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Abstract

We consider a growth model proposed by Matsuyama [K. Matsuyama, Growing through cycles, Econo-
metrica 67 (2) (1999) 335–347] in which two sources of economic growth are present: the mechanism of
capital accumulation (Solow regime) and the process of technical change and innovations (Romer regime).
We will shown that no stable cycle can exist, except for a fixed point and a cycle of period two. The Neces-
sary and Sufficient conditions for regular or chaotic regimes are formulated. The bifurcation structure of the
two-dimensional parameter plane is completely explained. It is shown how the border-collision bifurcation
leads from the stable fixed point to pure chaotic regime (which consists either in 4-cyclical chaotic intervals,
2-cyclical chaotic intervals or in one chaotic interval).
© 2008 Published by Elsevier Inc.
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1. Introduction

In this work we consider the model first proposed by Matsuyama in [9], which describes the
interaction of two sources of economic growth: The mechanism of capital accumulation and the
process of technical change and innovation. Matsuyama constructed a one-dimensional dynamic
model described by two different functions, each of which characterizes a different regime: The
Solow regime, with high rates of growth, no innovations and a competitive market structure, as
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in the neoclassical model, and the Romer regime, with low rates of growth, innovations and a
monopolistic market structure, as in the neo-shumpeterian model. In this model the dynamics
often alternates between the two different regimes: There is a trade off between growth and
innovation. Analytically the model is represented by a piecewise smooth unimodal map, xt+1 =
φ(xt ), where the function φ(x) is given by

φ(x) =
{

f (x) = Gx1− 1
σ if 0 < x < 1 (Solow regime),

g(x) = Gx
1+θ(x−1)

if x > 1 (Romer regime)
(1)

with θ = (1 − 1
σ
)1−σ , and σ > 1. The independent variable xt corresponds to the independent

variable kt in the original paper [9], that is, xt = Kt

NtσFθ
where Kt stands for capital, Nt the

number of types of intermediate goods introduced up to time t , and F is some constant. The
output Yt is related to the amount of capital Kt , and the available types of intermediates, Ns , 0 <

s < t , through a production function. The model is closed assuming that a constant proportion
of the output, Yt , is left to be used as capital in the next period. When the state is xt < 1 then
no innovation occurs and no new intermediates are introduced, the vice versa takes place in the
case xt > 1. The two parameters of the model are G and σ . Increasing G the gross rate of growth
changes, the fixed point from the Solow region (0 < x < 1) enters the Romer region (x > 1)
and for σ > 2 is destabilized. The parameter σ denotes the demand elasticity of the intermediate
good (and the monopoly margin), and also has a meaning in determining the share of labor ( 1

σ
).

Matsuyama in [9] proved that the model may have stable or unstable equilibria, and that the
dynamics may oscillate alternatively between the Solow regime and the Romer regime, when
there is a stable 2-cycle. It was also shown that the 2-cycle may loose its stability, leading to dif-
ferent dynamic behaviors, when the parameter G belongs to the range (1, (θ −1)). The feasibility
of growing through 2-cycles at rates faster than at the steady state was also established therein.
The author also suggested that complex dynamic behaviors may occur, although a 3-cycle cannot
exist.

This kind of dynamics stimulated further researchers: Mitra in [10] proves that topological
chaos may occur in (1), at least when the parameter σ is quite high (he gives an example with σ =
50). The sufficient condition in the theorem proved in [10] is that the third iterate of the maximum
is a point below the fixed point of the Romer regime. This condition, in other words, is exactly
the condition for which the fixed point has homoclinic trajectories.1 The example proposed by
Mitra occurs at a high value of σ , while following Matsuyama the range of plausible values of σ

is (5,20) (and as the most feasible value he suggested σ = 6). Then Mukherji in [11] showed
that the condition for topological chaos may be satisfied also at lower values of σ (with respect
to the one, 50, used by Mitra), giving an example at σ = 22. He also investigated the stability of
the existing 2-cycle (giving the range of parameter values at which it is stable), suggesting that
the transition to chaos may occur via the standard period-doubling bifurcation sequence, writing
about a stable 4-cycle found after the destabilization of the 2-cycle, which we show not possible.

As we shall see in the present paper, the only stable cycles of the model in (1) are fixed points
and 2-cycles. Any other existing cycle is unstable. So, what is the transition to chaos occurring
in the model in (1)? It cannot be the standard flip-bifurcation sequence because stable cycles of
even period, different from a 2-cycle, cannot occur. The object of the present work is to clarify
completely the bifurcation conditions and the bifurcation mechanism occurring in this model,

1 This condition implies topological chaos, that was proved by Devaney in [2], see also a different proof by Gardini
in [4].
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showing that indeed, for G ∈ (1, (θ − 1)) the alternatives between the Solow and Romer regimes
can occur in only two ways: Either the 2-cycle is stable, in which case any initial condition (i.c.
for short henceforth) different from the fixed points converges towards the 2-cycle (and thus the
Solow and Romer regimes alternate each time), or the dynamics are chaotic in the sense of “pure
chaos,” not only of topological chaos (which may also coexist with attracting cycles). However,
the economic interpretation is not lost in such chaotic regions. On the contrary, it is enforced, as
we shall clarify in the following.

