Two-dimensional
noninvertible maps,
homoclinic bifurcations,
and global bifurcations of
attractors and basins
Let us consider a map x0 = T (x) from a space X ⊆ R2 into

itself.

The point x0 is called the rank-1 image of x. A point x such
that T (x) = x0 is called a rank-1 preimage of x0.
The point xn = T n(x), n ∈ N , is called image of rank-n of
the point x, where T 0 is identified with the identity map and
T n (·) = T ◦ T n−1 (·) = T (T n−1 (·)).
Given a point y, a point x such that T n(x) = y is called
rank-n preimage of y .
Let A ⊂ X be a such that T (A) ⊆ A, then A is called trap-

ping set. We have two kinds of trapping set: either (a) T (A) =

A, then A is called invariant set, or (b) T (A) ⊂ A than A

is strictly mapped into itself, and in this case T n+1(A) ⊆
T n(A) for any n > 0.
When A is a compact set then the intersection of the nested
sequence of sets is a closed nonempty invariant set, say B =
∩n>0T n(A), then T (B) = B (note that the number of
iterations necessary to get the invariant set B may be finite or
infinite).
Important property of an invariant set A ⊆ X : If T is invariant

on A then any point of A has at least one rank-1 preimage in

A, and iteratively: any point of A has an infinite sequence of
preimages in A.
In fact, by definition any point of T (A) is the image of at least
one point of A, thus for an invariant set A ⊆ X, for which

T (A) = A, this property holds for any point in A.

The behavior of points in a neighborhood of an invariant set A
depends on the local dynamics (A may be attracting, repelling,
or neither of the two).
An attracting set is a closed invariant set A which possess a
trapping neighborhood, that is, a neighborhood U , with A ⊂

Int(U ), such that A = ∩n≥0T n(U ) (as in the case of the
set B constructed above). In other words, if A is an attracting
set for T , then a neighborhood U of A exists such that the
iterates T n(x) tend to A for any x ∈ U (and not necessarily
enter A). An attractor is an attracting set with a dense orbit.
The basin of attraction of an attracting set A, B(A), is the set
of all the points whose trajectory has the limit set in A (roughly
speaking, whose trajectory tends to A).

B(A) = {x|T n(x) → A as n → +∞ } .

(1)

As the attracting set possesses a neighborhood U of points having this property, then the basin is made up of all the possible preimages of U : B(A) = ∪n≥0T −n(U). Sometimes it
is useful to consider as neighborhood U the immediate basin,
which is the largest connected component of the basin which
contains the attracting set A.
A repelling set is a compact invariant set K which possesses
a neighborhood U such that for any point x0 ∈ U\K , the
/ U for at least
trajectory x0 → x1 → ... must satisfy xn ∈

one value of n ≥ 0 (but such a trajectory may also come back

again in U, as it occurs when homoclinic trajectories exist). A
repellor is a repelling set with a dense orbit.
It is worth noticing that this definition is a very strict one, by
using this definition a saddle cycle cannot be called repelling,
but only unstable. More often we use ”expanding” in its place,
keeping a more soft definition for a repelling set saying that a
closed invariant set K which is not attracting is called repelling
if however close to K there are points whose trajectories goes
away from K . Here we adopt this second (more soft) definition.
A map T is said to be noninvertible (or “many-to-one”), if dis-

6 y exist which have the same image, T (x) =
tinct points x =
T (y) = x0. This can be equivalently stated by saying that
points exist which have several rank-1 preimages, i.e. the inverse
¡ 0¢
−1
x may be multi-valued. Geometrically, the
relation x = T
action of a noninvertible map T can be described by saying that

it “folds and pleats” the space, so that two distinct points are
mapped into the same point. Equivalently, we could also say
that several inverses are defined, and these inverses “unfold” the
space. This leads to the definition of the critical sets, one of the
distinguishing features of noninvertible maps : The critical curve

