 0.4; the green interval is the basin

of attraction of the equilibrium of inte-

gration x�M . Second row, Scenario 4 in

Theorem 2, parameters: a¼ 0.9, aL

¼�0:1, aR¼�0:75;lL¼0:05, dL¼0.2,

and dR¼0.25; the red interval is the

basin of attraction of the inner attrac-

tor, here a chaotic interval.
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n 2 L;M;Rf g. By straightforward calculations, we obtain

[note that at any fixed point x�n 2 Jn for n 2 L;M;Rf g it is

Bðx�nÞ ¼ Wðx�nÞ]

T0 x�n
� �

¼ 1þ x�n 1� x�n
� � B0 x�n

� ��W0 x�n
� �

B x�n
� �þ d

" #

¼ 1þ x�n 1� x�n
� � a� an

ax�n þ d
; 8n 2 L;M;Rf g; (9)

so that T0ðx�LÞ > 1 and T0ðx�RÞ > 1 always hold, i.e., both x�L
and x�R are repelling, when existing. Differently, when

Wðx�MÞ ¼ Bðx�MÞ holds it must be a < aM, and thus it is

always T0ðx�MÞ < 1, so that the fixed point x�M may be attract-

ing (if T0ðx�MÞ > �1) or repelling (when T0ðx�MÞ < �1). The

stability condition for x�M, T0ðx�MÞ > �1; holds for

a� aM � lMð ÞlM

alM þ d a� aMð Þ
> �2; (10)

and clearly we have the condition at which a smooth flip
bifurcation of x�M may occur (T0ðx�MÞ ¼ �1), given by

a� aM � lMð ÞlM

alM þ d a� aMð Þ
¼ �2: (11)

Then let us discuss Scenarios 3 and 4. For Scenario 3:

Let x�L and x�M be the only internal fixed points, which occur

for Wðd1Þ > Bðd1Þ (from Theorem 1). Then, by assumption

no other fixed points in ðx�M; 1Þ can exist and by continuity of

WðxÞ and BðxÞ in I, it follows that WðxÞ > BðxÞ for all

x 2 ðx�M; 1Þ, i.e., TðxÞ < x, which implies that x�1 is repelling.

The stability properties of the other fixed points are already

proved.

For Scenario 4: Let us consider three internal fixed

points, which holds for Bðd1Þ > Wðd1Þ (from Theorem 1).

Then, since Bð1Þ ¼ Wð1Þ and by linearity of BðxÞ and WðxÞ
in ðd1; 1Þ, we have BðxÞ > WðxÞ for all x 2 ðdL; 1Þ, i.e.,

TðxÞ > x. Since T is invariant in I ¼ ½0; 1�, the local stability

of x�1 follows. The stability properties of the other fixed

points are already proved. �

Several examples of the dynamic scenarios listed in

Theorem 2 are shown in Figs. 1 and 2, as commented below.

This Theorem underlines that there is only one equilibrium

of non-segregation, i.e., x�M 2 ðdL; dRÞ, which can be locally

stable, while the equilibrium of segregation x�0 is always

locally stable, which means that the risk of segregation can-

not be eliminated. Such equilibrium of segregation can even

be globally stable, which occurs (in Scenario 1) when there

is an unbalance distribution of preferences for integration

between Blacks and Whites, with Whites that have a higher

propensity for integration than Blacks, i.e., WðxÞ > BðxÞ
8x 2 ð0; 1Þ, see, e.g., Fig. 1(first row). In this case, the will-

ingness for integration of the Whites is much higher than the

one of the Blacks. This gap causes an incompatibility of
preferences between Blacks and Whites making segregation

the only possible outcome. Similar to what observed by

Shelling, see Schelling (1969, 1971), segregation occurs

despite being a suboptimal configuration of the population of

the district, i.e., for both Blacks and Whites the degree of

satisfaction coming from integration is higher than the

one coming from segregation. For example, according to

Theorem 2, segregation may occur for distributions of pref-

erences such that WðdRÞ > Wð0Þ and BðdRÞ > Bð0Þ, i.e.,

when both Whites and Blacks are better off in an integrated

district.

This segregation dynamics, which sounds counter-

intuitive, can take the form of what in evolutionary game

theory is called spiteful behavior, see, e.g., Schaffer (1989):

the fraction of Whites increases and the neighborhood is

tipped into a segregated one just because this trend damages

the Blacks more than the Whites themselves. In the end, it

does not matter how large is the level of satisfaction for inte-

gration of the two groups of people, as long as Whites have

relative advantage over Blacks in terms of preferences for

integration, the number of Whites in the district will

increase, and the number of Blacks will decrease. This evo-

lutionary dynamics of segregation indicates that integration

policies aimed at increasing the degree of satisfaction of

only one group of people may not produce the desired effect.

More effective are integration policies that aim to standard-

ize the desire of integration between the two populations.

Starting a comprehensive analysis of the possible pat-

terns of segregation, let us underline that the globally stable

equilibrium of segregation represents the first of the four

possible scenarios underlined in Theorem 2. The second one

occurs when WðxÞ > BðxÞ for all x 2 ð0; x�nÞ and WðxÞ
< BðxÞ for all x 2 ðx�n; 1Þ, where x�n, for n 2 L;M;Rf g, is the

unique fixed point of non-segregation, see an example in Fig.