In [9] and in [11] the authors emphasized that for G < 1 the Solow regime is globally stable
(except for the origin), and noticed that for G > (1 − θ) the fixed point in the Romer regime is
asymptotically stable and globally attracting (except for the origin). The interesting regime, not
completely understood up to now, is the interval 1 < G < (θ − 1), and nobody has commented
about the bifurcation occurring at G = 1, except to say that for G = 1 the fixed point in the
Solow regime ceases to exist. But what occurs as the value of G exceeds 1? We shall see that
indeed this is not a standard bifurcation. It is a so-called border-collision bifurcation,2 namely,
the fixed point in the Solow regime is not going to become unstable because of its eigenvalue
(and in fact also at the bifurcation value G = 1 the fixed point attracts all the points with i.c.
x > 0). It collides with the border of its region of definition (the fixed point reaches the critical
value x = 1), after which it does not exist any longer, but this collision gives rise to new dynamic
behavior for a generic trajectory. The kinds of trajectories that we can have after the globally
stable Solow regime depend on the value of the parameter σ . We shall see that at fixed G = 1 the
region σ > 1 is divided in five intervals such that the border-collision bifurcation results in five
different dynamic regimes (increasing the value of G) which are the following:

(1) an attracting fixed point in the Romer regime if 1 < σ < 2;
(2) an attracting 2-cycle if 2 < σ < σ4 � 3.825;
(3) attracting 4-cyclical chaotic intervals if σ4 < σ < σ2 � 6.123;
(4) attracting 2-cyclical chaotic intervals if σ2 < σ < σ1 � 21.231;
(5) an attracting chaotic interval if σ > σ1.

As we can see, the value σ = 6 suggested by Matsuyama belongs to the third interval as
well as the value σ = 5 used as a guiding example by Mukherji, which we also shall use in
our examples. Indeed it makes no difference. Both values of σ (5 and 6) belong to the same
interval, so the dynamic behavior of the model, as a function of G, is qualitatively the same. The
range (5,20) of plausible values of σ involves only the intervals (3) and (4) given above, and as
an example in the interval (4) we shall use σ = 15.

This work is organized as follows. In Section 2 we shall describe the dynamics of the model
and the route to chaos, following the analysis of the previous authors (in [9] and in [11]), showing
what occurs when the parameter σ is fixed and G is decreased from G = (θ − 1). Although
the bifurcations related to the fixed point and the 2-cycle have already been investigated by
other authors, here we give a different proof showing that these bifurcations are critical flip
bifurcations and also border-collision bifurcations, writing a new analytical expression of the
bifurcation curves. This technique allow us to obtain the formal expressions of all the bifurcations
curves in the two-dimensional parameter plane (G,σ ). Besides the two mentioned above (critical

2 This kind of bifurcation is a quite recent topic of research. We refer to Hommes and Nusse [6], Maistrenko et al.
[7,8], Nusse and Yorke [12,13], di Bernardo et al. [3], Banerjee et al. [1], Halse et al. [5], Sushko et al. [14,15], for some
works related to one-dimensional piecewise smooth maps.
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flip bifurcations which are also border-collision), the other two bifurcation curves are related to
homoclinic bifurcations (of the 2-cycle and of the fixed point), and their implicit equation is
given. The proof of the theorem on the border-collision bifurcation occurring in the model at
the bifurcation value G = 1 is given in Section 3, and is performed by using a standard “normal
form” already studied for piecewise linear one-dimensional maps. Section 4 concludes, showing
how the economic interpretation of the model persists. In fact, for values of the parameters in the
intervals (3) and (4), even if there are no stable cycles the dynamic behavior may be considered
predictable from a macroscopic point of view and locally subject to small random shocks. This
is because the trajectories visit 2-cyclic or 4-cyclic intervals, known in size and in sequence,
and inside them the orbit behaves as in presence of small random shocks (although the model is
completely deterministic, and no random shocks are exogenously given).

2. Properties of the model

2.1. Attracting fixed points

Let us consider the piecewise smooth map xt+1 = φ(xt ) given in (1). It is easy to see that
for 1 < σ < ∞ we have 1 < θ < e, and this is the range of interest: σ > 1. The function f (x)

on the left side (Solow regime) is monotonic increasing, because f ′(x) = G(1 − 1
σ
)x− 1

σ > 0.
It has a unique fixed point x∗

L = Gσ which exists (in its region of definition: x < 1) as long as
G < 1, and when it exists, it is always stable, as 0 < f ′(x∗

L) = (1 − 1
σ
) < 1. Furthermore, it

is globally attracting except for the origin. As the origin is always a repelling fixed point, we
have restricted our interval of interest to x > 0. As mentioned in the Introduction, at G = 1 a
bifurcation occurs, and for G > (θ − 1) the fixed point in the Romer regime (x > 1) is globally
asymptotically stable. In fact, the function g(x) defining the regime for x > 1 is monotonic
decreasing and convex (as g′(x) = − G(θ−1)

(1+θ(x−1))2 < 0, and g′′(x) > 0) and it has a unique fixed

point x∗
R = 1 + G−1

θ
which exists (in its region: x > 1) for any G > 1, but it may be stable or

unstable. From g′(x∗
R) = −( θ−1

G
) we have that it is locally stable for G > (θ − 1), and it is easy

to see that it is also globally attracting.
In Fig. 1a, we show the shape of the function φ(x) when the fixed point x∗