LC of a continuous map T is defined as the locus of points
having at least two coincident rank − 1 preimages, located on
a set CS−1 called set of merging preimages.
LC comes from the French “Ligne Critique”, as this terminology, and notation, originates from the notion of critical points
as it is used in the classical works of Julia and Fatou.
For a continuous noninvertible map T , the space R2 can be
subdivided into regions Zk , k ≥ 0, whose points have k distinct rank-1 preimages. Generally, as the point x0 varies in R2,
pairs of preimages appear or disappear as this point crosses the
boundaries which separate diﬀerent regions. Hence, such boundaries are characterized by the presence of at least two coincident
(or merging) preimages, and thus belong to LC .
The set CS−1 is the generalization of the notion of critical point
(when it is a local extremum) of a one-dimensional map, and of
the fold curve LC−1 of a two-dimensional noninvertible map.
In a generic two-dimensional map T , and in analogy with the
one-dimensional case, the set LC−1 is included in the set where

det JT (x, y) changes sign, since T is locally an orientation preserving map near points (x, y) such that det JT (x, y) > 0
and orientation reversing if det JT (x, y) < 0. When the map
is continuously diﬀerentiable the points of LC−1 necessarily

belong to the set where the Jacobian determinant vanishes, and

LC = T (LC−1) belongs to boundaries which separate regions Zk characterized by a diﬀerent number of preimages.
As a prototype let us consider the map T defined by
(
x0 = ax + y
T :
y 0 = b + x2
The points which are the analogue of the critical points of a
one-dimensional map are now associated with the vanishing of
the Jacobian determinant. Here we have
"
#

JT (x, y) =

a 1
2x 0

, det JT (x, y) = −2x

then the set defined by det JT (x, y) = 0, here x = 0, represents the critical line LC−1, and its image, LC = T (LC−1)

(the line of equation y = b) separates the phase plane into two
regions: Z0 and Z2. Each point belonging to Z0 has no rank1 preimage, while each point belonging to Z2 has two distinct

rank-1 preimages, located one on the right and one on the left
of LC−1.

In order to give a geometrical interpretation of the action of a
multi-valued inverse relation T −1, it is useful to consider a region Zk as the superposition of k sheets, each associated with
a diﬀerent inverse. Such a representation is equivalento to a
Riemann foliation of the plane (see e.g. Mira et al.96). Different sheets are connected by folds joining two sheets, and the
projections of such folds on the phase plane are arcs of LC.
The main diﬀerences between invertible and noninvertible maps
are the following:
In Invertible maps:

- the transition to chaos occurs via saddle cycles and homoclinic
orbits to saddles (associated with the Horse show mechanism)
- the basins are always simply connected
while in noninvertible maps, besides this,
- also repelling cycles as foci or unstable nodes may become
homoclinic (snap-back repellers)
- the basins of attraction may be also connected but not simply
(with so called ”holes” inside), or disconnected (in a finite or
infinite number of components).
Later we shall recall the properties of homoclinic bifurcations,
let us first recall the properties of the critical curves, which are
involved in some global bifurcations of attracting sets and basins
of attraction.
Images of the critical curve (critical curves of higher rank) are
used to bound absorbing areas as well as chaotic areas. As an
example of chaotic area (the further images T k (LC) for k ≥

1, are also called critical curves, of higher rank):

This leads to the definition of ”generating segment g”, to find
the boundaries of particular regions, absorbing areas or invariant
chaotic areas.

The white area shows the basin of attraction, simply connected,
of the chaotic attractor, while gray points denote points having
divergent trajectories. In the same map the basins also may have
a fractal (or chaotic) structure, or a fractal boundary, and a basin
may be connected but not simply or disconnected.

We also recall that while in invertible maps the basin of attraction
of some attracting set A is an invariant set, for noninvertible
maps this property is not always satisfied. In fact, whenever
there is a region Z0 and a basin has a portion in it, then the
image by the map of the basin is a set strictly included into itself.
So the generic properties are as follows:

T (B(A)) ⊆ B(A) , T −1(B(A)) = B(A)
However, one of the main distinguishing features of noninvertible
maps is in the structure of the basins of attraction. In fact, while
in invertible maps the basin of attraction of some attracting set

A is a simply connected set, in noninvertible maps we may have
basins of attraction which are connected but not simply (i.e. with
so-called holes) or also non connected (i.e. disconnected, with
so-called island). Important global bifurcations of the structure
of the basins of attraction, leading a simply connected basin to a
connected basin but with holes or to a non connected basin, are
due to contact bifurcations between the basins and the critical
curves of a map.
The bifurcations of the basins from simply connected to multiply connected or disconnected are due to contact bifurcations

between the basins and the critical curves of a map.

contact bifurcation leading to multiplyconnected basin
In this Fig. we schematically show this contact bifurcation: a
portion of the frontier has a contact with the critical curve LC,
here denoted L, and crosses it, leaving a region H0 whose points
have a diﬀerent fate (they do not belong to the considered basin).

