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Abstract
In this work we give necessary and su¢ cient conditions for a discontinuous expanding map f of an interval

into itself, made up of N pieces, to be chaotic in the whole interval. For N = 2 we consider the class of
expanding Lorenz maps, for N � 3 a class of maps whose internal branches are onto, called Baker-like. We
give the necessary and su¢ cient conditions for a discontinuous expanding map to be chaotic in the whole
interval and persistent under parameter perturbations (robust full chaos in short). These classes of maps
represent a suitable �rst return in non-expanding Lorenz maps. Thus the obtained conditions can be used
to prove robust full chaos in non-expanding Lorenz maps. An example from the engineering application is
illustrated.

Keywords: 1D discontinuos maps, 1D expanding maps, Full chaos, Lorenz maps, 1D non-expanding
maps.

1 Introduction

We consider a map of an interval I into itself. In the last decades, the condition of persistence of chaos in the
whole interval (robust full chaos) has become very important in engineering applications, especially those
related to grazing bifurcations ([11], [36], [29], [2], [3]), for security transmissions ([26], [24], [28]), as well as
in other applied �elds, such as physics, economics and social sciences ([43], [42]). In such applications, the
systems are often ultimately described by piecewise smooth maps. In particular, it is known that the three-
dimensional ordinary di¤erential equations called Lorenz �ows ([13]) and discontinuity-induced bifurcation
([36]) can be analyzed by using suitable Poincaré maps, which are often piecewise smooth and discontinuous.
An important class of such systems, for which the Poincaré sections are maps with two branches (N = 2),
leads to a family of discontinuous maps of an interval, with two increasing branches, called Lorenz maps of
Class A ([15], [18]) and, as we shall recall, already considered by many authors ([38], [13], [44], [22], [19]).
Moreover, particularly important is to investigate the conditions of full chaos, and its robustness, in these

kind of maps (i.e. discontinuous and with increasing branches). For the class of expanding Lorenz maps this
has been considered in the literature. In fact, a well known su¢ cient, but not necessary, condition of robust
full chaos for an expanding Lorenz map f(x) is f 0(x) >

p
2 for any x (seen in [40], [37], [16], [17]), while the

necessary and su¢ cient conditions for the case 1 < f 0(x) <
p
2 can be considered outlined in [21], [15].

Di¤erently, the case of a piecewise smooth map with N > 2 branches, has got less attention up to now.
Besides the basic results related to the piecewise linear map with constant slope, known as ��Transformation,
considered by many authors (see for example [21]), expanding piecewise monotone maps with N > 2 branches
have been considered by Li and Yorke in [27], where some relevant properties of the chaotic sets are deter-
mined, but not the characterization of full chaos.
Still less attention has been paid to the robustness of the chaotic regime. In many applications it is

relevant to get robust chaos, i.e. structurally stable chaos, or persistent under parameter perturbations,
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following the de�nition given in [8]. In particular, the occurrence and robustness of full chaos in a Poincaré
map which is a non-expanding Lorenz map, can be considered as an open problem. Indeed this is a relevant
case, also in applications, which motivates the present work. Besides the class of Lorenz maps, we are
interested in a particular class of piecewise monotone discontinuous maps with N > 2 branches, which is
associated with the �rst return map in Lorenz maps. Their peculiarity is that the internal branches of the
�rst return maps are onto the interval, and we call these maps Baker-like. A relevant fact is that even if a
Lorenz map is not expanding, its related �rst return map may be an expanding Lorenz map or Baker-like
map, and this allows to get results otherwise di¢ cult to prove.
So, the goal of this work is twofold. A �rst one is to give the necessary and su¢ cient conditions for

a discontinuous piecewise smooth expanding map f of an interval into itself, constituted by N pieces with
N � 2, to be robustly chaotic in the whole interval. As recalled above, for N = 2 the map is a Lorenz map
of Class A, and this problem has been investigated by other authors, mainly giving su¢ cient conditions for
full chaos. For N > 2 we consider a family of expanding Baker-like maps, giving the necessary and su¢ cient
conditions of robust full chaos.
Our second goal is to show how the obtained conditions can be used in the study of a piecewise smooth

non-expanding Lorenz map of an interval into itself, to prove robust full chaos in non expanding cases.
The paper is organized as follows. In the next section we give de�nitions and recall some results from

the literature. In Sec.3 we consider an expanding Lorenz map f(x) in the interval I = [0; 1]. The role of the
homoclinic bifurcations leading from chaotic intervals to chaos in [0; 1] is emphasized, and this leads to the
necessary and su¢ cient condition.
The main result on the �rst goal is given in Sec.4, where we consider an expanding Baker-like map

(N � 3) in [0; 1] proving the necessary and su¢ cient condition for robust full chaos. Moreover, we shall see
that a su¢ cient condition is f(0) < f(1): The results of this section extend to generic expanding maps those
in [21] related to the piecewise linear maps called ��Transformation. The results of Sec.4 are used in Sec.5
where we consider a family of non-expanding Lorenz maps from the engineering �eld, showing how to detect
conditions of full chaos by use of a suitable �rst return map, which leads to a Baker-like map. Moreover,
the conditions are used to obtain the boundaries of wide regions in the parameter space in which robust full
chaos in the non-expanding Lorenz map is persistent. Sec.6 concludes.

2 De�nitions and preliminary properties

Without loss of generality we consider the unit interval and a one-dimensional discontinuous piecewise C(1)
map f : [0; 1] �! [0; 1] with two or more branches. We distinguish between maps with one discontinuity
point, i.e. the number of branches is N = 2, which lead to the well known class of Lorenz maps, or more
branches, N � 3; and we consider a speci�c class of maps, called Baker-like (as motivated below).
De�nition 1 (Lorenz map). A Lorenz map x 7�! f(x) is de�ned by a function f : I �! I; I = [0; 1] ;

with a single discontinuity point �1 2 (0; 1) :

f(x) =

�
f1(x) if 0 � x < �1
f2(x) if �1 � x � 1

(1)

such that fi(x) are strictly increasing C(1) functions in Ii; i = 1; 2; with f1(�1) = 1 and f2(�1) = 0;
I1 = [0; �1], I2 = [�1; 1] :

De�nition 2 (Baker-like map). A Baker-like map x 7�! f(x) is de�ned by a function f : I �! I;
I = [0; 1] with two or more discontinuity points �i; 0 < �1::: < �N�1 < 1; N � 3:

f(x) =

8>>><>>>:
f1(x) if 0 � x < �1
f2(x) if �1 � x < �2
...

...
fN (x) if �N�1 � x � 1

(2)

where fi(x) are strictly increasing C(1) functions de�ned in Ii = [�i�1; �i] :

fi : [�i�1; �i] �! [0; 1] ; for 1 � i � N
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satisfying fi(�i) = 1 and fi+1(�i) = 0 for 1 � i � N � 1,

� := f1(0) 2 [0; 1) and � := fN (1) 2 (0; 1]: (3)

We call map f in (2) Baker-like because for f1(0) = 0 and fN (1) = 1 it reduces to a Baker map in [0; 1]
with a �nite number N of branches, which is chaotic in the whole interval [0; 1] (see [12]).
We are interested in an analogous result, i.e. in proving that [0; 1] is a robust chaotic interval, when

the conditions on the �rst and last branches are relaxed. That is, f1 and fN are not necessarily onto [0; 1],
de�ning f1(0) 2 [0; 1) and fN (1) 2 (0; 1]. As we have remaked in the Introduction, and we shall also recall
below, with robust we mean persistence under parameter perturbations.
Notice that in our de�nition of a Baker-like map, it is f([0; 1]) = [0; 1), but as it is common when dealing

with discontinuous maps, we can say the map chaotic in closed interval [0; 1].
Our de�nition of Baker-like maps di¤ers from other de�nitions of piecewise monotone discontinuous maps

considered in the literature (for exampe in [27]) in that we require the internal branches to be onto the whole
interval. The reason why this class of maps is relevant is that it may represent a suitable �rst return map
for non-expanding maps. Thus, as we shall see, our results on expanding Baker-like maps can be applied to
prove robust full chaos also in non-expanding Lorenz maps of Class A.
Notice that at the discontinuity points in (1) and (2) we have de�ned the map in some way, but the exact

de�nition of the map in such points does not a¤ect the result. In fact, at a discontinuity point �i both values
fi(�i) and fi+1(�i) of the functions on each side are relevant, and are called critical points2 , thus we assume
that each component function fi is well de�ned in the closed interval.
We shall �rst recall some properties of expanding maps.