1(second row). In terms of preferences for integration, the sec-

ond scenario describes a situation in which a district populated

mainly by Whites is preferred by Whites more than by

Blacks. On the other way, a district populated by Blacks is

preferred by Blacks more than by Whites. Theorem 2 specifies

that this configuration of preferences can only lead to segrega-

tion. Depending on the initial configuration of the population,

segregation where either Whites or Blacks live in the district

is the final outcome of the residential patterns.

So far, we have underlined that the individual preferen-

ces for integration are the main driving forces of segregation.

However, there are configurations of preferences, consistent

with the empirical observations in Clark (1991), which can

admit forms of integration. It is the case of Scenario 3

described in Theorem 2, where Whites have preferences

higher than Blacks for a district populated in large majority

by Blacks, WðxÞ > BðxÞ for all x 2 ðx�M; 1Þ, while Blacks

prefer a district populated in a certain measure by a mixture

of the two populations more than Whites, WðxÞ < BðxÞ for

all x 2 ðx�L; x�MÞ. This configuration of preferences allows to

have integration. Nevertheless, the empirically observed pos-

itive preferences of Whites for living in a district populated

by color-like neighbors only and the zero preference that

Blacks have for such a configuration makes sure that a dis-

trict populated by Whites is always a possibility (recall that

x�0 is always locally attracting) and the risk of segregation

cannot be eliminated, see, e.g., Fig. 2(first row).

The fourth scenario in Theorem 2 is the more compli-

cated and uncertain one. In this case, Blacks have a prefer-

ence higher than Whites for districts populated mainly by
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Blacks, while Whites have a higher preference than Blacks

for district mainly populated by Whites. This configuration

guarantees that segregation, either all Whites or all Blacks,

can occur depending on the initial conditions. Nevertheless,

Blacks have preferences higher than Whites for districts with

a certain mixture of the two populations, say BðxÞ > WðxÞ
for all x 2 ðx�L; x�MÞ, and the situation is reversed when the

percentage of Blacks grows, say WðxÞ > BðxÞ for all

x 2 ðx�M; x�RÞ. Depending on the initial state, this configura-

tion of preferences can allow to have an integration pattern.

The attracting set can take the form of a fixed point of non-

segregation, or of periodic orbits (i.e., k-cycles with k> 1),

or of a set with complex behaviors. See, e.g., Fig. 2(second

row) and Fig. 3(b). Let us point out that periodic orbits as

well as chaotic ones mean that in the long run the composi-

tion of the neighborhood is always changing, with Blacks as

well as Whites that continuously enter and exit the neighbor-

hood. Moving in and out is a costly activity and it requires

time; however, this is not an issue as the unit of time can be

defined in accordance with the social changes described by

the model.

Theorem 2 provides useful insights of how different

configurations of the individual preferences for integration

are responsible for the emergence of residential patterns of

integration/segregation. The information included in this the-

orem can be used to generate guidelines indicating for which

configurations of the distributions of preferences, i.e., the

third and the fourth scenarios, integration can occur.

Nevertheless, in the third and fourth scenarios, the integra-

tion can be threatened by the configuration of the basins of

attraction, as well as by the regions in the parameter space

related to stability of the non-segregation fixed point x�M and

local or global bifurcations that make integration very sensi-

tive to variations in the initial conditions and in the parame-

ter values of the model. Moreover, map T can generate

complicated dynamics and unexpected results, which are,

however, related to integration. In the following, a global

analysis of the dynamics allows us to assess the fragility of

the residential patterns of integration and a comparison with

the segregation dynamics of the Schelling’s model under-

lines the robustness of our results.

IV. THE FRAGILE PATTERNS OF INTEGRATION:
BIFURCATION STRUCTURE AND GLOBAL
DYNAMICS OF THE MODEL

The two theorems of Sec. III determine the conditions

for the existence and local stability of the equilibria of map

T, but it is clearly of interest to investigate the dynamic

behaviors and local as well as global bifurcations that may

occur, as some parameters of the model are varied. Before

analyzing the possible paths and bifurcation diagrams, let us

describe the bifurcations that regulate the transitions between

the four scenarios indicated in Theorem 2.

As we have seen from Theorem 1, a fixed point may

belong to any one of the intervals JL ¼ ð0; dLÞ; JM

¼ ðdL; dRÞ, and JR ¼ ðdR; d1Þ. The endpoints of the intervals

are the kink points and thus are considered as special cases.

That is, whenever a kink point is also fixed, respectively,

periodic of any period, then a border collision is occurring to

the fixed point, respectively, to the cycle.

First notice that from Scenario 1 without internal equi-

libria, the appearance of the repelling fixed point x�R can

occur only via a degenerate bifurcation of x�1. That is, a

transition from repelling to attracting via a segment of fixed

points (case 3(a) in Theorem 1), occurring when Wðd1Þ
¼ Bðd1Þ, that is, for

aL ¼ �
ad1

1� d1

; (12)

which also implies WðxÞ ¼ BðxÞ for any x 2 ½d1; 1�.
While from point 1 in Theorem 1 it follows that the

appearance/disappearance of a pair of fixed points (x�L and

x�M or x�M and x�R) cannot occur via a smooth fold bifurcation
(since it would lead to a pair of equilibria in one interval Jn,

for some n, which cannot occur), but only via a fold BCB

involving either the kink point dL, occurring when WðdLÞ
¼ BðdLÞ and related to the pair of fixed points x�L and x�M, or

FIG. 3. Graph of map T at a¼ 0.9, aL ¼ �0:1, aR ¼ �0:75; lL ¼ 0:05, and dL¼ 0.3 with dR¼ 0.46 in Panel (a), dR¼ 0.44 in Panel (b), and dR¼ 0.4 in Panel

(c). In all panels, black dots are the locally attracting fixed points, empty dots are the repelling ones, and red dots represent the kink points dL, dR, and d1.