L is globally attract-
ing (G < 1), while in Fig. 1b, x∗

R is globally attracting (G > (θ − 1)). We also see immediately
that at the bifurcation value G = 1, when the fixed point is x∗ = 1, we have the left side deriva-
tive of the function φ′

L(1) = (1 − 1
σ
) < 1 and independently on the value of the derivative of

the function on the right, this is enough to prove that the fixed point x∗ = 1 is globally attract-
ing. In fact, any point with x > 1 is mapped in one iteration on the left side with x < 1 from
which the iterations converge (increasing monotonically) to the fixed point x∗ = 1. Similarly,
due to the monotonicity of the functions on the right side for G > (θ − 1), with g(1) = G and

g(G) = G2

1+θ(G−1)
> 1, we have that any point x ∈ (0,1) will reach the region x > 1 in a finite

number of iterations, and the region x > 1 is mapped into itself, with the fixed point globally
attracting.

2.2. Cycle of period 2

From the previous observations it follows that the interesting region is the interval 1 < G <

(θ − 1), and the dynamics of the model as G varies in this interval depend on the value of the
other parameter σ . At the bifurcation value G = (θ −1) all the points in the interval [1,G] belong
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Fig. 1. The function φ(x) with the globally attracting fixed point x∗
L

in the Solow regime at G = 0.98, σ = 5 (a), and x∗
R

in the Romer regime at G = 1.45, σ = 5 (b).

to 2-cycles (stable but not asymptotically stable). In fact, the bifurcation value G = (θ − 1) is a
critical flip bifurcation: all the points of the segments [1, x∗

R) and (x∗
R,1] are 2-cycles. We can

show this by using the change of variable which puts x∗
R in the origin. That is, let y = x − x∗

R

then

HR(y) = g
(
y + x∗

R

) − x∗
R = (1 − θ)y

θy + G
(2)

and

H 2
R(y) = HR

◦HR(y) = (1 − θ)2y

y(θ(1 − θ) + Gθ) + G2
(3)

so that at the bifurcation value G = (θ − 1) we have H 2
R(y) = y. Any i.c. with x > 0 will be

mapped into the interval [1,G] in a finite number of iterations, thus ending in a 2-cycle with
both states in the Romer regime. It was also shown in [9] that for G < (θ − 1) there exists
a 2-cycle, the dynamics “oscillate” between the Solow regime and the Romer regime, and the
dynamics of the map in (1) always belong to the absorbing interval [g(G),G]. Any point with
i.c. x > 0 will enter this interval in a finite number of iterations, from which it will never escape
since φ([g(G),G]) ⊆ [g(G),G].

The rigorous proof of the bifurcations occurring in the map in (1) are not easy, because of
the complex analytical expressions. However, a numerical proof can first be given. In Fig. 2 we
present a two-dimensional bifurcation diagram in the (G,σ )-parameter plane in which different
gray tonalities correspond to different dynamic regimes of the map (1).

Let us here consider the parameter values corresponding to the existence of a two-cycle. Since
in the Romer regime the function g(x) is decreasing and convex, we have that the first derivative
g′(x) is negative and it increases as x increases from 1 (but remaining g′(x) < 0). It follows
that if the derivative in the critical point satisfies −1 < g′(1) we must have −1 < g′(x) < 0 for
any x > 1. From the expression g′(1) = −G(θ − 1) we have that |g′(1)| < 1 whenever both
the conditions hold, G < 1 and θ � 2, which corresponds to σ � 2. Moreover, in the (G,σ )-
parameter plane the bifurcation curve of equation G = (θ − 1) issues from the point (G,σ ) =
(1,2) and is increasing and convex—as can be seen in Fig. 2 (this fact was also proven in [11]).
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Fig. 2. Orbit (or bifurcation) diagram in the (G,σ)-parameter plane. The lightest gray color corresponds to the parameter
values at which the map φ has a stable fixed point (which is x∗

L
for G < 1, or x∗

R
for G > 1, G > (θ − 1)), followed

by a strip related to the parameter values at which the map φ has an attracting cycle of period 2, and in sequence gray
tonalities correspond to 4-, 2- and one-piece chaotic intervals, respectively. The horizontal lines with arrows denote paths
followed in Figs. 6 and 7.

Thus, the line σ = 2 never intersects the bifurcation curve G = (θ − 1) (apart from the issuing
point). So, all the interesting dynamics occur at fixed values of σ with σ > 2, otherwise we must
have a stable fixed point (either on the left, if G < 1, or on the right, if G > 1). It follows that in
order to detect a stable 2-cycle we must have σ > 2, which corresponds to (θ − 1) > 1. Now let
us assume that σ > 2 is fixed and G decreases, starting from some value G > (θ − 1) for which
x∗
R is stable (see Fig. 2). Then, as we have seen above, the loose of stability of x∗

R occurs via a
critical bifurcation: At the bifurcation value G = (θ − 1) all the points of a segment are 2-cycles.
In particular {1,G} forms a 2-cycle. After the bifurcation, for G < (θ − 1), the fixed point x∗

R is
unstable. Furthermore no stable 2-cycle can exist with both the points on the right, in the Romer
regime. This is proved by the fact that we have g′(x) < −1 for all the points x in the interval
[1,G], because in the iterated map HR ◦ HR(y) we have the slope equal to 1 in all the points of
a segment (see Fig. 3a where φ(x) and φ2(x) are shown at the bifurcation value G = (θ − 1)),
while after the bifurcation (see Fig. 3b, where G < (θ − 1)) we have the slope greater than 1 in
the segment x ∈ [1,G].