De�nition 3 (expanding). A piecewise C(1) Lorenz map (1) or Baker-like map (2) is called expanding
if a constant � > 1 exists such that f 0i(x) > � for any x 2 Ii and 1 � i � N:
In the following, writing a condition on the derivative as f 0(x); for any x 2 I; we mean that for the

components fi the property holds in the closed interval of de�niton.
Assuming a map � of an interval into itself, which without loss of generality may be considered as

I = [0; 1] ; for chaos in X, X � I; we mean Devaney�s de�nition [10]. That is:
De�nition 4 (Chaos in the sense of Devaney). A map � := X �! X is said to be chaotic in X if it

satis�es the following conditions:
(1) Transitivity: � is topologically transitive in X (that is, for any pair of non-empty open sets U and V

of X there exists a natural number n such that �n(U) \ V 6= ?);
(2) Density: the periodic points of � are dense in X;
(3) Sensitive dependence on initial conditions in X.

A well known su¢ cient condition for a Lorenz map to be chaotic in the whole interval is given by
f 0(x) >

p
2:

Property 1 ([40]). Let f be an expanding Lorenz map with � �
p
2, then f is chaotic in [0; 1].

In [37] it is recalled that for � �
p
2 an expanding Lorenz map is topologically conjugate to a piecewise-

linear map of the interval into itself, where the component functions have a constant slope. This leads to
the family of maps called ��Transformation, x0 = T (x) where

T (x) = �x+ � (MOD � 1) (4)

for � 2 [0; 1); whose dynamics is now well known. For N = 2 it leads to the simplest Lorenz map. For N � 3
it leads to the simplest Baker-like map, and we shall recall the related properties.
For N = 2 in [37] it is shown that if � + � � 2 and � >

p
2; then T (x) is chaotic in [0; 1]. The same

result is reported in [21], where the author shows that the condition is su¢ cient but not necessary, as in the
range 1 < � <

p
2 there may be chaotic intervals and chaos in [0; 1] as well (see also [1]).

The ��Transformation for N = 2 has been considered also in [15], where the author shows when the
��Transformation is topologically conjugate to a piecewise smooth Lorenz map, by using Kneading invariants

2To be precise, fi(�i) and fi+1(�i) are called critical points of rank zero, while their iterates are called critical points of
higher rank.
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and renormalization technique (see also [16], [17]). In Sec. 3.1 we shall recall the homoclinic bifurcations
leading to a chaotic attractor consisting in a �nite number of intervals.
A detailed description of the chaotic set of an expanding Lorenz map has been given in [9]. It is shown

that the chaotic intervals are bounded by critical points, and also that the results hold for a wider class of
piecewise smooth maps with two branches.
Recall that the critical points, in the classes of maps here considered, are related to the discontinuity

points, including the borders x = 0 and x = 1: At a discontinuity point �i; fi(�i) and fi+1(�i) are critical
points (of rank zero), and their images are critical points of higher rank.

For expanding maps with more than one discontinuity, in [21] it is shown that the simplest Baker-like
map, the ��Transformation T (x); for N = 3 (2 < � + � � 3) and � > 2 is chaotic in the whole interval,
while for

p
2 < � < 2 the chaotic set may consist of two intervals, not �lling I. For N > 3 (�+ � > 3) then

it is necessarily � > 2 and map T (x) is chaotic in [0; 1].
As we shall see in Sec.4, for a generic expanding Baker-like map a su¢ cient condition for robust chaos

in I is � < �:
Besides [21] related to the ��Transformation, we only know the results stated in [27], where the authors

have shown that there can be as many invariant sets as the number of discontinuities, and the invariant chaotic
intervals are the support of ergodic measures (there exists an absolutely continuous invariant measure).
Moreover, notice that:

Property 2 (from Theorem 1 in [27])
If a piecewise C(1) expanding map of an interval I into itself has N discontinuity points, then there is a

�nite collection of sets Li, 1 � i � N; such that
(2.1) each set Li is a �nite union of closed intervals of positive length, and the map is chaotic in Li;
(2.2) each Li contains at least one discontinuity point in its interior;
(2.3) for almost all the points x 2 I the !�limit set !(x) is one Li.
The results from [27] and [9] mentioned above are quite general, and lead to state that for an expanding

Lorenz map the chaotic attractor is unique (either the whole interval [0; 1] or a set of intervals).
For a Baker-like map f as in (2) we have some peculiarities: the internal branches fi are all onto [0; 1],

and at each internal discontinuity point �i; fi(�i) = 1 and fi+1(�i) = 0; so that the critical points of the
map suitable to bound chaotic intervals are only f(0) and f(1); i.e. � and �, as it occurs for maps with only
one discontinuity point. Thus, even if the map has two or more discontinuity points, the following property
holds:

Property 3 An expanding Baker-like map (2) can have a unique chaotic set X � I consisting of closed
intervals, bounded by critical points and including at least one discontinuity point in its interior, which
attracts almost all the points of I.

As stated in Property 3, the set X may be the whole interval or not, i.e. we can have either X = I or
X � I; and in the second case InX may include a chaotic repellor (of zero Lebesgue measure). Moreover,
when the chaotic set is X � I it may be an attractor or not. It is a topological attractor when there

exists a neighborhood U(X) such that
1
\
n=0

fn(U(X)) = X. It is not an attractor when it is at a homoclinic

bifurcation related to the property of invariance of the set, which involves a repelling cycle on its boundary
(whose points are also critical points). These bifurcations may lead to the appearance/disappearance of
chaotic intervals, as it occurs for example in expanding Lorenz maps (N = 2) for 1 < � <

p
2, or in the

expanding ��Transformation with N = 3 for
p
2 < � < 2. When the chaotic set X � I is not a topological

attractor (since an attracting neighborhood does not exist), it is an attractor in Milnor sense ([32]), since it
attracts a set of points of positive Lebeasgue measure. However, notice that the values of the parameters
at which this occurs lead to dynamics which are not structurally stable. To be more precise, let us de�ne
a structurally stable situation for a map which depends on a vector p of m � 1 parameters, belonging to a
vector space P � Rm:
De�nition 5 (Robust or Structurally stable choas). A map �(x; p) := I �! I depending on a

vector of parameters p 2 P is said to be robustly chaotic (or structurally stable chaotic) in X at p0 if it is
chaotic in X at p = p0 and a neighborhood U(p0) \ P of p0 exists such that the map is chaotic in X also
at any p 2 U(p0) \ P .
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So, the map we are interested in, either has a chaotic topological attractor (structurally stable) or it is at
a bifurcation value with an attractor in Milnor sense (structurally unstable), which can be perturbed to get
a topological attractor. The occurrence of this kind of bifurcations (related to homoclinic bifurcations) in
piecewise smooth maps is well known (see [41], [14], [9]), as well as the relevance of homoclinic bifurcations
in one-dimensional smooth continuous maps ([33], [34]).