But this portion H0 belongs to the region Z2 and thus has two
distinct rank-1 preimages which form together a hole H1 inside
the old basin. Then this area H1 has an infinite sequence of
preimages inside the old basin, and all such areas are holes of
points having a diﬀerent fate. So a simply connected basin is
transformed into a multiply-connected basin. Note that if the
points outside are converging to a diﬀerent attractor, and thus
belong to a diﬀerent basin, for it the same bifurcation has created
new portions, islands, inside a diﬀerent area, and thus it has been
transformed from connected to non connected. Similarly the reasoning leading a simply connected basin into disconnected:

contact bifurcation leading to disconnected basin

a = −0.42, b = −1.6.
Also the so called internal or external crisis (following Grebogi)
of chaotic attractors may be due to contacts involving the critical
curves and homoclinic bifurcations.
Let us show this process leading from a smooth basin boundary
to a fractal basin boundary via an example, by using the map at
the parameter at a = −0.42 fixed and decreasing the value of
the parameter b.

a = −0.42, b = −1.09
At b = −1.09 we see the coexistence of two diﬀerent attrac-

tors: of a closed invariant curve Γ with a multiply-connected

basin, and a chaotic attractor (chaotic area) made up of three
cyclical pieces (di), i = 1, 2, 3, whose basin is non connected.
This basin consists of the three immediate basins of the three
areas (di), i = 1, 2, 3, and related preimages of any rank. The
external boundary, separating the basins of the two attractors

from the basin of divergent trajectories, includes a repelling node

P and its preimages.

a = −0.42, b = −1.25
At b = −1.25 the chaotic attractor (di), i = 1, 2, 3, has
been destroyed (via a contact bifurcation with the immediate
basin boundary) leaving a chaotic repellor, or strange repellor
(SR) although not visible in the figure, appearing as inside the
basin of the unique attracting set, now an attracting cycle of
period 7. That is, at b = −1.25 the unique attracting set is

now an attracting cycle of period 7 (star points), and its basin
boundary is made up of an ”external” part, including the repelling
fixed point P , its preimages, and infinitely many repelling cycles
of increasing period belonging to another strange repellor (SR0)
(black points on the basin boundary), and an ”internal” part
made up of the fractal set (SR) (some of its repelling cycles
being the black points inside the brown region).
The basin is simply connected, the basin boundary is smooth in
shape, but the restriction of the map on it is chaotic.

At b = −1.35 we see the eﬀect of the contact bifurcation

between the external frontier and the critical curve LC . The
attracting set is still a 7-cycle, and its basin is now multiply connected. Infinitely many preimages of the region H0 give areas
(holes) inside the basin, which are here made up of points having divergent trajectories, and now the infinitely many holes are
accumulating on the strange repellors (SR) and (SR0), thus a
new fractal structure has been created in the basin itself and in
its boundary.

a = −0.42, b = −1.35

The crossing of the preimage of the repelling node P denoted
2 trough the critical curve LC gives as result the tranas P−2
sition again to a simpy connected basin, but now with a fractal
boundary (already shown before).

a = −0.42, b = −1.6.
We also note that the attractor is a chaotic area quite close to
the frontier of its basin. A contact of this chaotic attractor with
the frontier of its basin will transform the chaotic attractor into
a chaotic repellor. An example is shown below: almost all the
points have divergent trajectories, however the transient part in

the old chaotic area shows the old shape as a kind of ghost. This
gives rise to a chaotic transient towards infinity.

a = −0.42, b = −1.63892
It is worth to note the importance of the global structures and
of the global bifurcations, in the interpretation of the dynamics
of maps in the applied context. As in fact we may have simple
attractors with a very small basin of attraction, or with a fractal
shape, and coexistent with several other attractors which limit
the importance of the attractivity property.