This is rigorously proved by using

d

dy
H 2

R(y) = (1 − θ)2G2

[y(θ(1 − θ) + Gθ) + G2]2
= ( 1−θ

G
)2

[ y(θ(1−θ)+Gθ)

G2 + 1]2

from which we have d
dy

H 2
R(0) > 1. Moreover, from (θ − 1) > G, we have θ(θ − 1) > Gθ so that

Gθ + θ(1 − θ) < 0, and for y in a right neighborhood of 0 the denominator of d
dy

H 2
R(y) is less

than 1, and thus d
dy

H 2
R(y) > ( 1−θ

G
)2 > 1. From the considerations given above, it follows that a

unique 2-cycle exists after the bifurcation, for G < (θ − 1), with one point of the cycle in the
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Fig. 3. The functions φ(x) and φ2(x) at the critical flip bifurcation value G = (θ − 1) = 1.441408, σ = 5 (a) and after,
at G = 1.4 < (θ − 1) (b).

Solow regime and one point in the Romer regime, {xL, xR}. From stable (inside the wide region)
it becomes unstable as G decreases reaching the value G = G4 in Fig. 2. The local stability of
this unique 2-cycle was already studied in [11], and a sufficient condition for its stability is given,
depending on the points of the 2-cycle:

∣∣φ′(xL)φ′(xR)
∣∣ = x

1
σ

L (1 − 1
σ
)(θ − 1)

G2
< 1. (4)

The bifurcation occurs when |φ′(xL)φ′(xR)| = 1 in (4), once that the explicit expression of xL

is there inserted, but this is not known, thus it is difficult to obtain an explicit form. However,
a different way to get the bifurcation condition comes from considering the images of the critical
point x = 1 (or equivalently of its first iterate x = G). It can be noticed that the bifurcation
occurring at G = (θ − 1) increasing G, for the existing stable 2-cycle (with points xL < 1 < xR)

corresponds to a border-collision bifurcation: The periodic point xL merges with the critical
point x = 1, which is a 2-cycle at this parameter value. The condition G = (θ − 1) may thus be
written also as φ(G) = 1 or φ2(1) = 1, which reads explicitly also as g2(1) = 1. Similarly, at
the bifurcation in which the stable 2-cycle becomes unstable as G decreases, one might think
that a stable 4-cycle would appear. Let us first describe what occurs via an example. In Fig. 4a
(G = 1.1), we show the same example considered by Mukherji (σ = 5) at a value of G in which
the 2-cycle is stable. We can see that this corresponds to two stable fixed points for the iterated
map φ2(x). It can be also seen that the bifurcation structure is quite similar to the critical situation
occurring at the bifurcation of the fixed point. That is, as G decreases approaching the bifurcation
value, in the graph of φ4(x) two segments tend to collide with the diagonal. In fact this can clearly
be seen in Fig. 4b (G = 1.073), although the parameters are only close to the bifurcation value
and the iterations of the critical point still tend to the stable 2-cycle. The bifurcation occurs at
approximately G = 1.0725, as shown in Fig. 5a, where we have indeed that the points 1, G,
g(G), and f ◦ g(G) form a 4-cycle, and the points of the segments [g(G),1], [f ◦g(G),G] are
all fixed points for the map φ4(x) (corresponding to all 4-cycles for φ and only one 2-cycle with
periodic points approximately in the center of the two intervals). It can be noticed that at the
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Fig. 4. The functions φ(x) and φ4(x) at the parameter values G = 1.1, σ = 5 in (a) and G = 1.073, σ = 5 in (b), for
which the map φ has the attracting 2-cycle.

Fig. 5. The functions φ(x) and φ4(x) at the parameter values G = 1.0725, σ = 5, are related approximately to the critical
flip bifurcation of the 2-cycle in (a) and after the bifurcation, at G = 1.05, σ = 5, when the map φ has 4-cyclical chaotic
intervals in (b).

bifurcation value, | d
dx

φ4(x)| � 1 for all the points of the absorbing segment of the map, thus
it is impossible to get a stable 4-cycle after the bifurcation. In fact, after the bifurcation (see
Fig. 5b), also the segments previously on the diagonal now have slopes higher than 1, thus we
have | d

dx
φ4(x)| > 1 in all the points of the absorbing interval.

It turns out that a stable 4-cycle is impossible. Moreover, any cycle of any period cannot be
stable, because φ4 is expanding in the absorbing interval [g(G),G]. Instead, all the asymptotic
trajectory inside this interval tend to the unique attractor, which is chaotic and made up of 4
cyclical chaotic intervals for the map φ (corresponding to four invariant chaotic intervals for φ4),
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which are bounded by the images of the critical point, that is: φi(1) for i = 1,2, . . . ,8 (i.e.,
G,g(G), . . .). The considerations given above also show that the bifurcation condition in (4) is
equivalent to the condition φ4(1) = 1 (the critical point must be periodic of period four), which
is given by

g ◦ f ◦ g2(1) = 1. (5)

We can so state the following:

Proposition 1. The stability region of the 2-cycle of the map in (1), shown in Fig. 2, for any
fixed value σ > 2, is bounded by the curves of implicit equations g2(1) = 1 (which corresponds
explicitly to G = (θ − 1)) and g ◦ f ◦ g2(1) = 1 (implicit equation for G(σ) = G4).