Moreover, the green region is the basin of attraction of the equilibrium of integration x�M , the blue region is the basin of attraction of the equilibrium of segrega-

tion x�1, and the orange interval is the basin of attraction of the equilibrium of segregation x�0.
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the kink point dR; occurring when WðdRÞ ¼ BðdRÞ and

related to the pair of fixed points x�M and x�R. Summarizing, a

fold BCB can occur in two cases:

(i) Via a contact in dL when WðdLÞ ¼ BðdLÞ, at which

TðdLÞ ¼ dL holds (i.e., dLða� aLÞ ¼ lLÞ, leading to

the condition of fold BCB

F� BCBL : dL ¼ dFB�L :¼ lL

a� aL
; (13)

at which the two equilibria of integration x�L and x�M
merge with dL and appear/disappear.

(ii) Via a contact in dR when WðdRÞ ¼ BðdRÞ, at which

TðdRÞ ¼ dR holds (i.e., dRða� aRÞ ¼ �aR), leading to

the condition of fold BCB

F� BCBR : dR ¼ dFB�R :¼ �aR

a� aR
; (14)

at which the two equilibria of integration x�M and x�R
merge with dR and appear/disappear.

As an example, we can see in Fig. 3(a), a unique internal

fixed point x�L 2 JL which is repelling (from Scenario 2 in

Theorem 2). Here, reducing the parameter dR, a fold BCB

occurs in the kink point dR, after which a pair of new internal

fixed points appear on the opposite sides of dR, see Fig. 3(b).

The bifurcation analysis so far conducted underlines that

when there is a unique equilibrium of non-segregation (nec-

essarily repelling, see again Scenario 2 in Theorem 2), then a

new pair of internal fixed points can occur only via a fold
BCB. As recalled in the Introduction, it is also possible to

detect the local stability/instability of the fixed points related

to a fold BCB. In fact, by using the right and left slopes of

the function TðxÞ at the kink point involved in the fold BCB,

it is possible to determine whether a fold BCB leads to a pair

of unstable internal fixed points or to an attracting x�M (as the

other equilibrium of integration is necessarily repelling, see

Theorem 2). In particular, in case (i) where WðdLÞ ¼ BðdLÞ
and the border collision condition dLða� aLÞ ¼ lL holds,

the right derivative of the function TðxÞ in dL is

T0þ dLð Þ ¼ 1þ dLð1� dLÞ
a� aM

adL þ d
; where

aM ¼
�aRð1� dRÞ � adL

dR � dL
:

(15)

Thus, for T0þðdLÞ > �1 [resp. T0þðdLÞ < �1], the fixed point

x�M appears attracting (resp. repelling).

Similarly, in case (ii) where WðdRÞ ¼ BðdRÞ and the bor-

der collision condition dRða� aRÞ ¼ �aR holds, the left

derivative of function TðxÞ in dR is given by

T0� dRð Þ ¼ 1þ dR 1� dRð Þ a� aM

adR þ d
; where

aM ¼
adR � lL � aLdL

dR � dL
;

(16)

and for T0�ðdRÞ > �1 (resp. T0�ðdRÞ < �1), the fixed point

x�M appears attracting (resp. repelling).

As specified in Theorem 2, the only equilibrium of inte-

gration that may be locally attracting is the fixed point in the

middle branch, x�M. Despite its existence and stability, the

real possibility to have integration depends on the amplitude

of its basin of attraction and on the amplitude of its exis-

tence/stability region in the parameter space (that we shall

consider below). In fact, coexisting with at least one stable

equilibrium of segregation, the amplitude of the basin of

attraction of the equilibrium of integration measures the real

possibilities to observe patterns of residential integration.

Then, comparing the four scenarios listed in Theorem 2,

we conclude that the chances of residential integration are

greater in the case of Scenario 3 where, considering, for

example, the situation in Fig. 2(first row), the basin of attrac-

tion of x�M, i.e., Bðx�MÞ ¼ ðx�L; 1Þ with x�L < 0:5, covers more

than half of the state space ½0; 1�.
The basin Bðx�MÞ of x�M (assuming it is attracting) is

reduced in the case of Scenario 4, since at most it is given by

the interval Bðx�MÞ ¼ ðx�L; x�RÞ. Considering, for example, the

situation in Fig. 3(b), the equilibrium of integration x�M is sta-

ble but its basin of attraction, Bðx�MÞ ¼ ðx�L; x�RÞ, is smaller

than half of the state space ½0; 1�.
Let us further point out that in Scenarios 3 and 4 the pos-

sibilities of integration may decrease because disconnected

basins of attraction appear through global bifurcation which

may occur when a critical point (image of finite rank of a

kink point) merges with a fixed point, also called contact
bifurcation. This kind of bifurcation changes the structure of

the involved basins of attraction. For example, considering

the case shown in Fig. 2(second row), we can see the basin

Bðx�0Þ ¼ ½0; x�LÞ, while ½x�L; x�R� is an invariant interval (since

TðdLÞ < x�R and TðdRÞ > x�L) with non-segregated dynamics

inside. If the parameters are changed so to get TðdRÞ ¼ x�L
(contact bifurcation) after which TðdRÞ < x�L, then the inter-

val ½x�L; x�R� is no longer invariant and Bðx�0Þ expands includ-

ing also infinitely many intervals inside ðx�L; x�RÞ. One more

example is shown in Fig. 3. In Fig. 3(b), we can see the

basins Bðx�0Þ ¼ ½0; x�LÞ; Bðx�MÞ ¼ ðx�L; x�RÞ, which is an invari-

ant interval (since TðdLÞ < x�R), and Bðx�1Þ ¼ ðx�R; 1�. In Fig.