The uniqueness of the chaotic set X for an expanding Lorenz map and Baker-like map in Property 3 leads
to the fact that the basin of attraction (when X is topological) or the stable set (when X is an attractor in
Milnor sense), denoted B(X); is dense in the interval (C l(B(X)) = B(X) = I; where C l(:) denotes Closure).
In the next sections we turn to our main interest: the necessary and su¢ cient conditions to have X = I

stucturally stable for an expanding Lorenz map and an expanding Baker-like map.

3 Expanding Lorenz map (N. and S. condition of full chaos)

As we have already mentioned, we know, from [40], that for an expanding Lorenz map the condition f 0(x) >p
2 is su¢ cient but not necessary to have chaos in [0; 1]: In this section we recall the properties of expanding

Lorenz maps showing the necessary and su¢ cient conditions to have full chaos.
Let us �rst consider the ��Transformation x0 = T (x) in (4) for N = 2, with 1 < � + � � 2 and

1 < � <
p
2; so that it is de�ned by:

T (x) =

�
TL(x) = �x+ � if 0 � x < � = 1��

�

TR(x) = �x+ �� 1 if 1��
� � x � 1 (5)

The reason why in this range of values for the parameter � the map may be not chaotic in the whole interval
is that cycles of T (x) may exist which are not homoclinic.
Recall that by using the symbolic notation based on the letters L and R corresponding to the two

partitions JL = [0; �), JR = [�; 1], respectively, where the functions TL and TR apply, we may associate to
each trajectory its itinerary by using the letter L when a point belongs to the partition JL (L side for short)
and R when a point belongs to the partition JR (R side for short). A cycle (i.e. a periodic orbit) can be
represented by its �nite symbolic sequence.
As illustrative example we consider the one-dimensional bifurcation diagram at �xed � = 1:2; as a

function of � in the range (0:1; 0:8):

Fig.1 In (a) one dimensional bifurcation diagram at � = 1:2 and � in the range (0:1; 0:8):In (b) graph of the map
at � = �2h1 ' 0:37878 (at which T 2(0) = x21). In (c) graph of the map at � = �2h2 ' 0:42121 (at which

T 2(1) = x20): In red map T (x) while in black map T
2(x) are shown.

In Fig.1a we can see that the map is mainly chaotic in the whole interval [0,1], except for three "windows"
related to a 3-cycle with symbolic sequence RL2, a 2-cycle RL and a 3-cycle with symbolic sequence R2L;
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whose peculiarity is that they are not homoclinic, and thus the dynamics cannot be chaotic in the whole
interval (in fact, the chaotic set X consists of 4, 3, and 4 intervals, respectively).
In the case of a piecewise smooth discontinuous map, it is common to have non smooth bifurcations,

called border collision bifurcations (BCB for short). This term is here used to denote a bifurcation occurring
when a point of a cycle collides with a discontinuity point.
The appearance/disappearance of cycles in the ��Transformation is related to BCBs (see also [20]),

associated with periodic points merging with the discontinuity point � = 1��
� : Let us describe how the

mechanism leading to non homoclinic cycles works, as � is varied.
Consider �rst the 2-cycle LR. It exists with periodic points x20 < � and x

2
1 > � when the second iterate

T 2(x) intersects the main diagonal in two points. From TR � TL(x20) = x20 it is easy to get

x20 =
1� �(1 + �)
�2 � 1 (6)

and from TL � TR(x21) = x21 (or x21 = TL(x20)) the other periodic point is x21 = �x20 + �: Increasing the value
of the parameter � the 2-cycle appears due to BCB occurring when x20 = �; leading to

� � 1 + � � �2
1 + �

=: �2BC1 (7)

and it exists up to the second BCB occurring when x21 = �, leading to

� � 1

1 + �
=: �2BC2 (8)

that is, the �rst border collision occurs at � = �2BC1 and the second at � = �
2
BC2.

Considering our example at � = 1:2; we have �2BC1 = 0:3454 and �
2
BC2 = 0:45; respectively. The periodic

points of the 2-cycle
�
x20; x

2
1

	
are also shown in Fig.1a in their existence range. The graphs of map T (x) and

T 2(x) at the bifurcation values �2BC1 and �
2
BC2 are shown in Fig.2a and Fig.2c, respectively.

Fig.2 Graphs of the map at � = 1:2, in red map T (x) while in black map T 2(x): In (a) at � = �2BC1' 0:3435. In
(b) at � = 0:4, the 2-cycle is not homoclinic and three chaotic intervals are shown in blue. In (c) at

� = �2BC2' 0:4545:

Clearly, at the �rst bifurcation value �2BC1 the periodic points of the 2-cycle can be considered the critical
points f�; 1g. This implies that soon after its appearance the 2-cycle

�
x20; x

2
1

	
is homoclinic on both sides,

since at the BCB value preimages of the �xed points of T 2(x) can be easily detected, as shown (with a green
path) in Fig.2a, and after this bifurcation preimages of the �xed points of T 2(x) can reach the �xed points
both from below and from above. Similarly before its disappearance, the 2-cycle

�
x20; x

2
1

	
is necessarily

homoclinic on both sides, and at the BC bifurcation value �2BC2; when the 2-cycle becomes f0; �g ; it is
homoclinic on one side. However, between these two values of border collision, there are two values related
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to homoclinic bifurcations, leading to an interval of values of � in which the 2-cycle
�
x20; x

2
1

	
exists but it

is not homoclinic. The 2-cycle is not homoclinic when the two �xed points of T 2(x) have no preimages in
[0; 1]. This happens when T 2(1) < x20 < x

2
1 < T

2(0): Notice that soon after the appearance of the 2-cycle it
must be T 2(0) < x21, thus the �rst homoclinic bifurcation occur when T

2(0) = x21; leading to

�2h1 =
1

� + �2
(9)

while the second homoclinic bifurcation occurs when T 2(1) = x20; leading to

�2h2 =
1 + (�2 � 1)(1 + � � �2)

� + �2
(10)

In our illustrative example at � = 1:2; we have �2h1 = 0:378 and �
2
h2 = 0:421; respectively, and the graphs of

map T (x) and T 2(x) at these homoclinic bifurcation values are shown in Fig.1b and Fig.1c, respectively.
Notice that at these homoclinic bifurcation values the map is not structurally stable. For � in the range

�2h1 < � < �
2
h2 the map is chaotic not in the whole interval [0; 1] but in three intervals (as shown in Fig.1a

and in Fig.2b with the chaotic intervals evidenced in blue, bounded by the critical points 0 and 1 and their
images). Thus, the two values of homoclinic bifurcations are the structurally unstable cases leading from
robust chaos in one interval to robust chaos in three intervals.
Considering the 3-cycles we can reason in a similar way. As an example, for the cycle with symbolic

sequence L2R de�ning x30 the periodic point colliding with � at its appearance we obtain (as solution of
TL � TR � TL(x) = x)

x30 =
� � �(1 + � + �2)

�3 � 1 (11)

and the other periodic points are x31 = TL(x
3
0); x

3
2 = TR(x

3
1). Increasing the value of the parameter � the

3-cycle appears due to a border collision occurring when x30 = �; leading to

� � 1 + �2 � �3
1 + � + �2

= �3BC1 (12)

and it exists up to the second border collision bifurcation occurring when x31 = �, leading to

� � 1

1 + � + �2
= �3BC2 (13)

that is, the �rst border collision occurs at � = �3BC1 and the second at � = �
3
BC2.

The periodic points of the 3-cycle
�
x30; x

3
1; x

3
2

	
are also shown in Fig.1a in their existence range. The

graphs of map T (x) and T 3(x) at these bifurcation values are shown in Fig.3a and Fig.3c, respectively.