The critical bifurcation of the 2-cycle (related with its stability/instability) also corresponds to
the bifurcation curve at which the 4 pieces chaotic intervals undergo a border collision bifurca-
tion, and thus the condition is obtained either from φ4(1) = 1 which corresponds to the condition
given in (5), or from the equality in (4) (but there, the coordinate of the point xL of the 2-cycle is
not analytically known). We have seen numerically that for any fixed value of σ > σ4 (� 3.825)

the equation given in (5) has a single solution, which we have called G4 in Proposition 1.

2.3. Chaotic intervals

Really the proof given in the previous subsection of the dynamics of the map is numerical, but
the slopes of the function φ4 in the absorbing interval are easy to see (as the pieces of the function
look almost piecewise linear, and it is enough to compare the slopes with the two diagonals). So
we state that also the bifurcation occurring for the attracting 2-cycle is critical (as it is proved
for the fixed point), and no stable cycle can exist. Moreover, as it is easy to see numerically, the
slopes become steepest as G further decreases towards 1, so the condition | d

dx
φ4(x)| > 1 persists

at any lower value of G up to 1. Thus no period-doubling bifurcation occurs at the 2-cycle as
G decreases, crossing through the value G = G4, at which the equation g ◦ f ◦ g2(1) = 1, or
equivalently g ◦ f ◦ g(G) = 1, holds, while chaotic regimes exist. Indeed, as we see in Fig. 2, it
is also correct to say that cycles of period three cannot exist, but the chaotic regimes exist anyhow.
As we have already mentioned in the introduction, the sufficient condition stated by Mitra in [10]
can be enforced in terms of homoclinic trajectories. Let us recall the following statement (for the
proof we refer to [2], Theorem 16.3, see also [4], Theorem 1):

Proposition 2. Let m be the unique critical point of a continuous, piecewise smooth, unimodal
map of an interval into itself, say F : I → I , F(m) maximum (resp. minimum), with a unique
unstable fixed point x∗, and a sequence of preimages of m tends to x∗. Then the first homoclinic
orbits (all critical) of the fixed point x∗ occur when the critical point satisfies F 3(m) = x∗. When
the critical point is a local maximum (resp. minimum) then for F 3(m) < x∗ (resp. F 3(m) > x∗)
infinitely many (noncritical) homoclinic orbits of the fixed point exist, and thus there is a closed
invariant set X ⊆ [F 2(m),F (m)] (resp. X ⊆ [F(m),F 2(m)]) on which the map is topologically
conjugate to the shift automorphism, and thus F is chaotic, in the sense of topological chaos
(with positive topological entropy).

In the specific case of the model in (1) this condition clearly occurs when σ is big enough (as
shown in [10] and in [11]), but we can say more. In fact, when the condition φ3(1) = x∗

R is satis-
fied we have that the map is chaotic in the whole interval [g(G),G]. It is worth noticing that the
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condition given above says nothing about the density of the chaotic set X. Indeed, X may also be
a set of points of zero measure in I , and in such a case the chaotic dynamics, although existing, is
not detectable by numeric simulations of a generic trajectory. The situation is different when the
chaotic set is an interval or cyclical chaotic intervals (as it occurs, for example, at the condition
F 3(m) = x∗ stated above, when all the homoclinic orbits of x∗ are critical). The appearance of
such full measure chaotic intervals is indeed what occurs in our model (1) whenever the fixed
point and the 2-cycle are not stable, as stated in the following

Proposition 3. For any fixed value σ > 2 when the fixed point and the 2-cycle of the map in (1)
are unstable, the attractors are full measure chaotic intervals.

In fact, the dynamics which may occur as G is further decreased below the value G = G4 are
always chaotic: After the 2-cycle, 4-cyclical chaotic intervals appear, which may merge (say at
G = G2) into 2-cyclical chaotic intervals, which in turn may merge (say at G = G1) into one
chaotic interval (see Fig. 2).

The bifurcation curve at which 4-cyclical chaotic intervals merge in pairs into 2-pieces chaotic
intervals (and vice versa) is the first homoclinic bifurcation of the repelling 2-cycle (which was
external to the four chaotic intervals). Thus we also have the condition for detecting this homo-
clinic bifurcation (Proposition 2 applied to the iterated map φ2). That is, this bifurcation occurs
when φ6(1) = (φ2)3(1) = xL in the Solow regime or, equivalently, when the fifth iterate of the
point of maximum (x = 1) merges into the periodic point xR in the Romer regime, φ5(1) = xR ,
which corresponds to

g2 ◦ f ◦ g2(1) = xR. (6)

Although it is quite complicated to find it in explicit form analytically, we have numerically seen
that for any fixed value of σ > σ2 (� 6.123) the equation given in (6) has a single solution, which
we call G2.