3(c), as a consequence of the contact bifurcation occurring

for TðdLÞ ¼ x�R, we have TðdLÞ > x�R and the basin Bðx�1Þ
expands, including a sequence of infinitely many intervals in

½x�L; x�R� accumulating to x�L, so that the set of initial condi-

tions ultimately leading to segregation increases.

The above examples refer to cases of Scenario 4, for

which there are three internal fixed points of non-segregation,

x�L (repelling), x�M and x�R (repelling), and both contact bifur-
cations (with the local maximum TðdLÞ and the local mini-

mum TðdRÞ) can occur, also one after the other, expanding

both the basins of segregation [Bðx�0Þ and Bðx�1Þ] and there-

fore reducing the possibility of integrated dynamics.

Differently, in the case of Scenario 3 when there are two

internal fixed points of non-segregation, x�L (repelling) and

x�M, see an example in Fig. 2(first row), we have only two

basins of attraction: Bðx�0Þ ¼ ½0; x�LÞ and the basin of bounded

dynamics ðx�L; 1Þ, which includes all the points having non-

segregated behavior. In fact, the limit set of the trajectories in

ðx�L; 1Þ can include cycles, that is periodic orbits, as well as

aperiodic ones, but always inside the interval ðx�L; TðdLÞÞ
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(since necessarily TðdLÞ > x�M). Thus, the transition to dis-

connected basin may occur only via the transition TðdRÞ0x�L.

The following theorem indicates the conditions related

to the occurrence of the contact bifurcations TðdLÞ ¼ x�R
and TðdRÞ ¼ x�L associated with disconnected basins of

attraction.

Theorem 3. Consider map T as defined in (6) and the
parameter conditions (2), (3), and (5), then:

1. In the case of Scenario 3 in Theorem 2, the basins of
attraction are disconnected if TðdRÞ < x�L. Moreover,
TðdRÞ ¼ x�L occurs for dR ¼ dCB�R, where

dCB�R ¼
d aL � að Þ þ 2lLaR þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d a� aLð Þ � 2lLaR

� �2 þ 4lL a� aLð Þaþ lL aR � að Þð Þ d� aRð Þ
q

2 a� aLð Þaþ lL aR � að Þð Þ
: (17)

2. In the case of Scenario 4 in Theorem 2, the basins
of attraction are disconnected if at least one of
the two inequalities TðdRÞ < x�L and TðdLÞ > x�R

holds. TðdRÞ ¼ x�L occurs for dR ¼ dCB�R given
in (17), while TðdLÞ ¼ x�R occurs for dL ¼ dCB�L

where

dCB�L ¼
d aR � að Þ � aR aL � lLð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d a� aRð Þ � aR lL � aLð Þ
� �2 � 4aR a2 � aRaLð Þ lL þ dð Þ

q
2 a2 � aRaLð Þ : (18)

Theorem 3 underlines that the structure of the basins of

attraction of map T may be not so simple as reported in Fig.

2(second row). In the example shown in Fig. 3(c), where

there are three internal fixed points of non-segregation, x�M is

attracting, but TðdLÞ > x�R and thus the basins Bðx�MÞ and

Bðx�1Þ are no longer connected. They are given by infinitely

many disjoint intervals accumulating to x�L. The immediate

basin of x�M is now bounded by x�R and its rank-1 preimage

x�;�1
R , i.e., is given by the interval ðx�;�1

R ; x�RÞ, and the total

basin Bðx�MÞ consists in this interval and all its preimages of

any rank. Similarly, the basin Bðx�1Þ includes the interval

ðx�R; 1� as well as infinitely many disjoint intervals, preimages

of ðx�R; TðdLÞ� accumulating to x�L.

Due to the disconnected basins of attraction, the possibil-

ity of residential segregation increases and the possibility of

integration can even reduce to zero. In the cases of Scenario

4, bounded integrated dynamics certainly exist when the

interval ½TðdRÞ; TðdLÞ� is invariant (and thus Bðx�0Þ ¼ ½0; x�LÞ
while Bðx�1Þ ¼ ðx�R; 1�Þ). Clearly, the fixed point of non-

segregation x�M may lose stability through a smooth flip bifur-
cation, and different attracting sets may appear inside the

absorbing interval ½TðdRÞ; TðdLÞ� in which the restriction of

the map has a bimodal shape. As a function of the parameters,

one of the two contact bifurcations indicated in Theorem 3

may generate disconnected basins of attraction, but still with

some bounded attracting sets of integrated dynamics. When

also the second one occurs (i.e., when both the two inequal-

ities TðdRÞ < x�L and TðdLÞ > x�R hold), then the second con-

tact has the effect of a final bifurcation since inside the

interval ½TðdRÞ; TðdLÞ� (no longer absorbing) only unstable

sets are left, i.e., periodic or aperiodic repellors. Thus, the

invariant set of integration has a stable set of zero measure.

As in the classical Schelling’s model, disconnected

basins of attraction occur when the heterogeneity in the dis-

tributions of preferences for integration of the two groups of

people increases and this reduces the possibility to have a

pattern of integration.

The sensitivity of the model to parameter configurations

is another fundamental aspect that influences integration.

