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Framework and Motivation The Starting Point

Topic of the Talk
Main References

We consider a two-country OLG model with credit imperfection and
integrated financial markets.
We start from the model proposed by Matsuyama in 2004
(Econometrica, 72, 853–84).

We follow the adaptation to the two-country case proposed by
Kikuchui and Stachurski in 2009 (JET, 144, 1560–1571).
As suggested by George Vachadze, we extend the analysis of K&S,
introducing heterogeneity in technology, efficiency and credit market
imperfections.

Framework and Motivation The Starting Point

The Matsuyama Model
Our Focus

Framework
World Economy made up by a continuum of identical countries that
may differ only in their initial levels of capital stock;
Small Economies represented by the Diamond overlapping generations
model, modified to incorporate credit market imperfection;
Integrate financial markets.

Results
In the presence of the international financial market, different types of
stable steady states may occur in the World Economy:

all small economies are equally rich (not borrowing-constrained)
all small economies are equally poor (borrowing-constrained)
coexistence of rich and poor small economies (simmetry-breaking)
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The Kikuchui & Stachurski Model
Our Focus

Framework
The Matsuyama model is specialized to the case of two countries;
Countries different in population size are considered

Results
The heterogeneity in population size may cause the existence of
persistent fluctuations over time

Framework and Motivation Our work

The Present Talk
Local and Global Analysis

Considering the K&S model, we analyze its global dynamic behavior as
the autarky equilibrium becomes unstable.
Introducing heterogeneity even in technology, efficiency and credit
market imperfection, we show the appearance of stable cycles (or
attracting closed curves), coexisting with stable steady states.
In particular, we show that persistent fluctuations may occur in which
a country can be alternatively borrowing and no-borrowing
constrained.
Finally, we show that the asymmetric equilibria may be destabilized by
a subcritical Neimark-Sacker bifurcation, and the closed invariant curve
involved in the bifurcation appears through a homoclinic bifurcation.



Framework and Motivation Our work

Plan of the Talk

1 We introduce the model, described by a 2D piecewise continuous map;

2 In the case of heterogeneity only in population size, coexisting stable
equilibria are analyzed as well as their basins of attraction;

3 In the case of complete heterogeneity, the appearance of persistent
fluctuations is studied;

The Model Basic Assumptions

Two Overlapping Generations

Two generations, the old and the young. Each generation consists of a
continuum of homogeneous agents, with mass 0 < L < 1 and there is
no population growth.
Agents live for two periods:

when they are young (period t), they work and invest all their wage in
the production of physical capital, available in the next period;
when they are old (period t+ 1) they supply all their capital to the
productive process, in order to obtain the final good, consume it totally
and exit.

There is only one type of final good, suitable for every economical
dealing.
There is a large number of identical neoclassical firms, which combines
two factors of production, physical capital and labour.
Physical capital depreciates fully within a period.



The Model Basic Assumptions

Two Productive Processes
Physical Capital and Final Good

The production of the physical capital has a linear technology, that
requires a minimum investment, normalized to one:

G (z) =

{
0 if z ∈ [0, 1)

Rz if z ∈ [1,+∞)

⇒ investing one unit of final good, one obtain R units of
capital.

R is the efficiency parameter

The production of the final good starts and ends during each period
and is described by a Cobb-Douglas function: f (kt) = Akαt

A is the technology parameter

The Model Basic Assumptions

To Lend, or to Borrow
The decision of the young agents

Young workers are endowed with one unit of labor, which they supply
inelastically to the competitive labour market.
After having received the wage income wt, the young agent has to
decide whether to become a depositor, or an entrepreneur.

if he becomes a depositor, then his second period consumption will be
c2t+1 = wtrt+1

if he becomes an entrepreneur, at the end, he will consume
c2t+1 = Rf

′
(kt+1)− (1− wt) rt+1

⇒ Agents are willing to borrow if:

Rf
′
(kt+1) > rt+1 (profitability constraint)

Factors are not tradeable and agents cannot start an investment
project abroad.