The 2-cyclical chaotic intervals are always bounded by the images of the critical point (now
φi(1) for i = 1,2,3,4, i.e., G,g(G), . . . , that is [g(G),g ◦ f ◦ g(G)], [f ◦ g(G),G]). However
this does not occur at the low value of σ (as σ = 5 in the above example). Indeed the chaotic
regime may not be reached either, as can be seen also from Fig. 2. The dynamic behaviors of the
map as G decreases or increases depend on the value of σ , for 2 < σ < σ4 we can only have a
stable 2-cycle and chaotic intervals never occur at any value of G, while chaotic intervals occur
for any σ > σ4.

To illustrate the dynamic behavior let us show a few figures of one-dimensional bifurcation
diagrams (or orbit diagrams) at fixed values of σ . Figs. 6, 7 show the asymptotic behavior of
the state variable x (in the vertical axis) as a function of G (in the horizontal axis). As already
remarked, it is worth noticing that whichever is the value of σ , as is easy to see from the analytical
expression of g(G), as G tends to 1 g(G) also tends to 1, so that the whole absorbing interval
[g(G),G] shrinks to one point, the point of maximum x = 1 and also maximum value G = 1
(and attracting fixed point). Each figure represents the dynamics occurring at a cross-section of
the bifurcation diagram in Fig. 2, at fixed values of σ (the cross-sections are indicated in Fig. 2 by
the straight lines with arrows). The bifurcation curves represented there, separating the different
kinds of chaotic intervals, have been done numerically, by using the analytical conditions related
with the homoclinic bifurcations of the relevant cycles. One is the equation given in (6), while
the bifurcation curve at which 2 pieces chaotic intervals merge into a single one (or vice versa
a chaotic interval splits into two cyclical chaotic intervals) occurs when the fixed point in the
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Fig. 6. One-dimensional bifurcation diagrams of the map φ. σ = 3, g ∈ [0.95,1.3], in (a); σ = 5, g ∈ [0.95,1.1], in (b).

Fig. 7. One-dimensional bifurcation diagrams of the map φ. σ = 15, g ∈ [0.95,1.2], in (a); σ = 30, g ∈ [0.95,1.8],
in (b).

Romer regime becomes homoclinic (by Proposition 2). So the condition is obtained when the
third iterate of the point of maximum (x = 1) merges into the fixed point, φ3(1) = x∗

R , which in
our case corresponds to

f ◦ g2(1) = x∗
R, (7)

i.e. f ◦ g(G) = x∗
R , and more explicitly reads as follows:

G

(
G2

1 + θ(G − 1)

)(1− 1
σ

)

= 1 + G − 1

θ
. (8)

We have seen numerically that for any fixed value of σ > σ1 (� 21.231) the equation given in (8)
has a single solution, which we call G1 (for example, at σ = 50, value used by Mitra, we have
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G1 = 1.024254692, at σ = 22, value used by Mukherji, we have G1 = 1.001468146, at σ = 30,
value used in the bifurcation diagram in Fig. 7b we have G1 = 1.0123131).

3. Border-collision bifurcation at G = 1

We have seen before that the bifurcations occurring at the fixed point and the 2-cycle, which
are critical bifurcations, may also be considered as border-collision bifurcations. In fact, the bi-
furcation of the fixed point occurring for any value of σ > 2 at G = (θ −1), may be characterized
as φ2(1) = 1, and the critical bifurcation of the 2-cycle (related with its stability/instability) also
corresponds to the bifurcation curve at which 4 pieces chaotic intervals undergo a border collision
bifurcation, and thus the condition is φ4(1) = 1. However, the main role of the border-collision
bifurcation is clearly the one observed in the model when, at a fixed values of σ , the parameter G

is increased and the stable fixed point in the Solow regime merges the point x = 1. The kinds of
dynamics that will be observed after the border-collision bifurcation occurring at G = 1 comes
from the following

Theorem. The border-collision bifurcation of the fixed point x∗ = 1 of the map φ given in (1),
occurring at G = 1 for any σ > 1, gives rise (as G increases) to

• an attracting fixed point x∗
R if 1 < σ < 2;

• an attracting cycle of period 2 if 2 < σ < σ4 � 3.825;
• attracting 4-cyclical chaotic intervals if σ4 < σ < σ2 � 6.123;
• attracting 2-cyclical chaotic intervals if σ2 < σ < σ1 � 21.231;
• an attracting chaotic interval if σ > σ1.

Proof. The theorem can be proved by using the normal form of the border-collision bifurca-
tion occurring in one-dimensional piecewise smooth maps first proposed in [13]. According to
Theorem 3 stated in [13] applied to the map φ given in (1), the result of the border-collision
bifurcation of the fixed point depends on the left and right side derivatives of φ(x) evaluated at
x = 1 for G = 1, here denoted α and β , respectively:

α = lim
x→1−

d

dx
φ(x), β = lim

x→1+

d

dx
φ(x). (9)

The related normal form is given by the skew-tent map ψ : 
→ ψ(y) defined by the function

ψ(y) =
{

αy + ε, y � 0,

βy + ε, y � 0.
(10)

Here ε is a bifurcation parameter such that as ε varies through 0, the local bifurcations of the
piecewise linear map ψ and the piecewise smooth map φ are of the same kind. That is, the
border-collision bifurcation occurring for the fixed point x∗ = 1 of the map φ at G = 1 is of the
same kind as the border-collision bifurcation of the fixed point y∗ = 0 of the map ψ occurring at
ε = 0.