The amplitude of the stability region for the equilibrium of

residential integration in the parameter space of the model is

a second index of the robustness of dynamic patterns of resi-

dential integration. Bifurcation diagrams are a useful tool to

study this aspect, both one-dimensional, showing the state xt

as one parameter is varied, and two-dimensional, showing

the bifurcation structure of the model as a function of two

relevant parameters.

So, provided a short overview of the bifurcations that

occur in piecewise smooth systems, we study the dynamics

of our model when the equilibrium of segregation x�M loses

stability, which is essential to have a glimpse into the seg-

regation patterns and to understand the robustness of the

solution of integration. To investigate this aspect, let us

consider the example of Scenario 4 in Fig. 3(b) in which

x�M is stable and there are three internal fixed points and

let us vary the two kink points dL and dR. The two-

dimensional bifurcation diagram so obtained is shown in

Fig. 4, where clearly only the region below the main diago-

nal is to be considered, i.e., the region ðdR; dLÞj0:5 � dR

�
> dL � 0:1g. In this region of the parameter space, we can

study the transition from Scenario 4 to Scenario 2, or the

vice versa, and the bifurcations that occur in these two sce-

narios, while Scenarios 1 and 3 cannot occur for these val-

ues of the parameters.
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In Fig. 4, the yellow color represents points of the vector

ðdR; dLÞ of parameters related to convergence to the fixed

point x�1, while the blue color represents convergence to the

fixed point x�0 which we know are always coexisting attrac-

tors for the values of the parameters we are considering. For

this constellation of the parameters, from (14) we have that

the fold BCB occurs with the kink point dR at the value

dFB�R ¼ 0:45 (see the vertical line marked as F� BCBR in

Fig. 4). Decreasing dR and crossing this line, we have the

appearance of two internal fixed points x�R and x�M. As we

know, the first one is always repelling, while x�M may be

either attracting or repelling, depending on the value of the

left derivative in (16). We shall come back to the cases

related to both repelling fixed points below; let us first ana-

lyze the case related to a stable fixed point of integration.

For parameter points in the green colored region of

Fig. 4, the fixed point x�M is attracting and it coexists with the

two stable equilibria of segregation x�0 and x�1 [as in the situa-

tion shown in Fig. 3(b)]. The basins of attraction of these

three equilibria may be simply connected or not. As specified

in Theorem 3, to have simply connected basins, the map must

be invariant in the interval ½x�L; x�R�, i.e., Tð½x�L; x�R�Þ 	 ½x�L; x�R�,
which implies dL < dCB�L and dR < dCB�R. Thus, coming

back to our example, in the green region below the line dL

¼ dCB�L (see the line TðdLÞ ¼ x�R in Fig. 4), the basins are

connected and given by Bðx�MÞ ¼ ðx�L; x�RÞ; Bðx�0Þ ¼ ½0; x�LÞ,
and Bðx�1Þ ¼ ðx�R; 1�, while for dL > dCB�L in the green region

the basins are given as in the example shown in Fig. 3(c), i.e.,

Bðx�0Þ ¼ ð0; x�LÞ while Bðx�MÞ and Bðx�1Þ consist of infinitely

many disjoint intervals, which accumulate to x�L.

Starting in the green region and crossing its upper

boundary (see the curve “s-flip x�M” in Fig. 4), the fixed point

x�M becomes unstable via a smooth flip bifurcation.

Numerical investigations indicate that the bifurcation is a

supercritical flip, leading to an attracting cycle of period 2,

with periodic points in the middle branch, say MM cycle,

whose border collision with a kink point is indicated by the

line “BC 2-cycle” in Fig. 4 and will be commented below.

To better illustrate the occurring bifurcations, let us

consider some one-dimensional bifurcation diagrams as

functions of dL. The one reported in Fig. 5 illustrates the

asymptotic dynamics of the model when dL varies along the

red line in Fig. 4, at dR¼ 0.25 fixed. The ones in Fig. 6 show

the asymptotic dynamics of the model when dL varies along

the blue line in Fig. 4, at dR¼ 0.3 fixed, and along the dark

green line in Fig. 4, at dR¼ 0.35 fixed.

These bifurcation diagrams underline that increasing the

parameter dL, the fixed point x�M becomes unstable via a

supercritical smooth flip bifurcation, as stated above, leading

to an attracting 2-cycle with symbolic sequence MM, which

in turn undergoes a border collision due to the contact of the

smallest periodic point with the kink point dL. The effect of

this border collision depends on the two slopes of the second

iterate T2ðxÞ at the kink point dL and can be deduced by

using the skew-tent map as a normal form. From Fig. 4, we

can see that when the pink color persists, then the collision

leads to a persistent attracting 2-cycle with symbolic

sequence LM, as shown in Fig. 5, otherwise the resulting

attracting set is different. In the two cases shown in Fig. 6,

the result of the BCB of the 2-cycle is transition to 2-cyclic

chaotic intervals.

FIG. 5. One-dimensional bifurcation

diagram along the red path in Fig. 4, at

dR¼ 0.25 and dL 2 ð0:1; 0:25Þ, in

Panel (a), with enlargement, in Panel

(b). The other parameters as in Fig. 4.