The Model Basic Assumptions

The Credit Market Imperfection

Lenders and borrowers take the interest rate rt+1 as given, but agents
cannot obtain any amount of credit they like
Borrowers will not repay their debts if the cost of the obligation is
bigger than the cost of the default:
setting the cost of default as a fraction λ ∈ (0, 1) of the project
output Rf

′
(kt+1), it follows:

Rf
′
(kt+1) > (1−wt)rt+1

λ (borrowing constraint)

λ is the imperfection market parameter

To start an investment project, the young agents need almost one unit
of savings; they are:

willing to borrow: Rf
′
(kt+1) > rt+1

able to borrow: Rf
′
(kt+1) > (1−wt)rt+1

λ

The Model Basic Assumptions

Autarky
All markets are closed, particularly the financial market

In each period, the interest rate rt+1 adjusts, so that domestic
investment will be equal to domestic saving:

rt+1 =

{
λR

1−W (kt)
f
′
(RW (kt)) if kt < Kλ

Rf
′
(RW (kt)) if kt > Kλ

where 1−W (Kλ) = λ.
In period t, agents invest W (kt) (assumed < 1)⇒ new capital in
t+ 1 will be:

the law
of (0,R) 3 kt+1 = RW (kt)

motion

Assumptions about f (.) assure that: there is always one and only one
point of steady state asymptotically stable K? = K? (R)



The Model Two Open Economies

Two Open Economies

Hypotheses:

There are only two countries: h = home; a = abroad
Market factors are closed; agents cannot start an investment abroad
Financial markets are integrated

Interest rate must endogenously equate savings and world investment:

Lh
kht+1

Rh
+ La

kat+1

Ra
= LhWht + LaWat

investment savings

The Model Two Open Economies

The Evolution of the World Economy
Physical Capital

In the country j = h, a according to which constraint is binding, the
new capital is derived from

profitability constraint: Rf
′
(kt+1) > rt+1

borrowing constraint: Rf
′
(kt+1) > (1−wt)rt+1

λ

⇓

kjt+1 = ψj (kjt, rt+1) =


(
f
′
)−1 (

rt+1

Rj

(
1−W (kjt)

λj

))
if kjt < Kλj(

f
′
)−1 (

rt+1

Rj

)
if kjt ≥ Kλj
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The Evolution of the World Economy
Interest Rate

kjt+1 = ψj (kjt, rt+1) [1]

Lh
kht+1

Rh
+ La

kat+1

Ra
= LhW (kht) + LaW (kat) [2]

Substituting [1] into [2]:

rt+1 = Φ (kht, kft) [3]

Finally, substituting [3] into [1]: we obtain the evolution of the world
economy:

the law

of

{
kht+1 = ψh (kht,Φ (kht, kft)) = mh (kht, kft)

kft+1 = ψf (kft,Φ (kht, kft)) = mf (kht, kft)

motion

The Model The 2D Piecewise Map

The Map
After the Coordinate Change yj =

kj
Rj

Time evolution of the final good

M :

{
y′h = Fh(yh)

τ(yh,ya)

y′a = Fa(ya)
τ(yh,ya)

where the symbol ′ denotes the time advancement operator

Fj (yj) =


[

αΓjλj
1−Wj(yj)

] 1
1−α if yj < Y j

[αΓj ]
1

1−α if yj ≥ Y j

τ (yh, ya) = LFh(yh)+(1−L)Fa(ya)
LWh(yh)+(1−L)Wa(ya)

Wj (yj) =(1− α) Γjy
α
j

Y j =
[

1−λj
(1−α)Γj

] 1
α

Parameters: L ∈ (0, 1) , α ∈ (0, 1), Γj = AjR
α
j ∈ R+,λj ∈ [0, 1].



