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Prototype of chaotic system: Smale horseshoe.
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Let us denote by Q := [0, 1]2 the unit square of R2 and let
f : Q→ R2 be as follows:
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Λ :=

+∞⋂
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fn(Q)

is f-invariant (i.e., f (Λ) = Λ) and compact.
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The set

Λ :=

+∞⋂
n=−∞

fn(Q)

is f-invariant (i.e., f (Λ) = Λ) and compact.

By construction, any point in Λ has a unique bi-infinite se-
quence of 0s and 1s associated with it ⇒ dynamics on two
symbols.

Setting Σ2 := {0, 1}Z, the Bernoulli shift is the homeomorphism

σ : Σ2→ Σ2, σ((si)i) := (si+1)i .

Theorem: f|Λ is conjugate to the Bernoulli shift σ, i.e., there
exists a homeomorphism φ : Λ→ Σ2 such that the diagram

Λ Λ

Σ2 Σ2

-
f

?
φ

?
φ

-

σ

commutes, that is,
φ ◦ f|Λ = σ ◦ φ .
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Hence, the topological properties (≡ independent on the choice
of the metric) of (Σ2, σ) transfer to (Λ, f ).
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Hence, the topological properties (≡ independent on the choice
of the metric) of (Σ2, σ) transfer to (Λ, f ).

(Σ2, σ) is chaotic according to various definitions (Devaney,
coin-tossing, etc.) ⇒ thanks to the compactness, also (Λ, f ).
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Problem with the Smale horseshoe: verify the hyperbolicity
condition ⇒ split of the tangent space onto the directions

stable −→ compression;

unstable −→ expansion,

invariant under the application of the differential map.
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Problem with the Smale horseshoe: verify the hyperbolicity
condition ⇒ split of the tangent space onto the directions

stable −→ compression;

unstable −→ expansion,

invariant under the application of the differential map.

One needs to find easier formulations.

Kennedy, Koçak and Yorke (2001) study the so-called “topo-
logical horseshoes”.

They introduce the concepts of connections and preconnec-
tions:
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Under suitable hypotheses, they prove that the map f, re-
stricted to an invariant set Λ, is semi-conjugate to the Bernoulli
shift, i.e., there exists a continuous and surjective map π that
makes the diagram
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?
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-

σ

commute.
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positivity of topological entropy).
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Under suitable hypotheses, they prove that the map f, re-
stricted to an invariant set Λ, is semi-conjugate to the Bernoulli
shift, i.e., there exists a continuous and surjective map π that
makes the diagram

Λ Λ

Σ2 Σ2

-
f

?
π

?
π

-

σ

commute.

Still the map f inherits some chaotic features from σ (e.g.,
positivity of topological entropy).

However, the existence of fixed points or periodic points for
f is not ensured (as shown in a specific example by Kennedy
and Yorke)!!
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Papini and Zanolin (2002) find a criterion (“stretching along
the paths”) to prove also their existence for maps defined on
domains homeomorphic to the unit square of R2.
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Papini and Zanolin (2002) find a criterion (“stretching along
the paths”) to prove also their existence for maps defined on
domains homeomorphic to the unit square of R2.

Paths and sub-paths play the role of connections and precon-
nections.
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Motivations of our “theoretical” research:
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Motivations of our “theoretical” research:

• Give a contribution and a new point of view on recent works
on the existence of periodic points and chaotic-like dynamics
for “expansive-contractive” maps (by Wójcik, Zgliczyński,
Srzednicki, Mischaikow, Mrozek, Gidea, etc.), via an ele-
mentary approach based on the concept of connection and
on the Leray-Schauder continuation theorem;
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Motivations of our “theoretical” research:

• Give a contribution and a new point of view on recent works
on the existence of periodic points and chaotic-like dynamics
for “expansive-contractive” maps (by Wójcik, Zgliczyński,
Srzednicki, Mischaikow, Mrozek, Gidea, etc.), via an ele-
mentary approach based on the concept of connection and
on the Leray-Schauder continuation theorem;

• Extend to the N-dimensional setting the planar theory by
Papini and Zanolin.
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2. Stretching along the paths
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Notation: Given a path γ : [0, 1]→ X, we denote its range by γ.
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Notation: Given a path γ : [0, 1]→ X, we denote its range by γ.

The paths will always be continuous.

Let’s introduce the spaces we will consider:

Definition: Let Z be a metric space and let

h : RN ⊇ IN → X ⊆ Z

be a homeomorphism of IN onto its image X.
Setting

X` := h([xN = 0]), Xr := h([xN = 1])

and
X− := X` ∪Xr ,

the pair
X̃ := (X,X−)

is called an oriented N-dimensional rectangle.
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Concept similar to that of h-set of (1, N−1)-type by Zgliczyński
and Gidea (2004) or of (1, N−1)-window by Gidea and Robinson
(2003).
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Concept similar to that of h-set of (1, N−1)-type by Zgliczyński
and Gidea (2004) or of (1, N−1)-window by Gidea and Robinson
(2003).