FIG. 4. Two-dimensional bifurcation diagram in the parameter plane

ðdR; dLÞj0:5 � dR > dL � 0:1
� �

at a¼ 0.9, aL ¼ �0:1, lL ¼ 0:05; aR

¼ �0:75 fixed. In the blue (resp. yellow), the region in which the initial con-

dition here used converges to x�0 (resp. x�1Þ (recall that the fixed points x�0 and

x�1 are locally stable). In the green region, x�M is locally stable. The bifurca-

tion diagram has been obtained by taking an initial condition close to the

fixed point x�M when existing (i.e., for dR < dFB�R ¼ 0:45).
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The bifurcation sequence observed in Fig. 5 looks simi-

lar to those observable in the skew-tent map, but there are

important differences due to the fact that here the branches

are smooth and not linear. The 2-cycle that originates by

supercritical flip bifurcation of x�M undergoes (increasing dL)

a persistent BC [see also in Fig. 7(a)], and (further increasing

dL) a new pair of 2-cycles having symbolic sequence LR and

MR appear via fold BCB, both repelling, as shown in Fig.

7(b). As dL increases, the stable 2-cycle undergoes a second

smooth flip bifurcation through which it loses stability and

an attracting 4-cycle with symbolic sequence LMLM
appears, see Fig. 7(c), and this is something which cannot

occur in a piecewise linear map.

The attracting 4-cycle undergoes a BCB with the largest

periodic point merging with dR and this bifurcation [shown

in Fig. 8(a)] leads to a chaotic attractor, i.e., 4-cyclic chaotic

intervals. In Fig. 8(b), 4 chaotic pieces can be seen which

reduce to 2 chaotic pieces via a merging bifurcation [see

Sushko et al. (2016b)] occurring at the homoclinic bifurca-
tion of the unstable 2-cycle LM, as we can see in the enlarge-

ment of Fig. 5, and in Fig. 8(c).

The 2-cyclic chaotic intervals persist up to an expansion
bifurcation [see Avrutin et al. (2014a, 2014b) and Sushko

et al. (2016b)] which occurs when two critical points on the

boundary of the chaotic intervals merge with the repelling

2-cycle with symbolic sequence LR, as shown in the enlarge-

ment of Fig. 5, and in Fig. 9(a), involving all the three

branches below the kink point d1, leading to a one-piece

chaotic interval. The one-piece chaotic interval persists up to

the final bifurcation of the chaotic attractor, see Figs. 5(a)

and 9(b), which here occurs at the contact bifurcation
TðdLÞ ¼ x�R. This final bifurcation breaks the invariance of T
in the interval ½x�L; x�R�, see Theorem 3, whose effect is here to

destroy the attracting set in the middle branch, leading to a

chaotic repellor [see Fig. 9(c)]. Thus, for larger values of dL,

an invariant set K with chaotic dynamics exists in ½x�L; x�R�
and the two attracting sets are the equilibria of segregation,

with basins given by Bðx�0Þ ¼ ð0; x�LÞ and Bðx�1Þ ¼ ðx�L; 1�nK
which is thus characterized by a fractal boundary.

The sequence of bifurcations through which the dynam-

ics of integration change underlines that integration is quite

an unstable outcome that is very sensitive to the shapes of

the distributions of preferences. Especially, the final bifurca-
tion, through which the attracting pattern of integration dis-

appears, shows that distributions of preferences for which

three equilibria of integration exist, namely, Scenario 4 in

Theorem 2, do not ensure the possibility of an integrated

neighborhood. Thus, a social planner that wants to maximize

FIG. 7. Graphs of map T in red and in black its second iterate T2. Parameters as in Fig. 5 and dL¼ 0.165 in Panel (a): stable 2-cycle originated by smooth flip
bifurcation of x�M; dL¼ 0.167 in Panel (b): example of fold BCB through which a pair of 2-cycles appears, here both unstable; dL¼ 0.1675 in Panel (c): a stable

4-cycle originated via smooth flip bifurcation of the 2-cycle depicted in Panel (a).

FIG. 6. One-dimensional bifurcation

diagrams. In Panel (a) along the blue

path in Fig. 4, at dR¼ 0.3 and

dL 2 ð0:1; 0:3Þ. In Panel (b) along the

dark green path in Fig. 4, at dR¼ 0.35

and dL 2 ð0:1; 0:35Þ. The other param-

eters as in Fig. 4.
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integration has to be aware that people have to be educated

to integration without exacerbating people’s preferences for

racially mixed neighborhoods. In fact, extreme feelings are

responsible for overshooting dynamics, as disconnected

basins of attraction, or final bifurcations that increase the

risk of segregation.

To avoid segregation, it is important to detect the exact

value at which a final bifurcation occurs (i.e., the bifurcation

leading only to segregation as attractors) and it is not always

coinciding with the contact bifurcation TðdLÞ ¼ x�R. For

instance, the final bifurcation of the chaotic attractor in the

example shown in Fig. 6(b) is of a different type with respect

to the one illustrated in Fig. 6(a) and it occurs for larger

values of dR. In fact, it occurs after the contact bifurcation
TðdLÞ ¼ x�R which breaks the invariance of T in the interval

½x�L; x�R� (and whose effect is to modify the structure of the

basins of the two attractors different from x�0). In Fig. 10(a),

we can see that ðx�;�1
R ; x�RÞ is the immediate basin of the one-

piece chaotic attractor ½TðdRÞ; T2ðdRÞ�, and the final bifurca-
tion occurs at the contact T2ðdRÞ ¼ x�R, here also homoclinic
bifurcation of x�R, shown in Fig. 10(b), where the chaotic

interval is ½TðdRÞ; T2ðdRÞ� ¼ ½x�;�1
R ; x�R�. After the bifurcation,

a chaotic repellor K of zero Lebesgue measure remains in

the interval ½x�;�1
R ; x�R�.