Fig.3 Graphs of the map at � = 1:2, in red map T (x) while in black map T 3(x): In (a) at BCB value
� = �3BC1' 0:1956. In (b) at � = 0:235 the map is chaotic in four intervals, shown in blue. In (c) at the BCB

value � = �3BC2' 0:274725:
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Soon after its appearance at � = �3BC1 as well as before its disappearance at � = �3BC2 the 3-cycle is
necessarily homoclinic on both sides. In Fig.3b we can see that in its existence range the cycle is not
homoclinic in an interval of values of �: The 3-cycle is not homoclinic when there are no preimages in I of
the three �xed points of T 3(x), that is, when T 3(1) < x32 < x

3
0 < x

3
1 < T

3(0). The homoclinic bifurcation
values �3h1 and �

3
h2 are detected via the conditions T

3(0) = x31 and T
3(1) = x32; respectively, and are shown

in Fig.4a and Fig.4b.
Similarly we can reason with the other 3-cycle having symbolic sequence L2R.

Fig.4 Graphs of the map at � = 1:2, in red map T (x) while in black map T 3(x): In (a) at � = �3h1' 0:229, when
T 3(0) = x

3
1 occurs. In (b) at � = �

3
h2' 0:242; when T 3(1) = x

3
2:

The homoclinic bifurcations related to the basic cycles having symbolic sequence RLn�1 and Rn�1L;
n > 1; have been considered also in [21] and [15] for the ��Transformation T (x). Moreover, similar results
hold for a generic expanding Lorenz map (since it is topologically conjugate to a ��Transformation T (x);
see [15], [16], [17]). Thus, we can reformulate the cited results as follows:

Proposition 1. An expanding Lorenz map f is chaotic in [0; 1] i¤ the existing basic cycle (with symbolic
sequence Ln�1R or Rn�1L, for n > 1) is homoclinic. Chaos is not robust at the homoclinic bifurcation
values detected via the conditions fn(0) = xnmax and f

n(1) = xnmin, where x
n
min and x

n
max are the minimum

and the maximum of the periodic points of the n�cycle.

4 Expanding Baker-like map (N. and S. condition of full chaos)

Let us �rst recall the results from [21] related to the simplest Baker-like map which is the ��Transformation
given in (4), for N = 3, that is, for 2 < �+� � 3 (and necessarily � > 1), when the map has two discontinuity
points in [0; 1]; and is de�ned via

T (x) =

8<:
T1(x) = �x+ � if 0 � x < 1��

�

T2(x) = �x� (1� �) if 1��
� � x < 2��

�

T3(x) = �x� (2� �) if 2��
� � x � 1

(14)

The (unique) repelling �xed point in the middle branch is given by:

x� =
1� �
� � 1 (15)

From Theorem 3 in [21] we know that for � > 1 the map is either chaotic in two intervals, [0; T (1)][ [T (0); 1];
not covering the whole interval [0; 1], or it is chaotic in [0; 1]. This is due to the fact that the �xed point
x� may be homoclinic or not. If it is not homoclinic it means that no preimage of x� exists in [0; 1], and
necessarily T (1) < x� < T (0); in which case the map is chaotic in two intervals. Otherwise, if the �xed point
is homoclinic, then the map is chaotic in [0; 1]; no matter the value of � > 1: The homoclinic bifurcation
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of x� can occur either via the bifurcation de�ned by the condition (i) T (0) = x� or (ii) T (1) = x�; leading
either to T (0) < x� or T (1) > x�.

Condition (i) leads to � < 1
� while condition (ii) leads to � > 1 � (��1)2

� = 3 � � � 1
� : In the (�; �)

parameter plane, the two bifurcation curves � = 1
� and � = 3 � � �

1
� are intersecting for � = 2; thus for

� > 2 map T (x) is robustly chaotic in [0; 1]. However, it is chaotic in [0; 1] also for 1 < � � 2 and � < 1
� or

� > 3� � � 1
� : At the two bifurcation values (i) T (0) = x

� and (ii) T (1) = x� the map is not chaotic in the
whole interval [0; 1]. In the particular case T (0) = x� = T (1) occurring for � = 2 and � = 1

2 then the map
is chaotic in the whole interval [0; 1] but it is not structurally stable.
We can summarize the results from [21] with a necessary and su¢ cient condition:
Proposition 2. The ��Transformation T (x) with two discontinuity points (N = 3) is robustly chaotic

in [0; 1] i¤ T (0) < x� or T (1) > x�.

Clearly, the reasoning performed above is not limited to the ��Transformation, we can reason in a similar
way for a generic expanding Baker-like map f , in the case N = 3 and � > 1: See a qualitative example in
Fig.5.

Fig.5 A qualitative example of a generic expanding Baker-like map f with two discontinuity points. In (a) the �xed
point x�1 is not homoclinic and the map is chaotic in two intervals (in blue). In (b) the �xed point x

�
1 is homoclinic

and homoclinic trajectories from above and from below are shown in green. In (c) it is � < �: In (b) and (c) the
map is chaotic in [0; 1].

The map has a unique internal �xed point x�1 which may be homoclinic or not, and x
�
1 is not homoclinic

when � < x�1 < �: The homoclinic bifurcation of x�1 can occur either via the condition � = x�1 or � = x�1;
that is

f(0) = x�1 or f(1) = x�1 (16)

Map f is chaotic in two intervals X = [0; �][ [�; 1] when x�1 is not homoclinic, as in the qualitative example
shown in Fig.5a, or when the homoclinic bifurcation � = x�1 or x

�
1 = � occurs. Map f is robustly chaotic in

[0; 1] when f(0) < x�1 or f(1) > x
�
1: In the particular case f(0) = x

�
1 = f(1) it is chaotic in [0; 1] but chaos is

not structurally stable.
As we prove below, the condition f(0) < x�1 or f(1) > x�1 is necessary and su¢ cient to say that the

expanding Baker-like map f with N = 3 is robustly chaotic in [0; 1]; no matter the value of � > 1: But more,
a similar result holds also for a Baker-like map f with N > 3: In such a case, map f has more than one
�xed point, and the internal ones are necessarily homoclinic at least on one side, but what matters are the
homoclinic orbits related to the minimum and the maximum of the �xed points, say x�1 and x

�
N�2 (which

coincide with the unique �xed point x�1 in the case N = 3), see the qualitative con�guration in Fig.6a
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Fig.6 Qualitative representation of a Baker-like map fwith N > 3: In (a) the chaotic attractor is X � I: In (b) the
chaotic set is X = I:

It is immediately observable (due to the branches of f2 and fN�1 issuing from �1 and �N�2 which expand an
interval into [0; 1]) that the �xed point x�1 is always homoclinic on the right side and the �xed point x

�
N�2

is always homoclinic on the left side. Moreover, if there are other internal �xed points x�j ; j = 2; :::; N � 3,
then these are always homoclinic on both sides. However, if � < x�1 and � > x�N�2 then the �xed point
x�1 is not homoclinic on its left side and the �xed point x

�
N�2 is not homoclinic on the right side and map

f is chaotic in the two intervals [0; �] [ [�; 1]: Thus, as for N = 3 also for any N > 3 it is possible for an
expanding map to be not chaotic in the whole interval. The condition to get full chaos is related to the two
inequalities written above. That is, either � = f(1) > x�1 or � = f(0) < x

�
N�2. As we prove below, when one

of these holds, then both the minimum and maximum of the �xed points are homoclinic on both sides (see
the qualitative con�guration in Fig.6b). Notice that also at the homoclinic bifurcations f(1) = x�1 or/and
f(0) = x�N�2 map f is invariant in two disjoint intervals [0; �] [ [�; 1], and thus not fully chaotic (it is a
structurally unstable situation, or bifurcation condition).
Thus, the necessary and su¢ cient condition stated above for the ��Transformation, which does not rely

on the value of � > 1; holds also for a generic expanding Baker-like map with two or more discontinuity
points, and we shall prove the following

Theorem 1. Let f be an expanding Baker-like map (2) (N � 3); x�1 be the minimum and x�N�2 the
maximum of the �xed points (which coincide for N = 3). The map is robustly chaotic in [0; 1] i¤ at least
one of the two inequalities f(1) > x�1, f(0) < x

�
N�2 holds.