Global properties and global bifurcations.
Self intersections which are impossible in invertible maps:
of unstable sets

or of two diﬀerent invariant sets

Global bifurcations of closed invariant curves: foldings and loops.

loops in closed invariant sets:

Contact Bifurcations (are also homoclinic bifurcations).
The contact of one attracting set with its basin boundary is a
global bifurcation.
In the case of cyclical chaotic areas of T we have:
(i) a contact bifurcation of the 1st kind (if the contact occurs
with an immediate basin of another bounded attracting set: this
causes reunion)
(ii) a contact bifurcation of the 2nd kind (if the contact occurs
with a nonimmediate basin of another bounded attracting set:
this causes expansion, with regions of low density of iterated
points)
Otherwise we a final bifurcation. When two diﬀerent attractors
are really invariant for T then a contact of one attracting set
with its basin boundary causes its change into a repelling set
after which almost all the points will be attracted by the other
attractor(s) (which may also be at infinity).

Ex. the double-logistic map T (G et al 94, 97), given by:

x0 = (1 − λ)x + 4λy(1 − y)

y 0 = (1 − λ)y + 4λx(1 − x)

Another example is taken from [WS96 book].
We consider the map defined by

x0 = x2 − y 2 + λ + x
y 0 = 2xy − 2.5 y

We recall that the sudden disappearance of a chaotic region and
appearance of an attracting cycle inside the chaotic region is
a phenomenon of “order within chaos” which is often observed
coupled with the phenomenon of “intermittency,” which suggests
the soon appearance of an attracting cycle with points in specific
parts of the chaotic attractor. This kind of bifurcation is not different from what is already known to occur in one-dimensional
endomorphisms or in maps of the circle into itself. For example,
we observe this phenomenon when the parameter of the logistic map is increased and similar behaviours can be observed on
closed invariant curves or inside invariant absorbing areas. This
kind of bifurcation may be considered among the “global eﬀects”
of local bifurcations.

A map T of type (Z1 − Z3 − Z1) is given by:

x0 = x + y
y 0 = ax + bx2 + cx3 + dy
it has three fixed points O = (0; 0), P and Q:

xP = [−b + (b2 − 4ac)1/2]/(2c) , yP = 0

xQ = [−b − (b2 − 4ac)1/2]/(2c) , yQ = 0
the critical set (from detJT (x, y) = 0) is given by LC−1 =
L−1 ∪ L0−1:

−b + (b2 − 3c(a − d))1/2
L−1 : x =
= α+
3c
0
−b − (b2 − 3c(a − d))1/2
L−1 : x =
= α−
3c
Defining f (x) ≡ ax + bx2 + cx3, then LC is given by
LC = L ∪ L0:
L : y = f (α+) + d(x − α+)
0

L

: y = f (α−) + d(x − α−)

a = c = 1, b = −2.4, d = 0

b = −2.43

b∗= −2.4317

b = −2.45

a = 0.5, b = 0.5, c = −1, d = 0

b∗ = 0.653551

b = 0.778

b = 0.81

a = 0.25, b = 1.08, c = −0.5, d = −1.08

b = 1.092

b = 1.0945

Among the relevant properties associated with fixed points and
k−cycles (fixed points of the map T k ) we still have the notion of homoclinic orbits, not only to saddle cycles (as in the
invertible case) but also for expanding cycles (repelling foci and
nodes), which cannot exist in invetible maps.

The chaotic behavior associated with homoclinc orbits to a saddle can be proved via the Horse-shoe mechanism (due to Smale)
leading to a Cantor set.

Λ=[

T

n≥0

T −n(S)] ∩ [

T

n≥0

T n(S)]

The existence of a homoclinic orbit is always a basic tool to show
rigorously the existence of chaotic dynamics. In noninvertible
maps we have a new kind of homoclinic orbits, to expanding
fixed points (or cycles). In this case it is easy to see that we can
use the same kind of proof already used in the one-dimensional
case (substituting neigborhoods to intervals):

a suitable k can be found such that

F k (U0) ⊃ U0 ∪ U1

F T k (U1) ⊃ U0 ∪ U1

where U0 and U1 are disjoint sets, U ⊃ U0 ∪ U1 such that,
−1
considering T = F k , suitable inverses defined by T0 (U ) =
U0 and T1−1(U) = U1 give, defining T −1 = T0−1 ∪ T1−1,

T −1(U ) = U0 ∪ U1

T −2(U ) = T −1(U0) ∪ T −1(U1)

= U00 ∪ U01 ∪ U10 ∪ U11 ⊂ T −1(U )

...