This second type of final bifurcation explains also the

difference between the white and the yellow regions when

crossing the vertical line dR ¼ dFB�Rð¼ 0:45Þ in Fig. 4,

which is the fold BCB through which two more internal fixed

points x�M and x�R appear, and x�M can be either attracting or

repelling. As already remarked, crossing the vertical line

dR ¼ dFB�R and entering the green region, the fixed point x�M
is attracting. Differently, crossing the same line entering in

the white or yellow region (as in the points P1 and P2 of Fig.

4), the two new fixed points that appear at the fold BCB are

both repelling. The difference between the two transitions (to

the white or yellow region) is in the appearance of a chaotic

attractor or of a chaotic repellor, as shown in Fig. 11. In Fig.

11(a), where T2ðdRÞ < x�R, a chaotic interval ½TðdRÞ; T2ðdRÞ�
exists in ðx�;�1

R ; x�RÞ and it is attracting, while in Fig. 11(b),

where T2ðdRÞ > x�R, a chaotic repellor exists in ðx�;�1
R ; x�RÞ.

The second contact bifurcation indicated in Theorem 3

occurs at dR ¼ dCB�R, when TðdRÞ ¼ x�L, and it is relevant at

FIG. 8. Graphs of map T in red and in black its second iterate T2. Parameters as in Fig. 5 and dL¼ 0.1686 in Panel (a): BCB of the stable 4-cycle, leading to 4-

cyclic chaotic intervals shown in Panel (b) where dL¼ 0.17; dL¼ 0.1715 in Panel (c): merging bifurcation leading to two chaotic intervals, homoclinic bifurca-
tion of the 2-cycle LM at which the 4 pieces of the 4-cyclic chaotic intervals shown in Panel (b) merge.

FIG. 9. Parameters as in Fig. 5 and dL¼ 0.1777 in Panel (a): the attractor consists in one-piece chaotic interval appeared through an expansion bifurcation at

dL¼ 0.1776, homoclinic bifurcation of the 2-cycle LR after which the chaotic set expands to ½TðdRÞ; TðdLÞ�; Panel (b) at dL¼ 0.245: final bifurcation at

TðdLÞ ¼ x�R; dL¼ 0.246 in Panel (c): after the final bifurcation, almost all the trajectories in ðx�L; 1� are converging to the segregation equilibrium x� ¼ 1 except

for a chaotic repellor K of zero measure.
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low values of dR, as it is evident from Fig. 4. The bifurcation

diagram in Fig. 12(a) shows this bifurcation. Here, dL¼ 0.12

is fixed and dR varies in the interval ðdL; d1Þ. For dR slightly

larger than dCB�R, a stable chaotic interval exists. This

attracting chaotic interval appears/disappears through the

contact bifurcation occurring at dR ¼ dCB�R ¼ 0:145.

Decreasing dR (starting with dR > dCB�R), the chaotic attrac-

tor becomes a chaotic repellor on the boundary of the equi-

librium, so-called final bifurcation. Vice versa, increasing dR

(starting with dR < dCB�R), a chaotic repellor becomes a cha-

otic attractor. After the contact (here homoclinic bifurcation
of x�L), for dR< 0.145, it is the basin of attraction of x�0 which

becomes wider and with a fractal boundary. In fact, after the

contact, an invariant set K with chaotic dynamics exists in

½x�L; x�R� and the two attracting sets are the two equilibria

of segregation, with basins given by Bðx�0Þ ¼ ð0; x�RÞnK,

which is thus characterized by a fractal boundary, and

Bðx�1Þ ¼ ðx�R; 1Þ.
Let us conclude the bifurcation analysis of the model by

underlining the complex interplay between smooth bifurca-
tions and BCBs which can be appreciated from the case

shown in Fig. 12(b) with enlargement in Fig. 12(c). Here, for

dL¼ 0.18 fixed and varying dR in the interval ðdL; d1Þ, it is

shown that decreasing dR the 2-cycle MM born at the smooth
flip bifurcation of the fixed point x�M also undergoes a cas-

cade of smooth bifurcations and BCBs. Worth mentioning is

also the attracting 2-cycle LM visible in Fig. 12(b), which is

here born differently from the cases shown above, that is, via

a fold BCB of the second iterate T2 at the kink point d¼ dR

leading to a pair of 2-cycles, LM attracting [visible in Fig.

12(f)] and LR repelling, and this is typical of a bimodal map.

This repelling 2-cycle LR is also responsible of the expan-
sion bifurcation of the two-pieces chaotic attractor into a

one-piece, as shown in the inset at dR¼ 0.252.

The conducted investigation of the local and global

dynamics of the model reveals the different ways in which

stable dynamics of integration appear and evolve. That is,

fixed points of integration appear, stable or unstable, and dif-

ferent forms of patterns of integration may exist, showing

the complicated dynamics related to an integrated neighbor-

hood. These aspects have normative implications for a policy

maker that wants to promote integration. In this respect, one

aspect deserves particular attention and it is the shape of the

distributions of preferences for integration. The bifurcation

diagrams, reported and described in this section, show that

the equilibrium of integration loses stability when dL and dR

get close. This implies that the distribution of preferences of

Whites has a minimum point close to a maximum point, i.e.,

a sharp change in the degree of satisfaction for neighbor-

hoods with similar compositions of the population. In this

case, the dynamics of the model can show a fast convergence

to segregation. A route to segregation that is similar to the

FIG. 11. Parameters as in Fig. 4, dR

¼ dFB�R ¼ 0:45 and two values of the

vector ðdR; dLÞ given by P1 ¼ ðdFB�R;
0:39Þ and P2 ¼ ðdFB�R; 0:41Þ which

are indicated in the two-dimension

bifurcation diagram of Fig. 4. Panel

(a), the result of the fold BCB in P1

leading to a one-piece chaotic attrac-

tor. Panel (b), the result of the fold
BCB in P2 leading to a chaotic

repellor.