To reach this result we prove �rst some preliminary properties.

Lemma 1. Let f be an expanding Baker-like map (2) (N � 3): For any interval J � I which contains
a �xed point in its interior there exists k � 1 such that fk(J) = [0; 1):
Proof. Without loss of generality let us assume that only one �xed point x� belongs to an interval,

x� 2 (a; b) � J (otherwise we take a subinterval), such that [a; b] has no discontinuity point. Considering
the closed intervals [a; x�] and [x�; b] ; since f is expanding, for the interval [x�; b] there exists k1 such that

fk1([x�; b]) � [x�; 1)

Similarly, for the interval [a; x�] there is k2 such that

fk2([a; x�]) � [0; x�]

So if k = maxfk1; k2g then
fk([a; b]) = [0; 1): �

In Lemma 1 the interval is not closed only because in our de�nition of a Baker-like map it is f([0; 1]) =
[0; 1).

From Property 3 we know that there exists one unique chaotic set X � I constituted of intervals, and it
holds the following property:

10



Lemma 2. Let f be an expanding Baker-like map (2) (N � 3). Let x�1 be the minimum and x�N�2 the
maximum of the �xed points (which coincide for N = 3). If f(1) = � < x�1 � x�N�2 < � = f(0) then the
chaotic set is X = [0; �] [ [�; 1]:
Proof. Consider the interval [0; �] which may be either (j) [0; �] � [0; �1] or (jj) [0; �] = [0; �1] [ [�1; �].

In the �rst case (j) it is f1([0; �]) = [�; f1(�)] � [�; 1]: In the second case the points belonging to (�1; �] are
mapped by f in a �nite number of iterations in [0; �1], thus for the !�limit set it is enough to consider the
points of [0; �1]; and the image is obtained with f1; f1([0; �1]) = [�; 1]. Thus, in both cases for the !�limit
set it is enough to consider the points of [�; 1]: This interval may include or not the last discontinuity
point, i.e. either the interval [�; 1] is included in [�N�1; 1] or not. In both cases for the !�limit set it is
enough to consider [�N�1; 1]; which is mapped by fN in fN ([�N�1; 1]) = [0; �]: It follows that any point
x 2 [0; �] [ [�; 1] is such that fn(x) 2 [0; �] [ [�; 1] for any n � 1: This means that this set is mapped into
itself: f([0; �][ [�; 1]) � [0; �][ [�; 1] and it must belong to the invariant chaotic set X of the map. We know
that either it is X � I or X = I and (from Property 3) that X must include at least one discontinuity point
(in our assumptions either �1 or �N�1 or both), which means that X must include the critical points 0 and 1
as well as their images � and �. It follows that it must necessarily be f([0; �] [ [�; 1]) = [0; �] [ [�; 1] = X:�
Lemma 3. Let f be an expanding Baker-like map (2) (N � 3). Let x�1 be the minimum and x�N�2 the

maximum of the �xed points (which coincide for N = 3) and f(1) = � � x�1 � x�N�2 � � = f(0): If � = x�1
and/or x�N�2 = � then X = [0; �] [ [�; 1] is not structurally stable.
Proof. It is clearly similar to that of Lemma 2, and we only need to emphasize what occurs in the case

that � = x�1 or/and x
�
N�2 = � holds, that is, when one or two �xed points belong to the chaotic set X � I,

clearly on the boundary, by Lemma 1. Thus, since X is not a topological attractor, we have the structural
instability of the chaotic set X. Only in the particular case N = 3 and f((1) = x�1 = f(0) it is not X � I
but X = I; and this chaotic interval is structurally unstable (since the condition f((1) = x�1 = f(0) is
structurally unstable):�
Lemma 4. Let f be an expanding Baker-like (2) (N � 3). If X � I then X cannot include any �xed

point of f in its interior; it must be f(1) = � < � = f(0) and X = [0; �] [ [�; 1]:
Proof. If X includes a �xed point of f in its interior then from Lemma 1 it must be X = I. It follows

that when X � I then X cannot include any �xed point of f in its interior. Moreover, from Property 3
we know that X must include at least one discontinuity point, thus X must include the end points x = 0
and x = 1 as well as their images � and �; and either [0; �1] or [�N�1; 1] or both must belong to X. This
implies that either f1([0; �1]) = [�; 1] or fN ([�N�1; 1]) = [0; �] or both belong to X. Reasoning as in Lemma
2 it follows that f([0; �] [ [�; 1]) � [0; �] [ [�; 1] and since the endpoints must be included in the image it
follows f([0; �] [ [�; 1]) = [0; �] [ [�; 1] = X which means that it must be � < � (otherwise X = I against
the assumption).�
Proof of Theorem 1.
If the map is robustly chaotic in [0; 1] then at least one of the two inequalities f(1) = � > x�1, f(0) = � <

x�N�2 must hold. If not, i.e. � � x�1 and � � x�N�2, then from Lemmas 2, 3 map f is chaotic in two intervals
X = [0; �] [ [�; 1] � I, or in X = I but structurally unstable, against the assumption.
The vice versa. We know that either X � I or X = I and in any case [0; �][ [�; 1] � X (from lemma 4).

Let us consider f(1) = � > x�1 and x
�
N�2 < � = f(0) (the reasoning is similar in other cases). Then x

�
1 < �

implies x�1 2 [0; �] and either x�1 2 X � I or x�1 2 X = I: In the �rst case, from Lemma 1 it follows that x�1
cannot be internal, thus it must belong to the boundary of [0; �], which contradicts the assumption � > x�1:
It follows that it must be x�1 2 X = I, and the chaotic interval is structurally stable (since the inequality
� > x�1 persists under perturbation).�
A simple consequence of Theorem 1 is the following:

Corollary 1 (Su¢ cient Condition). Let f be an expanding Baker-like map (2) (N � 3); then f(0) <
f(1) is a su¢ cient condition to have robust chaos in [0; 1]:

As recalled in the introduction, our second goal is to show that the results of expanding Lorenz maps
and Baker-like maps can be useful to obtain results related to full chaos also in non-expanding Lorenz maps.
The example in the next section clari�es this use.
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5 Application to non-expanding Lorenz maps

Several applications in engineering are ultimately described by piecewise smooth systems (see e.g. [11], [25],
[4], [5], [6], [7]) among which much attention has been given to the system proposed by Nordmark ([35],
[36]), de�ned as follow:

x 7�! f�(x) =

�
fL(x) = ax+ � if x � 0
fR(x) = bx

� + � if x > 0
(17)

and mainly considered in the continuous case for  < 0 and � > 0: Recently, the discontinuous case occurring
for  > 0 has been also investigated. It was �rst considered in [39], then in [30], [31] a complete investigation
has been performed. In particular, in [31] it is shown how robust chaos exists in the unbounded interval
[�1; 1].
In the present section we consider the discontinuous system more suitable for applications, in which the

hyperbolic branch has not a vertical asymptote in the interval of de�nition of the map, and is de�ned for
� > 0 by:

x 7�! g�(x) =

�
gL(x) = ax+ � if x � 0
gR(x) =

b
(x+�) + � if x > 0

(18)

in the following parameter ranges:

0 < a � 1; b < �1;  > 0; 0 < � < 1 (19)

Regarding the parameter �; without loss of generality it can be �xed at � = 1. In fact, for any � > 0 the
transformation (x; a; b; �; �) �! (x��1; a; b���1; ���1; 1) leads from (18) to the map

x 7�! g(x) =

�
gL(x) = ax+ 1 if x � 0
gR(x) =

b
(x+�) + 1 if x > 0

(20)

Since any point x0 > 1 is mapped in a point xi � 1 in a �nite number i of iterations, map g is a Lorenz
map in the interval J = [gR(0); 1] = [1 � jbj

� ; 1] (which is an absorbing interval for map g, mapped into
itself). Notice that under the assumptions in (19) it is always gR(0) = ( b� + 1) < 0; and the range of gR(x)
is RgR = [gR(0); gR(1)]:
As already remarked, we can use the symbolic notation based on the letters L and R corresponding to

the two partitions JL = [gR(0); 0], JR = (0; 1], respectively, where the functions gL and gR apply, associating
to each trajectory its itinerary by using the letter L when a point belongs to the partition JL (L side for
short) and R when a point belongs to the partition JR (R side for short).
Since no �xed point exists in the L side, any point in the left side, x0 < 0; has an increasing sequence

of images reaching the R side in a point 0 < xi � 1 in a �nite number i of iterations: It follows that the
properties and dynamic behaviors of map g(x) can be studied by use of its �rst return map fr in the interval
I = [0; 1].3

Let us assume gR(1) = b
(1+�) +1 < 0:

4 Let n1 � 1 (resp. n2 � n1) be the smallest (resp. largest) integer
such that the left preimages of the origin belong to the range RgR of gR, that is g

�n1
L (0) 2 [gR(0); gR(1)] is

the �rst preimage in that interval while g�n2L (0) 2 [gR(0); gR(1)] is the last preimage in that interval.
We can easily compute (to be used below) the composition of gL(x) :

gmL (x) = a
mx+

1� am
1� a (21)

and its inverse

g�mL (z) =
z

am
� 1� am
(1� a)am (22)

3Notice that a similar reasoning can be performed for any Lorenz map belonging to the Class A, that is, it can be reduced
to a �rst return map in a suitable subinterval.

4Notice that this is only to �x an example, as the reasoning holds also when gR(1) > 0: In the case gR(1) > 0, the

discontinuity point of fr closest to x = 1 is the rank-1 preimage of the origin on the R side, O�1R = ((�b)
1
 � �); which is

smaller than 1; and the rightmost branch of fr is the function gR itself.
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and also

GRLm(x) := g
m
L � gR(x) =

bam

(x+ �)
+
1� am+1
1� a (23)

as well as its inverse (by using g�1R (z) = ( b
z�1 )

1= � � ):

G�1RLm(z) = g
�1
R � g�mL (z) =

 
�b

1 + 1�am
(1�a)am �

z
am

!1=
� � (24)

Thus n1 is the smallest integer which satis�es g
�n1
L (0) � gR(1), that is

� 1� an1
(1� a)an1 �

�jbj
(1 + �)

+ 1

leading to

n1 �
ln
�
jbj(1�a)
(1+�) + a

�
j ln(a)j (25)

while n2 is the largest integer which satis�es g
�n2
L (0) � gR(0); that is

� 1� an2
(1� a)an2 �

�jbj
�

+ 1

leading to

n2 �
ln
�
jbj(1�a)
� + a

�
j ln(a)j (26)

It follows that the number of discontinuity points of the �rst return map fr in the interval I = [0; 1] is equal
to

nd = n2 � n1 + 1 � 1 (27)

and the discontinuity points are de�ned via G�1RLm(0). To simplify the notation let us number the disconti-
nuity points of fr in decreasing order (instead of increasing order as performed in the Baker-like map (2)),
so that

�m = G
�1
RLm(0) =

 
�b

1 + 1�am
(1�a)am

!1=
� � ; for m = n1; :::; n2 (28)

satisfy �n2 < ::: < �n1 . Thus, the �rst return map fr in the interval I = [0; 1] is de�ned via GRLm(x) =
gmL � gR(x) for m = n1; :::; n2: We have so proved the following

Proposition 3. Let the parameters satisfy (19) and gR(1) < 0. The dynamics of map g in (20) can
be investigated by using the �rst return map fr(x) in the interval I = [0; 1]; which is a discontinuous map
de�ned as follows:

fr(x) :=

8><>:
GRLn2 (x) = g

n2
L � gR(x) if 0 � x � �n2

...
...

GRLn1 (x) = g
n1
L � gR(x) if �n1 < x � 1

(29)

with a �nite number of discontinuity points �m; m = n1; :::; n2; given in (28).

An example of map g and its �rst return map fr in the interval [0; 1] is shown in Fig.7, where a = 0:9,
b = �3,  = 0:5, � = 0:1, so that by using (25) we get n1 = 2 while by using (26) we obtain n2 = 5; and
(from (27)) there are nd = 4 discontinuity points.
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Fig.7 Map g and its �rst return map fr; also shown in the enlargement, at a = 0:9, b = �3,  = 0:5, � = 0:1.

A few properties of the �rst return map fr immediately follow.
Property (i). Each component GRLm(x) of fr, m = n1; :::; n2, is continuous and increasing, with full

range from 0 to 1 except at most the �rst and the last branches.
This follows from (23), since the explicit expression of the �rst derivative is given by

G0RLm(x) = a
mg0R(x) =

�b
(x+ �)+1

am > 0 (30)

Property (ii). Each component GRLm(x) of fr; m = n1; :::; n2; is concave.
In fact it is G00RLm(x) < 0; for x > 0; as follows from the explicit expression:

G00RLm(x) =
b( + 1)

(x+ �)+2
am < 0 (31)

Property (iii). When nd > 1 the �xed points xRLm ; m = (n1+1); :::; n2 of fr belonging to the internal
branches GRLm with full range (which represent cycles of g with symbolic sequence RLm) are all unstable.

In the example shown in Fig.7, where nd = 4; the �xed points of fr are xRLm , due to the branches GRLm ;
for m = 3; 4; 5:

When the rightmost branch of fr (de�ned by GRLn1 (x) = gn1L � gR(x)) satis�es f 0r(1) > 1 then it has
the slope larger than 1 in all its points (due to monotonicity and concavity). In order to have an expanding
Baker-like map fr in the whole interval, we must have f 0r(x) > 1 for any x in [0; 1], and considering that
(as shown below) the internal branches become steepest as the discontinuity point decreases, it is enough to
consider the derivative G0RLn1 (x) evaluated at the discontinuity point �n1 ; as proved in the following

Theorem 2. Consider the non-expanding Lorenz map g de�ned in (20), (19), and its related �rst return
map fr: Let
(j) f 0r(1) = G

0
RLn1 (1) =

�b
(1+�)+1 a

n1 > 1;

(jj) f 0r(�n1)+ = G
0
RLn1 (�n1) =

�b
(�n1+�)

+1 a
n1 > 1

a

where �n1 is given in (28) with m = n1; and n1 is the smallest integer which satis�es (25), then fr is
expanding in [0; 1]:

Proof. From Properties (i) and (ii) the components GRLm(x) of fr are increasing and concave, so that
to have expansivity it is enough to show that the �rst derivative is larger than one in all the discontinuity
points. From condition (j) it follows that fr is expanding in the rightmost branch [�n1 ; 1].
Now, noticing that in each discontinuity point �k it is f 0r(�k)� = af 0r(�k)+, that is G

0
RLk+1(�k) =

aG0RLk(�k), condition (jj) implies f
0
r(�n1)� = G0

RLn1+1
(�n1) =

�b
(�n1+�)