It is clear that T −n(U ) includes 2n disjoint sets and

T
−n
Λ = lim T (U) =
T −n(U )
n→∞
n≥0

is a Cantor set.

As we have seen also in previous figures, the transition of a repelling point from not SBR to SBR occurs via critical homoclinic
points. Consider also the following example T : R2 → R2

T :

(

x0 = y
y 0 = −x2 + cy + M

The Jacobian of T is given by

JT (x, y) =

"

#

0 1
−2x c

its determinant vanishes on the critical line LC−1 of equation
x = 0, and its image is the critical line LC = f (LC−1)
of equation y = cx + M , which separates the phase plane in
two open regions Z0 and Z2. Any point (x, y) ∈ Z2 has two
distinct rank-1 preimages given by:
−1 0 0
T1,2
(x , y ) = (±(cx0 − y 0 + M )1/2 , x0)
While a point (x, y) ∈ LC has a unique rank-one preimage

belonging to LC−1. This map has two fixed points which appear

by saddle-node bifurcation, say R the stable node and Q the

saddle, given by



(c−1)+((1−c)2+4M)1/2

,
2
(c−1)+((1−c)2+4M)1/2
2

(c−1)−((1−c)2+4M)1/2
,
2
Q=
(c−1)−((1−c)2+4M)
2


R=








The properties decribed above hold also for a piecewise linear
two-dimensional map. Let us consider the canonic form: the
map T is given by two linear maps TL and TR which are defined
in two half planes L and R:
(
TL(x, y), (x, y) ∈ L = {(x, y) : x ≤ 0}
T : (x, y) 7→
TR(x, y), (x, y) ∈ R = {(x, y) : x > 0}
where

TL :

Ã

TR :

Ã

x
y

!

x
y

!

7→

Ã

7→

Ã

τ Lx + y + µL
−δ Lx
τ Rx + y + µR
−δ Rx

!
!

the border line x = 0 is denoted LC−1, and its backward
and forward images by TL and TR are called critical lines. Let
L∗ and R∗ denote the fixed points of TL and TR determined,
respectively, by
Ã
!
−δ iµi
µi

,

1 − τ i + δi 1 − τ i + δi

, i = L, R.

Let us consider the following parameters τ L = 0.3, δ L =
−0.6 at which L∗ is virtual, while R∗ may be an unstable focus, in the continuous case with µL = µR = 1.

τ L = 0.3, δ L = −0.6 fixed
This two-dimensional bifurcation diagram shows how many similar cases we can find. Let us fix our analysis to the periodicity
region of a 6-cycle, setting τ R = 1.1 and changing δ R .

In (a) δ R = 1.3; in (b) δ R = 1.35; in (c) δ R = 1.5; in (d)
δ R = 2.3. In (e) we give the boundary of the annual chaotic
area shown in (c). In (f) the boundary of the chaotic area shown
in (d). We can see the transition to SBR first of a 6−cycle and
then of the fixed point R∗.

Let us consider also a discontinuous case:

τ L = −1.4, δ L = −0.9, µL = 0.9
τ R = −1.53, δ R = 1.3, µR = 1

at which we have that L∗ is virtual while R∗ is an unstable
focus, around which an annular chaotic area exists. The rank-1
∗ = T −1(R∗),
preimage of R∗ distinct from itself, that is, R−1
L
is external to the chaotic area (see Fig.a, where gray points are
associated with divergent trajectories). Increasing the parameter
δ R the hole around R∗ decreases and the transition to SBR oc∗ has a contact with the boundary
curs when the preimage R−1
of the chaotic area, approximately at δ R = 1.6. After which
the chaotic area becomes simply connected, and there exist infinitely many nondegenerate homoclinic orbits of R∗.
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