In fact, as we shall see, we have just one expansive direction
and N − 1 contractive directions.
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Definition: Let X̃ := (X,X−), Ỹ := (Y, Y −) be oriented N-dimen-
sional rectangles of the metric space Z. Let ψ : Z → Z be a
function and let K ⊆ X be a compact set. We say that

(K, ψ) stretches X̃ to Ỹ along the paths

and write

(K, ψ) : X̃ m−→Ỹ

if the following conditions hold:

• ψ is continuous on K ;

• For every path γ with

γ ⊆ X and γ ∩X` 6= ∅, γ ∩Xr 6= ∅,
there is a sub-path ω of γ such that

ω ⊆ K and ψ(ω) ⊆ Y, with ψ(ω) ∩ Y` 6= ∅, ψ(ω) ∩ Yr 6= ∅.
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Theorem: Let X̃ := (X,X−) be an N-dimensional oriented rect-
angle of a metric space Z. Moreover let ψ : Z → Z be a map
and K ⊆ X be a compact set such that

(K, ψ) : X̃ m−→X̃.
Then there exists w̃ ∈ K such that

ψ(w̃ ) = w̃.

23



Theorem: Let X̃ := (X,X−) be an N-dimensional oriented rect-
angle of a metric space Z. Moreover let ψ : Z → Z be a map
and K ⊆ X be a compact set such that

(K, ψ) : X̃ m−→X̃.
Then there exists w̃ ∈ K such that

ψ(w̃ ) = w̃.

23



Theorem: Let X̃ = (X,X−) be an N-dimensional oriented rect-
angle of the metric space Z and let ψ : Z → Z be a map. Let
D ⊆ X and assume there are m ≥ 2 pairwise disjoint compact
sets K0 ,K1 , . . . ,Km−1 ⊆ D such that

(Ki, ψ) : X̃ m−→X̃ , for i = 0, . . . ,m− 1.

Then the map ψ induces chaotic dynamics on m symbols in
the set D relatively to (K0, . . . ,Km−1), i.e., setting

K :=

m−1⋃
i=0

Ki ⊆ D and I∞ :=

∞⋂
n=0

ψ−n(K),

then there exists a nonempty compact set

I ⊆ I∞ ⊆ K,
on which the following properties are fulfilled:
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Theorem: Let X̃ = (X,X−) be an N-dimensional oriented rect-
angle of the metric space Z and let ψ : Z → Z be a map. Let
D ⊆ X and assume there are m ≥ 2 pairwise disjoint compact
sets K0 ,K1 , . . . ,Km−1 ⊆ D such that

(Ki, ψ) : X̃ m−→X̃ , for i = 0, . . . ,m− 1.

Then the map ψ induces chaotic dynamics on m symbols in
the set D relatively to (K0, . . . ,Km−1), i.e., setting

K :=

m−1⋃
i=0

Ki ⊆ D and I∞ :=

∞⋂
n=0

ψ−n(K),

then there exists a nonempty compact set

I ⊆ I∞ ⊆ K,
on which the following properties are fulfilled:

• I is invariant for ψ (that is, ψ(I) = I);

• ψ|I is semi-conjugate to the one-sided Bernoulli shift σ on
m symbols. Therefore, htop(ψ) ≥ log(m);
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• The set P of the periodic points of ψ| I∞ is dense in I and
the preimage π−1(s) ⊆ I of every k-periodic sequence s ∈ Σ+

m

contains at least one k-periodic point;
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• The set P of the periodic points of ψ| I∞ is dense in I and
the preimage π−1(s) ⊆ I of every k-periodic sequence s ∈ Σ+

m

contains at least one k-periodic point;

• There exists a compact invariant set Λ ⊆ I such that ψ|Λ is
semi-conjugate to the one-sided Bernoulli shift on m sym-
bols, topologically transitive and has sensitive dependence
on initial conditions.
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The “stretching along the paths” (SAP) method consists in
checking that for (at least) two disjoint compact sets K0, K1 it
holds that

(Ki, ψ) : X̃ m−→X̃, i = 0, 1,

so that, in view of the previous theorem, ψ induces chaotic
dynamics w.r.t. them.
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3. Applications to difference
equations
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We consider two planar economic models:

• The first one from the Overlapping Generations (OLG) class
(Medio (1992), Reichlin (1986));

• The second one from the Duopoly Games (DG) class with
heterogeneous expectations (Agiza-Elsadany (2004)),

and a three-dimensional economic model from the Triopoly
Games (TG) class with heterogeneous expectations (Naimzada-
Tramontana (2011)),

for which we rigorously prove the presence of chaotic dynamics
via the Stretching Along the Paths method.

For such models the evidence of chaos was so far suggested by
numerical simulations.
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DG model
By “duopoly”, economists denote a market with two firms.