+1 a
n1+1 > 1; and thus expansiv-

ity in the range �n1+1 < x < �n1 : Moreover, from condition (jj) we have not only f 0r(�n1+1)+ > 1 (which
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follows from Properties (i) and (ii)), but also f 0r(�n1+1)+ = G
0
RLn1+1

(�n1+1) =
�b

(�n1+1+�)
+1 a

n1+1 > 1
a (and

this in turns implies f 0r(�n1+1)� > 1 and expansivity in the range �n1+2 < x < �n1+1). In fact, it is

�b
(�n1+1 + �)

+1
an1+1 >

1

a

�
�b

(�n1 + �)
+1

an1+1
�
>
1

a
(32)

The last inequality follows from condition (jj). In fact, condition (jj) implies
h

�b
(�n1+�)

+1 a
n1+1

i
> 1 and then

we apply 1
a to both sides. For the �rst inequality in (32) we have that it holds i¤

1

(�n1+1 + �)
+1

>
1

a

1

(�n1 + �)
+1

(33)

a
1

+1 >
�n1+1 + �

�n1 + �

and by using (28):

a


+1 > a
(1� a)an1 + (1� an1)

(1� a)an1+1 + (1� an1+1)

a


+1�1 >
(1� a)an1 + (1� an1)

(1� a)an1+1 + (1� an1+1)

a�
1

+1 >
1� an1+1
1� an1+2

where the last inequality is satis�ed since the left side is larger than 1 while the right side is smaller than 1.
The same reasoning, and conclusion, can be applied to the remaining discontinuity points and intervals,

since we are in the same situation: from f 0r(�n1+1)� > 1 we have not only expansivity in �n1+2 < x < �n1+1;
and f 0r(�n1+2)+ > 1 but also f 0r(�n1+2)+ >

1
a ; which implies f

0
r(�n1+2)� > 1 and expansivity in the range

�n1+3 < x < �n1+2 (indeed the proof is the same substituting n1 + 1 to n1 and n1 + 2 to n1 + 1 in (32), and
so on. This proves that the �rst return map is expanding. �
In the example shown in Fig.7 the assumptions of Theorem 2 are satis�ed, and fr is an expanding Baker-

like map in [0; 1]. It can also be seen immediately that the conditions of Theorem 1 are satis�ed and thus
fr is chaotic in [0; 1] and the non-expanding Lorenz map g is chaotic in the interval J = [gR(0); 1]:
Now let us also show that the conditions of Theorem 2 hold in a full measure region of the parameter

space. Let us �x the values of  and �; so that we can illustrate the bifurcation curves in the two-dimensional
parameter plane (a; b).
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Fig.8 Two-dimensional bifurcation diagram in a portion of the (a; b)�parameter plane of interest, at �xed
 = 0:5 and � = 0:1: In red the fold bifurcation curves �RLm given in (42). In black the BCB curves BRLmwhose
equations are given in (38). They have a contact at a codimension-two point (am;bm)evidenced by a black circle.
The curves bounding the gray region are given in (50), and they also intersect at the same codimension-two point.

In Fig.8 we show the parameter plane (a; b) at the values  = 0:5 and � = 0:1 used in Fig.7. Regions
related to stable cycles of di¤erent periods are in color. The periodicity regions of the so-called basic cycles
RLm are evidenced, and regions related to other stable cycles in between also exist. In Fig.8b we show the
bifurcation curves related to the appearance of the basic cycles by fold bifurcation or by border collision
bifurcation, as explained below. The lower boundary (in red) is a fold bifurcation curve �RLm while the
upper boundary (in black) is a BCB curve BRLm . The bifurcation curves �RLm and BRLm are drawn by
using the equations given below in (42) and (38), respectively. Each pair of curves �RLm and BRLm have a
tangency (or contact) point in a codimension-two point (am; bm) (determined below), and the limit value as
m ! 1 is a1 = 1+�

1+�+ (for  = 0:5 and � = 0:1 used in Fig.8 it is a1 = 11
16 = 0:6875): The white region

in Fig.8a represents the parameter region in which the system may be chaotic, inside which the gray region
represented in Fig.8b is the parameter region in which the conditions of Theorem 2 hold, that are su¢ cient
conditions to state that the related �rst return map fr is expanding in the interval I = [0; 1]:

5.1 Border collision bifurcations

As already recalled, the appearance/disappearance of cycles in a piecewise smooth 1D map may be related
to border collision bifurcations. In particular, since x = 0 is the discontinuity point of map g; we have that
when the condition gmL � gR(1) = 0 holds, then the map is at a border collision bifurcation. Noticing that
this corresponds to gmL � gR(gL(0)) = gmL � gR � gL(0) = 0 or, equivalently, to gL(gmL � gR(1)) = gL(0); that
is, gm+1L � gR(1) = 1; it follows that

GRLm+1(0) = gmL � gR � gL(0) = 0 (34)

or
GRLm+1(1) = gm+1L � gR(1) = 1 (35)

represents the condition to get the BCB value of a cycle of period (m + 2); a basic cycle having symbolic
sequence RLm+1 (as in fact x = 0; as well as x = 1; is a periodic point of period (m + 2)): In terms of the
preimages of the origin the condition gmL � gR(1) = 0 also corresponds to

g�1R � g�mL (0) = 1 (36)

that is, by using the de�nition in (28),
�m = G

�1
RLm(0) = 1 (37)

that means that the condition �m = 1 represents the BCB. Writing in explicit form the condition gmL �gR(1) =
0, via gR(1) = b

(1+�) + 1 and (21), we get

am
�

b

(1 + �)
+ 1

�
+
1� am
1� a = 0

bam

(1 + �)
+
1� am+1
1� a = 0

and rearranging:

b = � 1� a
m+1

(1� a)am (1 + �)


It follows that, in general, the condition of the BCB of a basic cycle having symbolic sequence RLm is given
by:

BRLm : b = �
1� am

(1� a)am�1 (1 + �)
 (38)

Considering the �rst return map fr; as the parameter b increases, the value of the rightmost branch

GRLn1 (1) = g
n1
L � gR(1) = an1

�
b

(1+�) + 1
�
+ 1�an1

1�a increases, and when GRLn1 (1) = 1 holds, from (35) the

BCB of a cycle of period (n1 + 1) with symbolic sequence RLn1 occurs.
The BCB curves of equation (38) for m = 2; :::; 8 are shown in black in Fig.8.
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5.2 Fold Bifurcations

Besides the BCB BRLm determined in (38) associated with cycles having symbolic sequence RLm; in the
considered range b < �1 we may expect that fold bifurcations of basic cycles also occur, leading to the
existence of a pair of cycles (one attracting and one repelling). A fold bifurcation leads to two merging
solutions of the equation GRLn1 (x) = x; and from (23) this leads to

ban1

(x+ �)
+
1� an1+1
1� a = x (39)

The eigenvalue of a point x� that satis�es GRLn1 (x�) = x� is the �rst derivative of the composite function
GRLn1 in x�; and a fold bifurcation occurs when G0RLn1 (x

�
RLn1 ) = 1; x

�
RLn1 representing the merging of two

cycles (and x�RLn1 is the periodic point of the cycle in the R side for map g). Thus, from (30) we have that

G0RLn1 (x
�
RLn1 ) =

�ban1
(x�RLn1 + �)

+1
= 1 (40)

occurs when the point is given by:
x�RLn1 = (�ban1)

1
+1 � � (41)

By substituting this expression into (39), the equation of the fold bifurcation of the function GRLn1 (a curve
in the parameter plane (a; b)) is obtained, which is given (replacing a generic m in place of n1); for any
m � 1; by:

�RLm : b = �
1

a

�
1� am+1
1� a + �

�+1�


1 + 

�+1
(42)