FIG. 10. Parameters as in Fig. 6 and

dL¼ 0.26 in Panel (a): disconnected

basins of two attractors consisting in

one-piece chaotic interval and x� ¼ 1;

Panel (b) at dL¼ 0.27: after the final
bifurcation occurring when T2ðdRÞ
¼ x�R, almost all the trajectories in

ðx�L; 1� are converging to the segrega-

tion equilibrium x� ¼ 1 except for a

chaotic repellor K of zero measure.

055912-15 D. Radi and L. Gardini Chaos 28, 055912 (2018)



one of the threshold behavior of the Schelling’s models. A

more even distribution of preferences for integration of

Whites may avoid such macro pattern of segregation. A find-

ing that is confirmed by empirical evidences, see, e.g., Bruch

and Mare (2006).

V. CONCLUSIONS

Residential segregation is observed in many metropoli-

tan areas of the western society despite people express their

preferences for integration. The dynamic models proposed

by Schelling, see, e.g., Schelling (1969, 1971), provide a the-

oretical explanation for the discrepancies between macro

patterns of segregation and individual preferences for inte-

gration. Schelling’s models are based on tolerances and on

the threshold behavior according to which people change the

residential location if the racial composition of the district

crosses the threshold level of tolerance and enter otherwise.

In the current paper, we propose an evolutionary version

of the Schelling’s model where agents decide their residen-

tial location according to their individual distributions of

preferences which represent their payoff functions. Agents’

location decision is modeled by a replicator dynamics

according to which agents chase the best relative perfor-

mance. Despite the differences, our evolutionary game

shows patterns of segregation that are similar to the segrega-

tion dynamics of the Schelling’s models. In fact, it shows

that segregation, despite being a suboptimal equilibrium of

the game, is stable and a racially diverse neighborhood is

possible only for peculiar configurations of the distributions

of preferences and, even when it exists, it is highly sensitive

to parameter variations and initial conditions. Then, our anal-

ysis provides an evolutionary justification to the segregation

dynamics, showing that segregation can arise through the

so-called spiteful behaviors, see, e.g., Massey and Denton

(1987).

Compared to the Schelling’s neighborhood-tipping

model, which is a two-dimensional dynamical system, see,

e.g., Bischi and Merlone (2011), the evolutionary game here

proposed takes the form of a one-dimensional map. It is con-

tinuous and piecewise smooth, with two kink points which

highly influence the observed dynamics.

We have performed the detailed analysis of the possible

fixed points of non-segregation and the related stability,

showing that only one equilibrium of integration can be sta-

ble. Moreover, when the equilibrium is repelling, interesting

integrated dynamics may exist, and we have described the

relevant bifurcations depending on two parameters (the two

kink points of the map). By using the piecewise smooth

character of the model, some bifurcations can be explained,

such as the BCBs related to the fixed points, which are

global bifurcations or homoclinic bifurcations related to dis-

connected basins of attraction, the final bifurcation (since it

leads to no attracting integrated dynamics), as well as some

FIG. 12. Bifurcation diagrams varying dR. Parameters as in Fig. 4 and dL¼ 0.12 with dR 2 ð0:12; 0:5Þ in Panel (a), dL¼ 0.18 with dR 2 ð0:18; 0:5Þ in Panel (b),

with an enlargement in Panel (c) for dR 2 ð0:283; 0:286Þ. Inset for Panel (a) at dR¼ 0.145: final bifurcation. Insets for Panel (b) at dR¼ 0.252: expansion bifur-
cation of the two-pieces chaotic attractor into a one-piece chaotic attractor, and at dR¼ 0.27: soon after the fold BCB related to a pair of 2-cycles, one attracting

and one repelling.
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new bifurcation structures still to be investigated in detail,

since the interplay between smooth bifurcations and border
collision bifurcations is a new subject which deserve atten-

tion from the Scholars.

Let us finally point out that our one-dimensional model

can be easily generalized by introducing, for example, a third

group of agents, such as the Asian or the Hispanic popula-

tion. This would be an interesting extension of the current

model that can help to shed some lights on the reasons

behind the high levels of segregation that concern the Blacks

and the small levels of segregation that involve the Hispanic

or Asian population in the U.S. metropolitan areas, see, e.g.,

Massey and Denton (1987). Sociologists ascribe the higher

level of integration of the Hispanics to their distribution of

preferences for integration that differs from the one of the

Blacks and is similar to the one of the Whites, see, e.g.,

Clark (1991). We leave for future works the description and

analysis of a model with three groups of agents, such as

Blacks, Whites, and Hispanics, which allows to verify this

conjecture at least at a theoretical level. At the same time, in

future works, the agents’ decision mechanism can be modi-

fied to take into account the costs of changing residence,

such as find a new flat to rent, modify habits, leave people,

and, eventually, this cost function can be described by an

increasing function with respect to the number of move-

ments. Alternatively, it would be interesting to consider that,

after each movement, an agent revises her/his preference, for

instance, by becoming more tolerant instead of moving

again.
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