The dynamics of the piecewise linear map ψ have already been studied (see [1,7], and refer-
ences therein), and depend on the slopes α and β of the linear functions. All the possible kinds
of border-collision bifurcation of the fixed point x∗ are classified according to the partition of the
(α,β)-parameter plane into subregions in which the same qualitative dynamics take place. We
summarize these results in Fig. 8, which schematically shows the related one-dimensional bifur-
cation diagrams for the border-collision of the fixed point of the map ψ . The cases 0 < α < 1,
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Fig. 8. The partition of the (α,β)-parameter plane into the regions with qualitatively similar dynamics of the map ψ at
ε < 0 (for β > α) and at ε > 0 (for β < a). Corresponding border-collision bifurcations of the fixed point of ψ , occurring
at ε = 0 as ε varies from ε < 0 to ε > 0, are shown schematically by means of one-dimensional bifurcation diagrams
(the same kinds of BCB occur for α < β as ε varies from ε > 0 to ε < 0): The thick and dashed lines indicate attracting
and repelling cycles, respectively. The thin lines correspond to the border point.

β < −1, and α < −1, 0 < β < 1 (see the dashed regions in Fig. 8), have been studied by many
authors. They are qualitatively the same case due to the symmetry of the (α,β)-parameter plane
with respect to the line α = β . It has been shown that for ε > 0 (ε < 0, respectively), all trajec-
tories are bounded and the map ψ can have an attracting cycle of any period k � 2, denoted qk ,
as well as a cyclic chaotic interval of any period m � 1, denoted Qm. This means that varying ε

through 0 from ε < 0 to ε > 0 (from ε > 0 to ε < 0, respectively) we can have the border-
collision bifurcation from the attracting fixed point x∗ to any one of such attractors. The region
α > 1, α/(1−α) < β < −1 (and α < −1, 1 < β < α/(α+1)) includes subregions corresponding
to the transition from no attractor to cyclic chaotic intervals Qm of period m = 2k , k = 0, . . . , l,
where l → ∞ as (α,β) → (1,−1) ((α,β) → (−1,1), respectively).

Now we write the coefficients of the normal form (10) in terms of the parameter σ . From (9)
we get

α =
(

1 − 1

σ

)
, β = (1 − θ) (11)

so that we have 0 < α < 1 and β < 0. Moreover, from 1 < θ < e we have that 1 − e < β < 0.
Thus, the region of our interest in the (α,β)-parameter plane is 0 < α < 1, 1 − e < β < 0 (see
the thick rectangle in Fig. 8). Substituting first θ = (1 − 1

σ
)1−σ and then σ = 1/(1 − α) into (11)

we get the expression of the border-collision curve of the fixed point x∗ = 1 in terms of the
parameters α and β , which is denoted as B,

B: β = 1 − αα/(α−1). (12)
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Fig. 9. The enlarged window of Fig. 8, where the border-collision bifurcation curve B of the fixed point x∗ = 1 of the
map φ is shown, as well as the critical flip bifurcation curve S of the 2-cycle of the map ψ , the homoclinic bifurcation
curves Hi , i = 1,2,4, of the corresponding cycles of ψ and the bifurcation curves related to the 3-cycle of ψ .

Fig. 9 presents an enlargement of the rectangle of interest in Fig. 8, and in it the curve B is shown.
By using the analytic expressions of the bifurcation curves as given in [7], we can describe the
regions of the (α,β)-parameter plane which are crossed by the curve B. We can see that B
intersects:

(1) the straight line β = −1 at a point P which is (α,β) = (0.5,−1), related to the (critical)
flip bifurcation of the fixed point y∗;

(2) the curve, denoted as S , given by

S: β = − 1

α
,

related to the (critical) flip bifurcation of the 2-cycle (after which the curve B enter a region of
4-cyclical chaotic intervals). The intersection point is denoted by α4, i.e., B ∩ S = α4;

(3) the curve, denoted as H2, given by

H2: α = −1 − √
1 + 4β4

2β3
,

which is related to the homoclinic bifurcation of the 2-cycle of the map ψ giving rise to the
transition from 4-cyclical chaotic intervals to 2-cyclical chaotic intervals, B ∩ H2 = α2;

(4) the curve denoted as H1 given by

H1: β = −1 + √
1 + 4α2

2α
,

which is related to the homoclinic bifurcation of the fixed point y∗ of the map ψ , giving rise to
the transition from 2-cyclical chaotic intervals to one chaotic interval; B ∩ H1 = α1.
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Other bifurcation curves are also shown in Fig. 9, not intersected by B. For example the
curve H4 corresponding to the transition from 4-cyclical chaotic intervals to 8-cyclical chaotic
intervals for the map ψ . Indeed, as proved in [7], the point (α,β) = (1,−1) is an accumulation
point for the curves related to the transition from 2i−1-cyclical chaotic intervals to 2i -cyclical
chaotic intervals, i = 2, . . . . The bifurcation curves related to the existence and stability of a
cycle of period 3 can also be seen, and it is not intersected by the curve B (which is of interest
to us). The “end point” for the curve B for our map is (α,β) = (1,1 − e) corresponding to the
parameter value σ = ∞ (or θ = e).