A few fold bifurcation curves, for m = 1; :::; 6, are shown in red color in Fig.8, and bound from below the
existence region of a pair of cycles (one attracting and one repelling) both with symbolic sequence RLm.
It is worth to note that for any m � 1 the two bifurcation curves �RLm and BRLm have a point of

tangency (am; bm), which is a codimension-two point, and the fold bifurcation is de�ned only for a < am.
Each codimension-two point (am; bm) satis�es both equations in (42) and (38), or also both (42) and x� = 1
from (41). Thus am can be obtained as solution of the following equation:

� (1 + �)
+1

am
= � 1� am

(1� a)am�1 (1 + �)


and, rearranging, as the unique solution di¤erent from 1 of:

am+1 � a(1 + �


+ 1) +
1 + �


= 0 (43)

while bm is obtained from (38) at a = am, say bm = b(am): For the BCB curve of the 2�cycle RL (m = 1)
the condition in (43) leads to:

a1 =
1 + �


(44)

For m = 2; related to the BCB curve of the 3�cycle RL2; the equation in (43) can be written as:

(a� 1)(a2 + a� 1 + �


) = 0 (45)

so that we obtain:

a2 =
1

2

�
�1 +

r
1 + 4

1 + �



�
In addition, it follows that increasing m the solutions of (43) are decreasing values (i.e. am+1 < am); and
all these values are larger than a �xed value of a which can be obtained from (43) as m!1; leading to

a1 =
1 + �

1 + � + 
(46)
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We can state that, for any m > 1, the following inequalities hold:

a1 =
1 + �

1 + � + 
< am+1 < am < a1 =

1 + �


(47)

The codimension-two points (am; bm) which are visible in the range of Fig.8 are marked by black circles.
When the parameters belong to the BCB curve BRLn1 then a periodic point of the rightmost branch

GRLn1 of the �rst return map fr is merging with x = 1, it holds GRLn1 (1) = 1; and

� for a < an1 we have G
0
RLn1 (1) < 1 which means that the colliding cycle is attracting, and thus the

smooth fold bifurcation related to the curve �RLn1 (associated with a point in which G0RLn1 = 1) must
have been occurred before, at a smaller value of b; leading to a pair of cycles, one attracting and one
repelling. Increasing b at the BCB the stable cycle disappears leaving only the repelling one.

� for a > an1 we have G0RLn1 (1) > 1 which means that the colliding cycle is repelling, and thus the fold
bifurcation does not occur: a unique cycle (repelling) appears by border collision bifurcation when a
parameter point crosses the BCB curve from below to above.

It may be expected that the codimension-two points (am; bm) for m > 1 indicate that on their right side
the �rst return map fr is expanding. In fact, this is con�rmed in the next subsection.

5.3 Expanding �rst return map fr
As remarked above, su¢ cient conditions to have an expanding �rst return map fr in [0; 1] are given in
Theorem 2. So, let us consider the parameter region in which these conditions are satis�ed. Condition (j):
f 0r(1) =

�b
(1+�)+1 a

n1 > 1; leads to

b <
(1 + �)+1

an1
(48)

while the condition (jj): G0
RLn1+1

(�n1) =
�b

(�n1+�)
+1 a

n1+1 > 1 where �n1=
�

�b
1+ 1�an1

(1�a)an1

�1=
� � leads to

b > �(an1+1)
�
1 +

1� an1
(1� a)an1

�1+
(49)

The curves having the equations

b =
(1 + �)+1

an1
; b = �(an1+1)

�
1 +

1� an1
(1� a)an1

�1+
(50)

determine the upper and lower boundaries of the gray region represented in Fig.8 (where these curves, on
the boundary, are colored in azure and green, respectively) leading to a wide region of expansivity for the
�rst return map fr.
As expected, the codimension-two points are on the border of the gray region, represented by black circles

in the �gure, and belong to the intersection of the two curves whose equations are given in (50).
It is also worth to note that increasing the parameter  the region related to expansivity increases

signi�cantly, as illustrated in Fig.9 for  = 1:5 (while keeping � = 0:1 as in Fig.8). Also in Fig.9 the
codimension-two points are represented by black circles, and belong to the border of the gray region. Now
it is a1 = 1+�

1+�+ =
11
26 ' 0:423:
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Fig.9 Two dimensional bifurcation diagram in a portion of the (a; b)�parameter plane of interest, at �xed  = 1:5
and � = 0:1: In red the fold bifurcation curves �RLmgiven in (42). In black the BCB curves BRLmgiven in (38).
They have a contact at a codimension-two point (am;bm)evidenced by a black circle, where also the curves, whose

equations are given in (50), bounding the gray region are intersecting.

Clearly, in order to prove that the expanding Baker-like map fr is robustly chaotic in [0; 1]; and thus g
chaotic in the invariant absorbing interval J = [gR(0); 1]; we have to consider the conditions of Theorem 1.
Indeed, we have numerically veri�ed that when Theorem 2 holds then the number of discontinuity points is
at least two (i.e. nd � 2; so that N � 3); and at least one of the conditions of Theorem 1 is satis�ed. In fact,
we can also argue with the following arguments, as a function of the parameter b; increasing its value. The
BCB curves that we have determined are those related to the �xed points of the �rst return map, and are
such that when a parameter point belongs to a BCB curve in the gray region (i.e. where the conditions of
Theorem 2 are satis�ed) then a new repelling �xed point enters the interval I in the rightmost part (at the
bifurcation it is fr(1) = 1) and correspondingly it is fr(0) < 1; thus it is smaller than the rightmost �xed
point (then fr(1) increases again from 0). When a leftmost �xed point undergoes a BCB disappearing from
the interval I it is fr(0) = 0 and meanwhile it is fr(1) >> 0 (then fr(0) decreases again from 1). Thus when
fr is expanding one or both the inequalities stated in Theorem 1 are satis�ed and the non-expanding Lorenz
map g is chaotic in the interval J = [gR(0); 1]:

6 Conclusions

In this work we have considered a discontinuous piecewise monotone map f(x) of the interval [0; 1] onto
itself, with N � 2 branches. That is, Lorenz maps for N = 2 and a family of expanding Baker-like maps
for N > 2. This class of maps is relevant because it may represent the �rst return map of non-expanding
Lorenz maps. We have determined the necessary and su¢ cient conditions to have robust chaos in the whole
interval. In Sec.3 we have recalled the results for the expanding Lorenz map (N = 2) for which the su¢ cient
condition for full chaos is f 0(x) >

p
2 for any x (i.e. � �

p
2); while the necessary and su¢ cient conditions

for 1 < � <
p
2 are related to the existing basic cycle RLn�1 or Rn�1L; for some n > 1; which must be

homoclinic. In the example described in that section, we have emphasized that the existence of such basic
cycles is related to a border collision bifurcation, clearly distinguished from the homoclinic bifurcation values.
The main results have been obtained in Sec.4, where we have considered the expanding Baker-like map for
N � 3 proving that the necessary and su¢ cient condition for robust chaos in [0; 1] is the occurrence of at
least one of the two inequalities f(1) > x�1, f(0) < x

�
N�2, where x

�
1 is the minimum and x�N�2 the maximum

of the �xed points (which coincide for N = 3). Besides this, a second goal has been illustrated via a relevant
example, described in Sec.5. That is, the results obtained for an expanding Baker-like map can be used to
prove full chaos in a non-expanding Lorenz map, by use of a suitable �rst return map which may be again
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a Lorenz map or a Baker-like map. In the example considered in Sec.5 we have shown that although one
branch of the Lorenz map is a contraction, the map is chaotic in the whole interval of de�nition for a wide
open region in the parameter space. That is, full chaos is robust.
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