The Model The 2D Piecewise Map

Piecewise Continuous Map
Four Regions

The plane is divided into four regions:
h0a0: each country is borrowing constrained
h0a1: the country h is borrowing constrained, but not a
h1a0: the country a is borrowing constrained, but not h
h1a1: all countries are free

Analysis of the Model The K&S Case

The Steady State of Autarky I
When Financial Market is Closed

Under the hypotheses we made, the steady state of autarky is
P ?j = [(1− α) Γj ]

1
1−α

Now, let’s consider the point P ?
(

[(1− α) Γh]
1

1−α , [(1− α) Γf ]
1

1−α
)

Suppose that, for some choice of parameters, the point P ? be a
steady state of the map
⇒ the countries lie in the some equilibrium as in autarky
⇒ with a misuse of language, we shall call the point P ? the steady
state of autarky

In which region may eventually lie the point P ? as a steady state?
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The Steady State of Autarky II
When Financial Market is Closed

Into the region h0a0 the set of conditions is
λa

1−[(1−α)Γa]
1

1−α
= λh

1−[(1−α)Γh]
1

1−α

Γh <
(1−λh)1−α

1−α

Γa <
(1−λa)1−α

1−α

Into the region h0a1 and h1a0 the point P ? can never lie

Into the region h1a1 the conditions are:Γh ≥ (1−λh)1−α

1−α

Γf ≥
(1−λf)

1−α

1−α

P ? is the only, not trivial fixed point of the map in h1a1, and it is a
stable node

Analysis of the Model The K&S Case

Identical Countries with Different Population Size
λ Bifurcation Parameter. L = 0.35, α = 1/3

Border Collision Bifurcation

Unique stable symmetric steady state
until the BCB occurs

Two stable not symmetric equilibria

The symmetric one is a saddle and
its stable set has positive measure
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Five Steady States
Γ Bifurcation Parameter. L = 0.35, α = 1/3

The basins of attraction are separated
by the stable sets of the two saddles At the BCB the two saddles merge

into P ? which becomes a saddle

Analysis of the Model The Appearance of Cycles

Heterogeneous Countries
Autarcky is a Steady State. Γh = 1.2695, λh = 0.05

ya = yh is no longer an invariant set Persistent fluctuations coexist with
Q1
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Heterogeneous Countries
Autarcky is a Steady State. Γh = 1.2695, λh = 0.05

Q1 is a stable node. Q2 is a stable
focus (ρ = 0.917)

A Neimark-Sacker bifurcation has
occurred

Analysis of the Model The Appearance of Cycles

Neimark-Sacker Bifurcation of Q2

Arnold’s Tongues. Γh = 1.2085, λ = 0.05

After the NS bifurcation
of Q2 different periodicity
regions exist
Their shape is typical of
piecewise maps, since
even BCB may cause the
disappearance of the
cycles
Generally, they open on
the NS bifurcation curve,
if the bifurcation is of
supercritical type
In case of subcritical NS
bifurcation, they may
open below the
bifurcation curve
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Bifurcation Diagram of λa
Γa = 1.2085, λa = 0.05, Γh = 1.38047112

Subcritical NS bifurcation

Cycles exist with some periodic
points having yh > Y h , as well as

strange attractors

Enlargement

A stable cycle of period 7 coexists
with Q2 still stable

Analysis of the Model The Appearance of Cycles

The Cycles of Period 7
Γa = 1.38047112, λ = 0.051493

The cycle coexists with Q1 and Q2

A saddle cycle of period 7 appears
with C

The map M7

The branch α2 of the unstable set goes to
Q2
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The Homoclinic Bifurcation
A repelling closed curve appears. Γa = 1.38047112

λa = 0.0514928

The branch α2 goes to C

λa = 0.05149299918

Homoclinic tangle

Summary

Conclusions

Even when P ∗ is a saddle it can be reached by a large number of
trajectories.
Persistent fluctuations coexist with stable fixed points.
They may appear through a homoclinic bifurcation.
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