The term “game” refers to the fact that the players (firms)
make their decisions following a strategy.

In the presence of incomplete information concerning its com-
petitor’s future decisions, under the assumption of “heteroge-
neous expectations”, each firm employs a different strategy to
maximize profits.

The problem of each firm is to decide at time t how much to
produce at time t + 1, on the basis of the expectations about
its competitor’s future decision.

The choice variables are:

− x : output of Firm 1;

− y : output of Firm 2.
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Expectations:

Firm 1 → bounded rationality

xt+1 = xt

(
1 + α

∂π1 t

∂xt

)
,

with α > 0 relative speed of adjustment to changes in profit.
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The firms produce an identical commodity at possibly different
positive costs c1, c2.

The commodity is sold in a single market at price p = a− b(x + y),
with a, b > 0.

Profits: π1 = p(x− c1) and π2 = p(y − c2).

Expectations:

Firm 1 → bounded rationality

xt+1 = xt

(
1 + α

∂π1 t

∂xt

)
,

with α > 0 relative speed of adjustment to changes in profit.

Firm 2 → adaptive expectations

yt+1 = (1− ν)yt + νg(xt),

with ν ∈ [0, 1] rate of adaptation and g(xt) reaction function
computed under the naive expectation.
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The result of these assumptions is a system of two difference
equations in the variables x and y, as follows:{

xt+1 = xt(1 + αa− αbyt − αc1 − 2αbxt)
yt+1 = (1− ν)yt + ν

2b(a− c2 − bxt).
(DG)
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2b(a− c2 − bxt).
(DG)

⇒We are led to consider the continuous map F : R2
+→ R2, with

components

F1(x, y) := x(1 + αa− αby − αc1 − 2αbx),
F2(x, y) := (1− ν)y + ν

2b(a− c2 − bx).
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The result of these assumptions is a system of two difference
equations in the variables x and y, as follows:{

xt+1 = xt(1 + αa− αbyt − αc1 − 2αbxt)
yt+1 = (1− ν)yt + ν

2b(a− c2 − bxt).
(DG)

⇒We are led to consider the continuous map F : R2
+→ R2, with

components

F1(x, y) := x(1 + αa− αby − αc1 − 2αbx),
F2(x, y) := (1− ν)y + ν

2b(a− c2 − bx).

As generalized rectangle we choose the trapezium

R = R(P,Q) :=

{
(x, y) ∈ R2 : P ≤ y ≤ Q, 0 ≤ x ≤ a− c1 + 1/α

2b
− y

2

}
,

with a, b, c1 and α as above and P, Q satisfying suitable restric-
tions.
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The generalized rectangle R can be oriented as follows:
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And now our result on the DG model:
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And now our result on the DG model:

Theorem: For the map F defined above and the trapezoid
R = R(P,Q) oriented as before, under suitable hypotheses on
the parameters, there exist two disjoint compact subsets K0

and K1 of R such that

(Ki, F ) : R̃ m−→R̃, for i = 0, 1.

Hence, the map F induces chaotic dynamics on two symbols
on R relatively to K0 and K1.
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Since F (S) ∩R = ∅, then R∩ F (R) = K0 ∪ K1, with K0 ∩ K1 = ∅.
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So far we have discussed the issue of existence of chaotic sets
only, not their attractiveness.

In the DG model above, we showed the presence of chaos for
the same parameters in the literature, except for a bit larger
speed of adjustment α (also in the TG model).

It makes sense that chaotic dynamics arise when firms are
more reactive, but for such values chaos is not visible via nu-
merical simulations.

This is NOT a limit of the SAP method. It is linked instead
with the possibility of performing computations by hand (first
vs higher iterates).

For instance, for the logistic map F : [0, 1]→ R, F (x) = µx(1− x),
with µ > 0, the SAP method applies:

− with the first iterate −→ when µ > 4 ;

− with the second iterate −→ also with µ ∼ 3.88 .
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plicable with Neimark-Sacker bifurcations leading to chaos.

Next steps / Open problems:

• Try to apply the SAP method to interesting economic mod-
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Because of the required geometry, the SAP method works well
with Hénon-like attractors, while in general it seems not ap-
plicable with Neimark-Sacker bifurcations leading to chaos.

Next steps / Open problems:

• Try to apply the SAP method to interesting economic mod-
els, for parameter values for which chaos is visible, maybe
dealing with some iterate;

• Analyze whether, in some lucky case, the SAP method
works also with Neimark-Sacker bifurcations, focusing on
“small” subsets of the attractor;

• Apply the SAP method to continuous-time economic mod-
els, working with the associated (discrete-time) Poincaré map,
maybe in the context of Linked Twist Maps.
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di Pavia (2011).

P. Reichlin, Equilibrium cycles in an overlapping generations
economy with production, J. Econom. Theory 40 (1986),
89–102.

44



/

The end