It is clear that the curve B corresponds to the vertical line at G = 1 in the bifurcation diagram
in the (G,σ )-parameter plane shown in Fig. 2, and the intersection points there evidenced: The
point P corresponds to σ = 2 and the point αi corresponds to σi , for i = 4,2,1.

To end our considerations we only have to get the approximate values of the coordinates of the
intersection points αi , i = 4,2,1, by using the analytical expressions of the bifurcation curves
and, via (11), to get the corresponding values of the parameter σ . We obtain that σ4 � 3.825,
σ2 � 6.1226 and σ1 � 21.231.

We have thus proved that, as G increases through 1, the border-collision bifurcation of the
fixed point x∗ = 1 can directly lead to a chaotic interval (for σ > σ1), as in the example shown in
Fig. 7b, or to 2-cyclical chaotic intervals (for σ2 < σ < σ1), as in the example shown in Fig. 7a,
or to 4-cyclical chaotic intervals (for σ4 < σ < σ2), as in the example shown in Fig. 6b, or to a
stable 2-cycle (for 2 < σ < σ4), as in the example shown in Fig. 6a. �
4. Economic interpretation and concluding remarks

To summarize the results proved in the previous section, we consider the example of dynamic
behavior which can be obtained at σ = 5 representing the qualitative dynamics at any value of σ

in the third interval of the theorem given in the previous section. In this case, we have θ = 2.441
and for all G values in (θ −1,∞) = (1.441,∞) the fixed point in the Romer regime is stable. As
the values of G decreases, so that G enters the interval (1,1.441), the fixed point in the Romer
regime is unstable, and one period-2 cycle also exists, stable for G ∈ (1.0725,1.441), while for
G ∈ (1,1.0725) the 2-cycle is also unstable. Unlike the well-known period-doubling bifurcation
scenario, the period-4 cycle that emerges cannot be stable, and instead the attractor of the system
is a 4-cyclical chaotic interval, as illustrated in Fig. 6b. That is, for G ∈ (1,1.0725), in very
few iterations any trajectory enters the four chaotic intervals, whose boundaries are completely
known, as they are defined by the value of G and its first seven iterates. Thus, the width of
such intervals depends on G. It is zero for G = 1 and G = 1.0725, while in between their width
first increases and then decreases. We notice that if all the values of G for which the 2-cycle
is stable (that is, G ∈ (1.0725,1.441)) are considered to be plausible, then we are led to think
that also some values in the interval (1,1.0725) must also be plausible, and therefore the chaotic
regime is empirically plausible in this model. Once a point is inside the full-measure set of
chaotic intervals, they are cyclically visited in the sequence I1 → I2 → I3 → I4 → I1 as shown
in Fig. 6b. We can notice that in this case the intervals are very thin, and specially close to the
bifurcation values the trajectories look like 4-periodic, and thus in terms of predicting the set of
values for x there is not much difference. Also when the width of the intervals is the widest, we
can predict the interval inside which the orbit will be step by step, although inside it we can say
nothing: It behaves as if subject to a random process, in this case due to a shock endogenously
represented by the deterministic model.
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Fig. 10. Versus time trajectory at σ = 15 and G = 1.15 in (a); G = 1.09 in (b); G = 1.04 in (c).

The comments are similar, with obvious changes, for values of σ in the other interval, for
example at σ = 15 (which represents the qualitative dynamics at any value of σ in the fourth
interval of the theorem). In this case we can appreciate the difference between periodic and
aperiodic dynamics, as we can see in Fig. 7a. As shown in that figure, the chaotic intervals
are visited by a generic trajectory in the sequence I1 → I2 → I3 → I4 → I1 when 4-periodic,
and in the sequence I1 → I2 → I1 when 2-periodic. In the last case the boundaries of the chaotic
intervals are given by G and its first three iterates. We do not know whether high values of σ (such
as σ = 15 or σ = 20) are indeed empirically plausible. If yes, this may lead to some uncertainty
in the predictability of the model. In fact, when the trajectory belongs to a chaotic interval, we
can predict which one will be visited, but nothing else. In this case we can say, for example, that
a Solow regime is always followed by a Romer regime, while a trajectory may persist in a Romer
regime at most for three periods, when the intervals are 4-cyclic. This can be seen in Fig. 10
where we keep σ = 15 and show the versus time values of x for 20 periods starting from the
critical point G, at different G values; The dashed line at 1 denotes the separation between the
Solow and Romer regime. In Fig. 10a the trajectory belongs to the 4-cyclic chaotic intervals.

The prediction is more difficult when the intervals are 2-cyclic, because in this case a trajectory
may persist in a Romer regime (although changing intervals) also for three or more periods. How-
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ever, the global absorbing interval is [g(G),G] and it shrinks to the point 1 as G approaches 1.
Thus the oscillations tend to be closer and closer to this value. This can be seen in Fig. 10 where
we keep the same scale to appreciate the qualitative difference. In Fig. 10b, the trajectory be-
longs to the 2-cyclic chaotic intervals still quite far from the value of 1, while Fig. 10c shows a
trajectory still in the 2-cyclical chaotic intervals but at G = 1.04. We can see that in any case the
states assume values very close to 1.
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